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PREFACE 
 

The Conferences in Boundary Element Techniques are devoted to 
fostering the continued involvement of the research community in 
identifying new problem areas, mathematical procedures, innovative 
applications, and novel solution techniques in both boundary element 
methods (BEM) and boundary integral equation techniques (BIEM). 
Previous successful conferences devoted to Boundary Element 
Techniques were held in London, UK (1999), New Jersey, USA (2001), 
Beijing, China (2002), Granada, Spain (2003), Lisbon, Portugal (2004), 
Montreal, Canada (2005), Paris, France (2006), Naples, Italy (2007) and 
Seville, Spain (2008). 

 
The present volume is a collection of edited papers that were accepted 

for presentation at the Boundary Element Techniques Conference held at 
the Amarilia Hotel, Vouliagmeni, Athens, Greece, during 22nd-24th July 
2009. Research papers received from 18 counties formed the basis for the 
Technical Program. The themes considered for the technical program 
included solid mechanics, fluid mechanics, potential theory, composite 
materials, fracture mechanics, damage mechanics, contact and wear, 
optimization, heat transfer, dynamics and vibrations, acoustics and 
geomechanics. The Keynote Lectures were given by D.E.Beskos and 
J.T.Katsikadelis. 

 
The Organizers are indebted to the School of Civil Engineering of the 

National Technical University of Athens, to the Attiko Metro S.A. and to the 
Greek Club of Imperial College Alumni for their support of the meeting. 
The organizers would also like to express their appreciation to the 
International Scientific Advisory Board for their assistance in supporting 
and promoting the objectives of the meeting and for their assistance in the 
form of reviews of the submitted papers. 
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Abstract. A boundary element method based on the simplified version of Mindlin’s Form II gradient elastic 

theory is presented for two- and three-dimensional gradient elastic solids containing cracks. A special crack 

element is described and employed to both, the 2D and the 3D cases. This element is of variable order of 

singularity, depending on the field it describes. It is placed near the crack in order to deal with the field 

singularities occurring at that location. 2D and 3D numerical problems are presented to demonstrate the effect of 

the microstructure on the stress and displacement distribution near the crack.

Introduction

It is well known that in classical elasticity theory all the fundamental quantities and material constants defined at 

any point of the analyzed elastic body are taken as mean values over very small volume elements the size of which 

must be sufficiently large in comparison with the material microstructure. Considering a very simple one 

dimensional example and taking Taylor expansions for displacements around the point of interest, Exadaktylos 

and Vardoulakis [1] explain that this assumption is possible only when displacements are constant or vary linearly 

throughout the aforementioned representative volume elements. In cases where non-linear variations of 

displacements are observed, higher order Taylor expansion terms and thus higher order gradients of displacements 

should be taken into account. Making use of higher Taylor terms, however, some new internal length scale 

constants correlating the microstructure with the macrostructure are introduced in the constitutive equations of the 

considered elastic continuum [2]. Thus, in fracture mechanics problems where near the tip of the crack abrupt 

changes of strains and stresses are observed, enhanced elastic theories that take into account higher order gradients 

of strains and stresses and introduce new internal length scale parameters to describe microstructural effects, 

should be applied. 

Integral Representation of the Problem 

Consider a linear gradient elastic body of volume V surrounded by a smooth surface S. The geometry of this body 

is described with the aid of the unit normal vector n̂ on S and a Cartesian coordinate system with its origin 

located interior to V. Considering isotropic material the stored potential energy-density has the form [2] 

:W e µ e  (1) 

where  is the Cauchy stress tensor being dual in energy with the macroscopic strain tensor e , µ  is a third order 

tensor, called by Mindlin double stress tensor, which is dual to the strain gradient e , while the two and three 

dots indicate inner product between tensors of second and third order, respectively. Considering zero body forces, 

taking the variation of the potential energy-density (1) over V and performing some algebra [4], one obtains the 

following gradient elastic equation of equilibrium 

µ 0  (2) 

accompanied by the classical and non-classical boundary conditions (3) and (4), respectively, 
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0
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) [ ( ) ] ( )( ) ( )

and/or   ( )

S S S S
n

0

µ
p x n n n : n µ n µ n n n : µ n : µ p

u x u

 (3) 

( )
ˆ ˆ( ) ( )

n
0 0

u x
R x n µ n R q x q and/or  (4) 

where p, R represent the traction and double stresses traction vectors, respectively, u stands for displacements, q

is the normal derivative of displacements, u0, p0, R0, q0 denote prescribed vectors and the symbols  and S

indicate dyadic product and surface gradient, respectively.  

According to [3], strains ije , double stresses ijk , relative stresses ijs , Cauchy stresses ij  and total stresses ij  are 

2 2 2, ,g gs s µ µ  (5) 

1
2 ,

2
e u I e u u  (6) 

where g2 is the volumetric strain energy gradient coefficient, the only constant that relates the microstructure with 

the macrostructure and I  is the unit tensor. Adopting the above simple strain gradient theory and inserting the 

constitutive eqs (5) and (6) into eq.(2) one obtains the equation of equilibrium of a gradient elastic continuum in 

terms of the displacement field u
2 2 2 2( ) [ ( ) ]gu u u u 0  (7) 

As it is proved in [3], the integral representation of the above described problem is  

*
,

  , ,    ,  
S S

dS dS
n

*

* *

y y

y

u x y
c x u x p x y u y u x y p y R y R x y q y  (8) 

where yxu* ,~  is the fundamental solution of eq.(7) given in [3], * *, , ,p x y R x y  are the fundamental traction 

and double stress traction tensors taken by inserting the fundamental displacement yxu* ,~  in relations (3)-(6), 

respectively and c x  is the well-known jump tensor being equal to 1 2I  for Sx  and equal to I
~

 when 

V Sx . All the kernels appearing in the integral equation (8) are given explicitly in [3]. Eq(8) contains four 

unknown fields u(x) ,p(x), R(x) and q(x). Thus, after the satisfaction of the classical and non-classical boundary 

conditions, one more equation is required. This equation is obtained by applying operator nx  on eq(8) and 

reads
2 * *, , , ,

S S

dS dS
n n n n n n

* *

y y

x x x x y x

u x p x y u x y u x y R x y
c x u y p y R y q y  (9) 

The kernels of eq.(9) are given in [3]. Eqs (8) and (9) accompanied by the classical and non-classical boundary 

conditions form the integral representation of a gradient elastic boundary value problem obeying eqs (2)-(6). 

Unified 2D and 3D discontinuous elements 

Karlis, Tsinopoulos, Polyzos and Beskos [5] proposed a new variable singularity element suitable for representing 

fields developed near the crack tip of a 2D gradient elastic solid. In the present section a new 3D variable 

singularity element is proposed and 2D and 3D special elements are presented in a unified manner. According to 

[6-13], the fields u, q, R and P near the crack tip vary as 3/ 2 1/ 2 1/ 2 3/2, , ,r r r r  respectively, with r being the distance 

from the tip. In the present work, adopting the idea of using variable order singularity boundary elements around 

the tip or the front of the crack for the description of the near tip behavior and the evaluation of the corresponding 

SIFs as described in [14,15], special variable order of singularity discontinuous line and quadrilateral boundary 

elements for 2D and 3D analyses, respectively, are proposed. 

The crack side of the special elements is always discontinuous, having as main advantage that no functional nodes 

are located at the crack front and thus, despite the singularity of R and P there, the field nodal values are finite and 

can be computed. 

2D discontinuous elements of variable-order of singularity 

The local coordinates of the functional nodes of the special element are identical to those of a classical, partially or 

fully discontinuous, 3-noded, quadratic line element. The tip of the crack can be located either at  = 1 or at  = 

2 Eds: E.J. Sapountzakis, M.H. Aliabadi



1 for the special element being to the left or right of the tip. In order to unify these two possible cases a new 

variable p is introduced via the linear transformation 

1 2p c  (10) 

with 1c for the tip located at 1 , respectively. Thus, the tip of the crack is always located at p=0 and the 

interval [ 1,1]  is transformed into the interval [0,1]p .

After the transformation, the tip of the crack is located at p=0. Consider a point x(p) on the element and a point 

y(0) located at the crack tip. The fields of interest F at the point x, can be expressed in terms of the asymptotic 

solutions as 
1 2r rF K L C  (11) 

where K, L and C are constant vectors to be determined. Vector F could represent u, q, R or P and 1 and 2  take 

the values displayed in Tab.1. Considering that interpolation functions iN  exist, field F can be approximated as 

, 1,2,3i iN iF F  (12) 

with i
F being the three nodal values of F. In view of eq (11), iN  should have the form 

1 2

1 2, , ,i i i iN r p b r b r z  (13) 

where 0jr x p y  is the distance of the functional node j from the crack tip, as illustrated in Fig. 1, while the 

vectors K, L, C of eq (11) are given by 

, ,i i i i i ia b zK F L F C F  (14) 

p

Crack Tip
p=0

p=1

x

y

r=
|x

-y
|

Functional Nodes
Geometrical Nodes Crack front

x( , )ξ ξ1 2' '
y( , )ξ1 –1'

ξ1'

ξ2'
r=|x-y|
1'

2' 3'

4'

5'

6'

7'

8'

Figure 1 : A 2D, discontinuous, variable order of singularity element Figure 2 : Projection of point x to the crack front 

The constants ai, bi, zi can be obtained by solving three linear systems, of three equations each, arising from the 

requirement that each interpolation function must satisfy the relations 

 corresponding to node , 1,2,3i

ijN p j i j  (15) 

It can be verified that 1iN  for all the combinations of 1 2,  provided in Table 1. 

3D discontinuous elements of variable-order of singularity 

As in 2D, near the crack front, the fields u, q, R and P vary as r3/2, r1/2, r 1/2 and r 3/2 respectively, with r the 

distance from the crack front. Once more, adopting the idea of using variable-order continuous elements ([14,15]), 

a new discontinuous, quadrilateral, eight-nodded element with variable-order singularity is proposed for treating 

the fields around the crack front. 

The local coordinates of the functional nodes are identical to those of a classical, partially or fully discontinuous, 

eight-noded, quadratic, quadrilateral element. In order to be able to deal with all the possible cases of the crack 

front location, the local numbering of the element nodes is changed, so that the crack front always resides on the 

first side of the element. The result of the local renumbering is described in Table 2 for all the possible cases. 

Consider a point 1 2' , 'x on the element and a point 1' , 1y located at the crack front having the same 1-

coordinate as x, as shown in Fig. 2. The field of interest F at the point x, can be expressed in terms of the 

asymptotic solutions as 
1 2

1 1 1 1' , ' ' 'r r rF K L C  (16) 

where r is the distance r x y , the symbol F represents u, q, R and P and 
1 2
,  take the values from Table 1. 

In addition, the fields F can be approximated using the interpolation functions iN and their corresponding nodal 

values i
F  as follows: 
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1 1' , ' , , 1,...8i ir N r iF F  (17) 

Combining Eqs (16) and (17) and assuming a quadratic behavior for the functions
1'K ,

1'L  and 
1'C , the 

interpolation functions iN should be of the form 
1 22 2 2

1 1 2 1 3 1 4 5 1 6 1 7 8 1 9 1
' , ' ' ' ' ' 'i i i i i i i i i iN r e e e r e e e r e e e  (18) 

where i

je , (j=1,…9) are constants to be determined. Since eight-noded elements are used, one of the nine terms of 

the above expression must be omitted. Here, having in mind that the coefficients of 1r and 2r will be used for the 

SIF calculation, this term is taken to be 
9

i
e . The remaining eight constants can be easily obtained by solving a set 

of eight linear systems, of eight equations each, which come from the delta property of the interpolation functions 

1' , , , 1,...8i j j

ijN r i j  (19) 

Where ij is the Kronecker delta, 1 2 1' , ' ' , 1j j j jr yx and 1 2' , 'j j are the local coordinates of the j

functional node. It can be verified that 1iN  for all the combination of 1 2,  provided in Table 2. 

BEM Procedure and SIF Calculation 

The goal of the BEM is to solve numerically the well-posed boundary value problem constituted by the system of 

two integral equations (8) and (9) and the boundary conditions (3) and (4). To this end the global boundary S is 

discretized into eight-nodded, quadratic, quadrilateral, continuous and discontinuous isoparametric boundary 

elements in the 3D case and into three noded quadratic line continuous and discontinuous isoparametric elements, 

while special variable-order singularity, discontinuous elements are placed around the crack front (or crack tip in 

2D). Then, the integral eqs (8) and (9) for a node k are written as 

1 1 1 1

1 1 1 1

1

2

1

2

M M M M
k k k k k

M M M M
k k k k k

u H u K q G p L R

q S u T q V p W R

 (20) 

Figure 3 : Gradient elastic plate with a horizontal line 

crack

Table 1: Orders of magnitude of the 

asymptotic fields

Table 2: The renumbering of the element nodes, so 

that the crack front always resides on the first side

where M is the total number of nodes. Explicit expressions for , , , , , ,k k k k k k k
H K G L S T V  and k

W  are given in [4]. 

Collocating eqs (20) at all nodal points M and applying the boundary conditions (eqs (3),(4)) one produces the 

final linear system of the form A X B , with X, B containing all the unknown and known nodal components of 

the boundary fields, respectively. The singular and hypersingular integrals involved, are evaluated applying a 

methodology for direct treatment of CPV and hypersingular integrals [4], noting that an extra singularity due to 

the singular behaviour of the interpolation functions (12) near the front of the crack should be taken into account. 

Finally, the linear system is solved via a typical LU-decomposition. 

Approaching the crack tip or front ( 0r ) the traction p, according to eq.(11) for the 2D case and eq.(16) for the 

3D case, admits a representation of the form: 
3 1

2 2
1 1 8 2 1 8 1

0 0
,..., / 2 lim ,..., / 2 lim ,..., N

r r
r rp K p p K p p C p p  (21) 

F 1 2

U 3/2 1 

Q 1/2 1 

R -1/2 1 

P -3/2 -1/2

Nodes Crack on: 

 Side 1 Side 2 Side 3 Side 4 

1' 1 2 3 4 

2' 2 3 4 1 

3' 3 4 1 2 

4' 4 1 2 3 

5' 5 6 7 8 

6' 6 7 8 5 

7' 7 8 5 6 

8' 8 5 6 7 

Coord. '1 1 2 - 1 - 2

Coord. '2 2 - 1 - 2 1
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where 1 8,...,p p are the tractions of the functional nodes and the components of the vectors K1 and K2 stand for 

the SIFs corresponding to x, y and z directions according to the following relations: 

1 1 2 12 2 , 2 2j j

j ja bK K P K L P  (22) 

and 2 2

1 1 1 1 2 1 3 2 1 4 1 5 1 62 , 2K D D D K D D D  (23) 

with 1,..3j for 2D, , 1,..6 and 1,..8j

i i je i jD P for 3D and , ,j j j

ia b e obtained by solving the systems (15), (19). 

Mode-I Crack Problem 

Two mode-I fracture problems are studied in this section. The first deals with a 2D crack, while the second 

concerns a rectangular 3D crack both subjected to a tensile loading. The obtained crack profiles as well as the 

corresponding SIFs are presented and compared against those of classical elasticity. 

2D Mode-I crack problem 

Consider a square gradient elastic plate with rounded corners of small radius of curvature (in order to have a 

smooth boundary) in a state of plane stress. The plate contains a central horizontal line crack and is subjected to a 

uniform tensile traction P0 =100MPa normal to its top and bottom sides (Fig.3). The crack length is chosen to be 

equal to 2a = 1m and the side of the square plate is L = 16a. The Young modulus and the Poisson ratio of the 

gradient elastic plate are E =210GPa and  = 0.2, respectively. Due to the problem symmetries, only one quarter of 

the plate is discretized, with the following boundary conditions along the axes of symmetry: P(0,y) = 0 and R(0,y) 

= 0 for 0  y < a , uy(0,y) = 0 and R(0,y) = 0 for a  y  L/2 and ux(x,0)=0 and R(x,0)=0 for 0 x L/2.

Fig. 4 displays the crack opening displacement obtained by the present BEM for four different values of the 

gradient coefficient g. In the same figure, the crack profile of the classical elasticity theory (g = 0) is also shown. 

The crack profile in the gradient elastic case remains sharp at the crack tip and is not blunted as in the classical 

case.  This cusp type of profile is identical to the one coming out of Barenblatt’s  [18] cohesive zone theory. Also, 

a)      b)

Figure 4 : Upper right quarter of the COD profile Figure 5 : a) SIF (KI)1 and b) (KI)2 as function of the gradient coefficient g

it should be noticed that as the gradient coefficient g increases, the crack becomes stiffer. In Figs 5 (a) and (b) the 

two mode-I SIFs for the gradient elastic case, (KI)1 and (KI)2, are plotted versus the gradient coefficient g. The 

interesting remark here is that the SIF (KI)1 tends to zero as the gradient coefficient g tends to zero. As a result, 

eq(21) becomes 1/2

2 0
2 limy I

r
P K r ,with (KI)2 being the mode-I SIF as defined in classical elasticity theory. 

Moreover, Fig. 5(b) shows the behavior of the SIF corresponding to r 1/2 traction term as a function of the gradient 

coefficient g. It should be noted that for g  0.1 the contribution of this term is much smaller than that of the term 

corresponding to r 3/2. For small g it is apparent from Fig. 5(b) that as g approaches zero, (KI)2 becomes dominant 

and goes to the classical elastic case. However, the most important observation is that the SIF (KI)1 takes only 

negative values. This means that in gradient elasticity the stresses near the tip not only go to infinity with a 

different order (r 3/2) than those of classical elasticity (r 1/2), but are also compressive and not tensile. This 

explains the different shapes of the crack profile in gradient and classical elasticity theories, as shown in Fig. 4. 

3D Mode-I crack problem 

Consider a gradient elastic cube with rounded corners of small radius of curvature. The cube contains a horizontal 
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a)

2a

L=
a

16

L

X

Y
Z

b)

Figure 6 : a) The gradient elastic cube with a central horizontal 

rectangular crack b) the discretized domain 
Figure 7 : Shape of mode-I crack for different values ofthe gradient coefficient g 

rectangular crack and is subjected to a uniform tensile traction P0 = 100MPa applied normal to its top and bottom 

sides (Fig. 6(a)). The material characteristics are the same as before. Due to the octant symmetry of the problem, 

the analysis is performed by taking into account two Cartesian symmetries with respect to the XZ and YZ planes, 

while on the XY symmetry plane the following boundary conditions are considered: P(x,y) = 0 and R(x,y)=0 for 

0 x<a and 0 y<L/2 and uz(x,y)=0 and R(x,y)=0 for a x L/2 and a y L/2. The mesh used is shown in Fig. 6(b).  

Fig.7 displays the lower right of the crack opening displacement profile, at y = 0, obtained by the present 3D BEM 

for four different values of the gradient coefficient g, as well as the profile corresponding to the classical elastic 

case (g = 0). The profiles are compared to the 2D ones of Fig. 4 and found to be the same as expected.  
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Nonlinear Vibrations of Viscoelastic Membranes of Fractional 
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Abstract. The nonlinear dynamic response of viscoelastic membranes is investigated. The employed 

viscoelastic material is described with fractional order derivatives. The governing equations are derived by 

considering the equilibrium of the undeformed membrane element. They are three coupled second order 

nonlinear hyperbolic fractional partial differential equations in terms of the displacement components. Using 

the AEM, these equations are transformed into a system of three-term ordinary fractional differential 

equations (FDEs), which are solved using the numerical method for the solution of FDEs developed recently 

by Katsikadelis. A membrane of arbitrary shape is studied to illustrate the proposed method and demonstrate 

the efficiency of the solution procedure. The presented method provides a computational tool to analyze 

viscoelastic membranes enabling thus the investigator to have a better insight into this complicated but very 

interesting response of membrane structures. 

Introduction 

Membranes made of linear viscoelastic materials are extensively used in structural membranes in modern 

engineering applications. These materials exhibit both viscous and elastic behavior and various models have 

been proposed in order to describe the mechanical behavior of such materials (e.g. Maxwell, Voigt, Kelvin, 

Zener). Recently, many researchers have shown that viscoelastic models with fractional derivatives are in 

better agreement with the experimental results than the integer derivative models [1,2]. 

The dynamic response of viscoelastic membranes using integer order derivative models have been 

examined by many investigators. However, viscoelastic membranes of fractional type derivative have not 

been analyzed. The reason is that the response of such membrane is described by a system of nonlinear 

fractional partial differential equations, for which no analytical or numerical methods have been developed 

as yet. There are only some analytical methods for the analysis of linear response of viscoelastic beams. 

Without excluding other models the employed herein viscoelastic material is described by the Voigt type 

model with fractional order derivative 

2

1 0

1 0
1

1
0 0

2

a

x c xx
a

y y c y

a
xy xy c xy

D
E

D

D

 (1) 

where ,E  are the elastic material constants,  the viscoelastic parameter and a
cD  the Caputo fractional 

derivative of order  defined as 

( )

10

( )1
, 1

( ) ( )( )

( )

mt

m

c
m

m

u
d m m

m t
D u t

d
u t m

dt

 (2) 

where m  is a positive integer. The advantage of this definition is that it permits the assignment of initial 

conditions which have direct physical significance [3]. Apparently, the classical derivatives result for integer 
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values of . An advantage of this two parameter viscoelastic model is that it can described more 

complicated models for appropriate values of the two parameters, namely  and  [4], besides the 

simplicity to formulate the equations of structural viscoelastic systems. 

Problem Statement and Governing Equations 

We consider a thin flexible initial flat [5] membrane of thickness h  and mass density  consisting of 

homogeneous linearly viscoelastic material occupying the two-dimensional, in general multiply connected, 

domain  in ,x y  plane. The membrane is prestressed either by imposed displacement ,n tu v  or by external 

forces * *,n tN N  acting along the boundary . Moderate large deflections result from nonlinear kinematic 

relations, which retain the square of the slopes of the deflection surface, while, the strain components remain 

still small compared with the unity. This theory is good for considerably large deflections with the exception 

in the vicinity of the boundary where the stress resultants of the finite deformation of membrane should be 

considered to satisfy the equilibrium and explain the folding near the edge. Thus, the strain components are 

given as [6] 

21
, ,

2
x x xu w                 21

, ,
2

y y yv w                        , , , ,xy y x x yu v w w  (3a,b,c) 

where ( , , )u u x y t , ( , , )v v x y t  are the inplane displacement components and ( , , )w w x y t the

transverse displacement. The membrane is subjected to the transverse load ( , , )z zp p x y t  and the inplane 

loads ( , , )x xp p x y t  and ( , , )y yp p x y t .

On the basis of Eqs (1) and (3) the stress resultants are written as 

x x c xN N D N                  y y c yN N D N                xy xy c xyN N D N  (4a,b,c) 

where

2 21
[ , , ( , , )

2
x x y x yN C u v w w  (5a) 

2 21
[ , , ( , , )]

2
y x y x yN C u v w w  (5b) 

1
( , , , , )

2
xy y x x yN C u v w w  (5c) 

with 2/(1 )C Eh  being the membrane stiffness. 

The governing equations result by taking the equilibrium of the membrane element in the undeformed 

configuration. This yields 

, ,x x xy y xN N hu p  (6a) 

, ,xy x y y yN N hv p  (6b) 

, 2 , , , , , ,x xx xy xy y yy x x y y x y zN w N w N w p w p w hw huw hvw p  (6c) 

Without restricting the generality, we consider displacement boundary conditions on 

n nu u ,           t tu u ,          w w  (7a,b,c) 

Using Eqs (4) in Eqs (6) we obtain the membrane equations in terms of the displacements in 

2 2 2 21 1
{[ , , ( , , ) [ , , ( , , )},

2 2
1

{( , , , , ) ( , , , , )},
2

x y x y c x y x y x

y x x y c y x x y y x

C u v w w D u v w w

C u v w w D u v w w hu p
 (8a) 

2 2 2 2

1
{( , , , , ) ( , , , , )},

2
1 1

{[ , , ( , , )] [ , , ( , , )]},
2 2

y x x y c y x x y x

x y x y c x y x y y y

C u v w w D u v w w

C u v w w D u v w w hv p
 (8b) 
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2 2 2 2

2 2 2 2

1 1
{[ , , ( , , ) [ , , ( , , )} ,

2 2
(1 ){( , , , , ) ( , , , , )} ,

1 1
{[ , , ( , , )] [ , , ( , , )]} ,

2 2
, , ,

x y x y c x y x y xx

y x x y c y x x y xy

x y x y c x y x y yy

x x y y x

C u v w w D u v w w w

C u v w w D u v w w w

C u v w w D u v w w w

p w p w hw huw ,y zhvw p

 (8c) 

Equations (8) are subjected to the boundary conditions (7) and initial conditions 

1( , , 0) ( , )u x y f x y , 1( , , 0) ( , )u x y g x y   (9a) 

2( , , 0) ( , )v x y f x y , 2( , , 0) ( , )v x y g x y   (9b) 

3( , , 0) ( , )w x y f x y , 3( , , 0) ( , )w x y g x y   (9c) 

Obviously, the equation for the elastic membrane result for 0  [7]. 

Equations (8) constitute a system of three coupled nonlinear fractional partial equations of hyperbolic 

type that are solved using the AEM as presented in the following sections. 

The AEM Solution 

Since Eqs (8) are of the second order with regard to the spatial derivatives, the analog equations will be 
2

1( , )u b tx           
2

2( , )v b tx 2
3( , )w b tx ,      : { , }x yx  (10a,b,c)) 

where ( , ), 1,2, 3ib t ix  represent in the first instance unknown time dependent fictitious sources. The 

solution of Eq. (10a) is given in integral form [8]. 

( , ) ( )u t u bd u q q u dsx x  (11) 

in which ,nq u ; /2u nr  is the fundamental solution of Eq. (9a) and ,nq u  its derivative normal 

to the boundary with r x , x  and ;  is the free term coefficient ( 1  if x ,

/2a  ifx and 0  ifx ; a  is the interior angle between the tangents of boundary at 

pointx ; 1/2  for points where the boundary is smooth). Eq. (11) is solved numerically using the BEM. 

The boundary integrals are approximated using N  constant boundary elements, whereas the domain 

integrals are approximated using M  linear triangular elements. The domain discretization is performed 

automatically using the Delaunay triangulation. Since the fictitious source is not defined on the boundary, the 

nodal points of the triangles adjacent to the boundary are placed on their sides (Fig 1). Thus, after 

discretization and application of the boundary integral Eq. (11) at the N  boundary nodal points we obtain 

(1)
Hu Gq Ab  (12) 

1

6

y

2
3

45

M domainpoints

x

N boundary points 

Figure 1. Boundary and domain discretization. 
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where ,H G  are N N  known coefficient matrices originating from the integration of the kernel functions 

on the boundary elements and A : is an N M  coefficient matrix originating from the integration of the 

kernel function on the domain elements; , nu u  are the vectors of the nodal displacements and slopes and (1)
b

the nodal values of the fictitious source at the M  domain nodal points. Further application of Eq. (11) at the 

domain nodal points and use of Eq. (12) combined with the boundary conditions to eliminate the boundary 

quantities, we can express u  and its derivatives at the domain nodal points in terms of the fictitious source 

(1) (1), ( ) , ( ) ,pq pq pqt tu S b s ,           , 0, ,p q x y  (13a) 

Similarly, we obtain 

(2) (2), ( ) , ( ) ,pq pq pqt tv S b s ,           , 0, ,p q x y  (13b) 

(3) (3), ( ) , ( ) ,pq pq pqt tw S b s ,           , 0, ,p q x y  (13c) 

 For homogeneous boundary conditions we have ( ), 0i
pqs . Applying now Eqs (8) at the M  domain nodal 

points and substituting the involved derivatives from Eqs (13) we obtain 

( ) ( ) ( )( , , ) { } , 1,2, 3i i i T

k c x y z
D p p p iF b b b   and 1,2, , 3k M  (14) 

where the functions 
k
F  depend nonlinearly on the elements of the vector arguments. The initial conditions 

(9) for ( )i
b  become 

( ) 1(0)i
ib S f
,

( ) 1(0)i
ib S g
  (15) 

Equations (14) constitute a system of 3M  three-term nonlinear FDEs, which are solved using the time step 

numerical procedure developed by Katsikadelis [9] and is presented below. The use however, of all the 

degrees of freedom may be computationally costly and in some cases inefficient due to the large number of 

coefficients
( )( )i
kb t . To overcome this difficulty in this investigation, the number of degrees of freedom is 

reduced using the Ritz transformation, namely 

( ) ( ) ( )i i i
b z (16)

where
( )( )i
kz t , ( 1,..,k L M ) are new time dependent parameters and ( )i  are M L  transformation 

matrices. In this investigation the eigenmodes of the linear problem are selected as Ritz vectors [10]. 

Numerical Solution of the of the Nonlinear FDEs 

We consider the system of the K  nonlinear three-term FDEs 

( , , ) ( )c cD D tF u u u p  (17) 

 with 10 2, 0, , det( ) 0it a a

under the initial conditions 

0
(0) ,u u  if 1   (18a) 

or

0 0
(0) , (0)u u u u , if 1 2  (18b) 

Let ( )tu u  be the sought solution of Eq. (17). Then, if the operator cD  is applied to u  we have 

( ), 0 2, 0cD t tu q  (19) 

where ( )tq  is a vector of unknown fictitious sources. Eq. (19) is the analog equation of (17). It indicates 

that the solution of Eq. (17) can be obtained by solving Eq. (19) with the initial conditions (18), if the ( )tq  is 

first established. This is achieved by working as following. 
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Using the Laplace transform method we obtain the solution of Eq. (19) as 

1
0 0

0

1
( ) [ceil( ) 1] ( )( )

( )

t

t t t du u u q  (20) 

where ceil()  represents the ceiling function, e.g. ceil( )  yields the integer greater or equal to . The use of 

this function permits to realize computationally the proper initial conditions prescribed by Eqs (18). Eq. (20) 

is an integral equation for ( )tq , which can be solved numerically within a time interval [0, ]T  as following. 

The interval [0, ]T  is divided into N  equal intervals t h , /h T N , in which ( )tq  is assumed to vary 

according to a certain law, e.g. constant, linear etc. In this analysis ( )tq  is assumed to be constant and equal 

to the mean value in each interval h . Hence, Eq. (20) at instant t nh  can be written as 

( )u t

t

1u
2u

3u
0u

Nu

T nh

h h h h h h h hh h h

1Nu

nu

Fig. 2: Discretization of the interval [0, ]T  into N  equal intervals /h T N .
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 (21) 

which after evaluation of the integrals yields 

0 0

1

1

1

[ceil( ) 1]

( 1 ) ( )
2

n

n
m
r n n

r

nh

c
c n r n r

u u u

q q q
 (22) 

where

( )

h
c ,                     1

1
( )

2

m
r r rq q q  (23) 

Eq. (22) can be further written as 

0 0

1

1

1

[ceil( ) 1]
2

( 1 ) ( )
2

n n

n
m
r n

r

c
nh

c
c n r n r

q u u u

q q
 (24) 

We now set 

( )cD tu q (25)

where ( )tq  is another unknown vector. We can establish a relation between ( )tq  and ( )tq  by considering 

the Laplace transform of Eqs (19) and (25). Thus, we can write 

0 0
2

1 1 1
( ) [ceil( ) 1] ( )s s

s s s
U u u Q  (26a) 

0 0
2

1 1 1
( ) [ceil( ) 1] ( )s s

s s s
U u u Q  (26b) 

Equating the right-hand sides of the above equations we have 
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0
2

1 1
( ) [ceil( ) ceil( )] ( )s s

s s
Q u Q ,  (27) 

Taking the inverse Laplace transform of Eq. (27) we obtain 

1
1

0
0

1
[ceil( ) ceil( )] ( )( )

(2 ) ( )

tt
t dq u q  (28) 

Using the same disctetization of the interval [0, ]T  to approximate the integral in Eq. (28), we obtain 
1

0

1

[ceil( ) ceil( )]

( 1 ) ( )

n

n
m
r

r

n d

c n r n r

q u

q
 (29) 

where

( ) ( )

h
c ,        

1

(2 )

h
d , 1

1
( )

2

m
r r rq q q  (30) 

Eq. (29) can be further written as 

0
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1

1

[ceil( ) ceil( )]
2
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2

n n

n
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r n

r

c
nd

c
c n r n r

q q u
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 (31) 

Applying Eq. (17) for nt t  we have 

( , , )
n n n n

F q q u p  (32) 

Eqs (24), (31) and (32) are algebraic equations and they can be combined and solved successively for 

1,2,n  to yield the solution nu  and the fractional derivatives ,n nq q  at instant t nh T . For 1n ,

the value 0q  appears in the right hand side of Eqs (24) and (31). This value can be evaluated as following. 

Equation (27) for 0t  gives 

0 0 0 0
( , , )F q q u p  (33) 

The above equation includes two unknowns, 0 0,q q . These values can be expressed in terms of the known 

initial conditions using the relations below (see Appendix). 

1
1

0 1 2 0 3 01

1

0 01

(2 ) 2 2

(2 ) 2 2

(2 ) 2 2

(2 ) 2 2

h

h

q a a p a u

q q

  if 0 1  (34a) 
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2

0 1 2 0 3 02

2

0 02

(3 ) 2 2

(3 ) 2 2

(3 ) 2 2

(3 ) 2 2

h

h

q a a p a u

q q

  if 1 2  (34b) 

1 1

0 0

1

0 1 0 3 0 2 0

1
2 2

(2 )

( )

ah
a

q u

q a p a u a q

      if 0 1 and 1 2  (34c) 

12 Eds: E.J. Sapountzakis, M.H. Aliabadi



Examples

The viscoelastic membrane shown in Fig. 3 has been studied. The boundary of the domain is defined by the 

curve
(1/4) (1/4)

1/2 2 2 2 2( ) / (cos / ) (sin / ) (cos / ) (sin / )r ab a b b a , 0 2 . The 

membrane is prestressed by 0.2nu m  in the direction normal to the boundary and 0tu m  in the 

tangential direction. The employed data are: 3,a 1.3b ; m0.002h , 3kg / m/ 5000h ,
2kN / m51.1 10E , 0.3 . The results were obtained using 210N  boundary elements and 

106M  internal collocation points. The membrane is subjected to a transverse load 2kN / m2 ( )zp H t .

Firstly, the influence of the membrane inertia forces is investigated when the membrane is purely elastic. 

Fig. 4a,b,c present the time history of the transverse displacement at the center of the membrane, the inplane 

displacement u and the membrane force at point A(-1.741,0) respectively, taking into account and 

neglecting the membrane inertia forces. Apparently, the influence of the membrane inertia forces is 

negligible. Moreover, Fig. 5a,b show the deflection at the center and the membrane displacement u at point 

A for various number of Ritz vectors employed for reduction of the degrees of freedom and are compared 

with the results of the unreduced system. The use of more than 20 modes changes the results negligibly. 

Next, the free vibrations of the elastic ( 0 ) and the viscoelastic membrane ( 0.2 ) are studied. The 

initial conditions are ( , , 0)w x y  the deflection of the membrane for a static load 21 /zp kN m  and 

( , , 0) 0w x y . The results were obtained using 20 linear modes for reduction. Fig. 6 presents the response of 

the membrane. Finally, the forced vibrations of the viscoelastic membrane are studied. The membrane is 

subjected to a transverse load 2kN / m( )zp H t . The results were obtained using 20 linear modes as Ritz 

vectors for the reduction of the degrees of freedom. Fig. 7 presents the time history of the membrane for 

various values of the order of the fractional derivative of the Voigt type model. Fig. 8b shows the phase 

plane of the deflection at the center for 0.5 , 0.5 .

-4 -3 -2 -1 0 1 2 3 4
-4
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-2

-1

0

1

2

3
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Fig. 3: Boundary and domain nodal points of the membrane  
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Fig. 4: Time history of (a) transverse displacement at the center of the membrane (b) inplane displacement u

and  (c) membrane force xN  at point (-1.741,0). 
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Fig. 5: Time history of (a) transverse displacement at the center of the membrane and (b) inplane 

displacement u  at point (-1.741,0) with different number of the linear modes used for reduction. 
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Fig. 6: Time history of (a) transverse displacement at the center of the membrane (b) inplane displacement u

and  (c) membrane force xN  at point (-1.741,0) for elastic and viscoelastic material. 
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Fig. 7: Time history of (a) transverse displacement at the center of the membrane (b) membrane force xN  at 

point (-1.741,0) for various values of the order  ( 0.5 )
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Fig. 8: (a) transverse displacement at the center of the membrane and (b) phase plane for 0.5 ,

( 0.5 )

Conclusions

The governing equations describing the nonlinear dynamic response of viscoelastic membranes made of 

fractional type derivative viscoelastic materials are derived and a BEM method based on the concept of the 

analog equation is developed for solving the coupled nonlinear partial fractional differential equations. The 

system of the nonlinear fractional ordinary differential equations resulting after domain discretization is 

solved by a new recently developed method for solving multi-term FDEs. The membrane may have arbitrary 

shape and it can be prestressed. The obtained results show that the membrane inertia forces have a negligible 

effect. In absence of damping the membrane under a suddenly applied load vibrates about the static 

equilibrium configuration with the maximum amplitude reaching asymptotically constant value much 

smaller than the elastic. 

In closing, the presented method provides an efficient computational tool to analyse nonlinear viscoelastic 

membranes described by realistic models and enables the investigator to understand their complicated 

dynamic response. 
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Appendix: Approximation of (0)cD u

The function ( )u t  is expanded in Taylor series 

2 3
0 0 0 0

1 1
( )

2 ! 3 !
u t u u t u t u t  (A1) 

(i) 0 1 .

We have 

1

2 2

(1) 0

(2)
( )

(2 )
(3)

( )
(3 )

( 1)
( )

( 1 )

c

a
c

a
c

n n a
c

D

D t t
a

D t t
a

n
D t t

n a

 (A2) 

then

1 2
0 0

(2) (3)1
( )

(2 ) 2 (3 )

a a
cD u t u t u t

a a
 (A3) 

from which we obtain 

1 2
0 0

(2) (3)1
( )

(2 ) 2 (3 )

a a
cD u h u h u h

a a
 (A4) 

1 2
0 0

1 1
(2 ) 2 2

(2 ) (3 )

a a
cD u h u h u h

a a
 (A5) 

linear extrapolation yields 

(0) 2 ( ) (2 )c c cD u D u h D u h  (A6) 

or after neglecting terms of 2( )O h

1 1
0

1
(0) 2 2
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a a
cD u h u

a
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(ii) 1 2

We have 
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then
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2 3
0 0 0 0

1 1
( )

2 ! 3 !
u t u u t u t u t  (A9) 

2 3
0 0

1 1
( )

(3 ) (4 )

a a
cD u t u t u t

a a
 (A10) 

Using Eq. A4 and neglecting 3( )O h  we take 

2 2
0

1
(0) 2 2

(3 )

a a
cD u h u

a
 (A11) 

Note that Eqs A7 and A11 yield 
1

0(0)cD u u ,             2
0(0)cD u u  (A12) 
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Abstract. In this paper a fast solver for three-dimensional elastodynamic BEM problems formulated in the 

Laplace transform domain is presented, implemented and tested. The technique is based on the use of 

hierarchical matrices for the representation of the collocation matrix for each value of the Laplace 

parameter of interest and uses a preconditioned GMRES for the solution of the algebraic system of 

equations. The preconditioner is built exploiting the hierarchical arithmetic and taking full advantage of the 

hierarchical format. An original strategy for speeding up the overall analysis is presented and tested. The 

reported numerical results demonstrate the effectiveness of the technique. 

Introduction

The analysis of elastic dynamic problems through reliable numerical techniques is a subject of great 

relevance in many fields of science and engineering. The Boundary Element Method (BEM) has been 

effectively employed for the analysis of dynamic problems using several different strategies, like the time 

domain formulation, the Fourier and Laplace transform techniques or the dual reciprocity method [1-3]. 

In the context of Fracture Mechanics, to mention a field of interest to the authors, dynamic crack 

problems have been successfully solved using the Dual Boundary Element Method in the time domain [4] 

(Time Domain Method, TDM), in the Laplace transform domain [5,6] (Laplace Transform Method, LTM) 

and in conjunction with the dual reciprocity method [7] (Dual Reciprocity Method, DRM) and the 

performances of the three approaches have been compared, in terms of analysis time and memory 

consumption, for both two-dimensional [8] and three-dimensional [9] cases. 

In these works it was found that the Laplace Transform Method, although very accurate, is 

computationally expensive, in terms of computational time, in comparison to the other techniques. 

Moreover, although the storage memory required for the analysis in the transform domain is less than that 

required by the other strategies for dynamics, it is however larger than that needed by the corresponding 

static problem. On the other hand, it is well known that the BEM produces fully populated matrices whose 

storage and direct solution are of order 
2O n  and 

3O n  respectively, if n is the order of the problem. 

Such considerations limit the size of the problems that can be effectively tackled on common computers 

using the standard BEM. This circumstance hindered for many years the industrial development of the 

method and has limited its use to the analysis of small or medium size problems. 

However, in the recent years, a considerable effort has been devoted to the development of strategies 

aimed at reducing the computational complexities of the BEM, reducing both memory requirements and 

time consumption.  

Many investigations have been carried out to overcome such limitations and different techniques have 

been developed such as the fast multipole method (FMM) [10,11], the panel clustering method [12], the 

mosaic-skeleton approximation [13] and the methods based on the use of hierarchical matrices [14]. The 

general aim of such techniques is to reduce the computational complexity of the matrix-vector 

multiplication which is the core operation in iterative solvers for linear systems. However while FMMs and 

Advances in Boundary Element Techniques X 19



panel clustering tackle the problem from an analytical point of view and require the knowledge of some 

kernel expansion in advance to carry out the integration, mosaic-skeleton approximations and hierarchical 

matrices provide purely algebraic tools for the approximation of the boundary element matrices, thus 

proving particularly suitable for problems where analytic closed form expressions of the kernels are not 

available or difficult to expand. 

The analysis of elastodynamic problems through FMM BEM has been addressed both in the time[15] 

and frequency domain [16-18], with a special attention to seismology and soil-structure interaction 

problems. Although the reported results show a noticeable reduction in both memory and time 

requirements, the implementation of FM strategies requires heavy and ad hoc recoding of available 

packages. On the other hand, fewer works have been devoted to the use of hierarchical matrices for the 

analysis of elastodynamic problems. In particular, the authors are aware of only one application of the 

Adaptive Cross Approximation (ACA) to a symmetric elastodynamic Galerkin boundary element 

formulation [19]. 

In this work the use of hierarchical matrices for the rapid solution of 3D BEM elastodynamic problems 

in the Laplace transform domain is presented and investigated for the first time, extending the work 

previously developed by the authors for the fast solution of 3D static Dual BEM problems [20,21]. To 

obtain an accurate solution through any inverse transform technique, the solution in the transform domain 

for a sufficient number of Laplace parameters has to be computed. The hierarchical format is used for 

representing and storing the collocation matrix for each value of the Laplace parameter. The coefficient 

matrices are built by Adaptive Cross Approximation (ACA) and the final system for each parameter is 

solved through a preconditioned GMRES iterative solver, in which the matrix-vector product is sped up by 

the hierarchical representation itself. Also the preconditioner is built taking advantage of the hierarchical 

format and an original strategy to further speed up the overall analysis is presented an tested. 

Elastodynamic BEM in the Laplace transform domain 

The boundary integral equation governing the dynamic behavior of an elastic body in the Laplace 

transform domain can be written 

 0 0  0  0, , , ,i j j i j j i j jc u T s u d U s t dx x x x x x x x  (1)

where the tilde indicates transformed quantities and s is the Laplace parameter. The boundary integral 

representation of the elastodynamic problem in the Laplace domain has the same form as that of the 

elastostatic problem. Eq.(1) is to be used in conjunction with the transformed boundary conditions to solve 

any specific problem. 

The form of the elastodynamic fundamental solutions in the Laplace domain allows to write each of them as 

the sum of two contributions: the first term does not depend on s and contains the same singularities as 

those present in the elastostatic 3D fundamental solutions; the second term depends on s, but contain only 

weak singularities. This circumstance leads, after the classical boundary elements discretization procedure, 

to a linear system of the form 

s s sA A x y  (2) 

where A is the matrix stemming from the integration of the terms containing the singularities and needs to 

be computed only once in advance, while sA  stems from the integration of the terms depending on s and 

has to be computed for each value of the Laplace parameter. 

To analyze a general elastodynamic problem by using the Laplace transform technique, one has generally to 

compute the solution of the system (2) for a set of Laplace parameters ks , with 1,...,k L , in order to 

calculate the time-dependent values of any relevant variable by means of some Laplace inverse 

transformation technique. Wen et al. [6] obtained for example accurate results for long durations in the time 

domain by using 

2
               0,..., 25k

ki
s k

T
 (3) 
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with 5T  and 0 20T t , where 0t  is the unit time. In this work, the solution for the previous set of 

Laplace points will be computed for some elastodynamic problems and the performance of the hierarchical 

BEM in terms of memory and time requirements will be compared to that of the standard BEM. 

Hierarchical matrices for elastodynamic BEM in the Laplace domain 

To improve both storage memory and time required by the elastodynamic BEM analysis in the Laplace 

domain, system (2) is represented in hierarchical format for each value of the Laplace parameter. 

The hierarchical or low rank representation of a BEM matrix is built by generating the matrix itself as a 

collection of sub blocks, some of which admit a special approximated and compressed format. Such blocks, 

referred to as low rank blocks, can be stored in the form 

1

k
T T

k i i

i

B B u v U V  (4) 

The block B of order m n  is approximately generated through the product of U, of order m k , and 
T

V ,

of order k n . If k, i.e. the rank of the block, is low then the representation (4) allows to reduce both 

memory storage and the computational cost of the matrix-vector multiplication, which is the bottleneck of 

any iterative solver. 

The approximation of the low rank blocks (4) is built by computing only some of the entries of the 

original blocks through adaptive algorithms known as Adaptive Cross Approximation (ACA) [22,23], that 

allow to reach an initially selected accuracy . Low rank blocks represent the numerical interaction, through 

asymptotic smooth kernels, between sets of collocation points and clusters of integration elements which are 

sufficiently far apart from each other. The distance between clusters of elements enters a certain 

admissibility condition of the form 

, ( , ) coll  int  coll  intmin diam diam  dist  (5)

where  coll  int and  are clusters of elements and 0  is a parameter influencing the number of 

admissible blocks on one hand and the convergence speed of the adaptive approximation of the low rank 

blocks on the other hand [24]. The blocks that do not satisfy such condition are called full rank blocks and 

they need to be computed and stored entirely, without approximation. Once low and full rank blocks have 

been generated, some recompression techniques can be used to further reduce the storage memory and 

computational complexity of the single blocks and of the overall hierarchical matrix (reduced SVD [25] and 

coarsening [26]). 

As an almost optimal representation is obtained, the solution of the system can be tackled either directly, 

through hierarchical matrix inversion [27], or indirectly, through iterative methods [28]. In both cases, the 

efficiency of the solution relies on the use of a special arithmetic, i.e. a set of algorithms that implement the 

operations on matrices represented in hierarchical format, such as addition, matrix-vector multiplication, 

matrix-matrix multiplication, inversion and hierarchical LU decomposition. A collection of algorithms that 

implement many of such operations is given in [24] while the hierarchical LU decomposition is discussed in 

[28]. 

The use of iterative methods takes full advantages of the hierarchical representation, exploiting the 

efficiency of the low-rank matrix-vector multiplication. The convergence of iterative solvers can be 

improved by using suitable preconditioners. In this work a hierarchical LU preconditioner is built starting 

from a coarse approximation of accuracy p  of the collocation matrix. An iterative GMRES algorithm is 

eventually used in conjunction with such preconditioner for solving the system for each value of the 

Laplace parameter of interest. 

Selecting the accuracy c  for the collocation matrix, the hierarchical counterpart of system (2) is written 

,c k c k ks s sx yA A  (6) 
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The LU preconditioner ksP  is generated in hierarchical format as well, selecting a reduced accuracy p .

The preconditioned final system has the form 

, , ,k p c k c k k p ks s s s sx yP A A P  (7) 

Even using the hierarchical format, the setup of a preconditioner is an expensive procedure. In the previous 

scheme a new preconditioner should be built for each value ks  of the Laplace parameter. To further speed 

up the overall dynamic analysis, an idea is put forward here and it is validated through numerical 

investigation. The preconditioner set up by using the hierarchical format can be thought of as a coarse 

approximation of the inverse of the system matrix for a given value ks . If two subsequent values ks  and 

k js  of the Laplace parameter are close to each other, the preconditioner set up for ks  could constitute an 

approximation of the inverse of the system matrix set for k js . This idea configures the use of local

preconditioners, in the sense introduced above, and will be investigated in the next section. 

Numerical experiments 

Let us consider the bar depicted in Fig. 1, subjected to impact traction load 10t t  on the (grey) 

superior base and constrained in correspondence of the thick points of the inferior base. The bar has square 

cross section a a , with 1a  and height 4h . A representative 

material with 1000E  and 0.3  has been considered (all the 

quantities are non-dimensionalized). To test the performance of the 

hierarchical solver at varying mesh sizes, three different meshes have 

been considered, as shown in Table 1. 

The parameters for the hierarchical analysis have been set to the 

following values: cardinality of the leaf 36leafC , admissibility 

parameter 3 , collocation matrix accuracy 
510c ,

preconditioner accuracy 
110p , GMRES tolerance 

610GMRES .

The preset required accuracy has been obtained for all the preformed 

computations, confirming the effectiveness of ACA in the 

approximation of the low rank block stemming form elastodynamic 

kernels.

The memory storage required by the hierarchical collocation matrix 

and by the hierarchical preconditioner for each Laplace parameter 

and for various mesh sizes is then analyzed and results are reported 

in Fig.2. Also the memory requirement for the elastostatic 

counterpart of the analyzed problem is reported in the same figure, 

for the sake of comparison, as the first value of the plotted curves 

( 1k ). As it can be noted, the amount of required memory 

increases when the imaginary part of the Laplace parameter 

increases, due to the behavior of ACA with oscillatory kernels. It is 

to be noted that the strategy of the local preconditioners has been 

used and this explains the memory trends for the preconditioner. 

Moreover, for a given Laplace parameter, analogously to what 

happens in the static case, the storage memory, expressed as 

percentage of the full rank storage, decreases when the mesh size increases. 

Figure 3 reports the assembly speed up ratio for various Laplace parameters and various mesh sizes. Also in 

this case the value corresponding to the static case is reported as the first value of the curves. The speed up 

ratio is defined as the ratio between the time necessary to perform an operation in hierarchical format and 

the corresponding classical time. It is to be noted that the classical assembly of the matrix contributions 

Figure 1  Analyzed configuration. 

Elements Nodes 

Mesh 1 288 866 

Mesh 2 450 1352 

Mesh 3 648 1946 
Table 1  Analyzed meshes. 
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ksA  requires less time in comparison to the classical assembly of the contribution A, that stems from the 

integration of the singular integrals. On the other hand, ACA converges with an average rank which is 

greater or equal than the average rank in the static case. This consideration explains the jump with respect to 

the static case in the assembly speed up ratios depicted in Fig.3. It can be noted how the assembly speed up 

ratios grow with the Laplace parameter. This growth is considerable and can lead to assembly times greater 

than the full rank assembly time. This behavior is a direct consequence of the performance of ACA with the 

considered elastodynamic kernels and it is related to the growth of the average rank of the approximated 

blocks.
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Figure 2  Memory requirements for various Laplace parameters and mesh sizes. 
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However, even when the hierarchical assembly times are higher than the full rank assembly times, the 

advantages in terms of solution time can be considerable and allow actual savings in terms of total

(assembly plus solution) analysis time, as shown in Figs. 4 and 5. These figures demonstrate the 

effectiveness of the strategy of the local preconditioners introduced in the previous section, as well as the 

noticeable speed up ratios obtained for the three different meshes for various Laplace parameters. 
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Figure 4  Solution speed up ratios for various Laplace parameters and mesh sizes. 
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Figure 5  Total speed up ratios for various Laplace parameters and mesh sizes. 

The idea of local preconditioners is further clarified by the number of GMRES iterations to convergence 

reported in Fig. 6 for the various Laplace parameters and different mesh sizes. When the preconditioner is 

computed for a certain value ks , the number of iterations to convergence is relatively low. A given 

24 Eds: E.J. Sapountzakis, M.H. Aliabadi



computed preconditioner is then used for the following values of the Laplace parameter and demonstrates to 

be able to precondition the system effectively. The number of GMRES iterations grows when the 

preconditioner is used far from the parameter for which it was computed. When the number of iterations 

overcomes a prefixed threshold, 140 in the figure, a new preconditioner is computed. The trends in terms of 

GMRES iterations confirm the effectiveness of the idea. 
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Figure 6  Number of GMRES iterations for various Laplace parameters and mesh sizes. 

Summary

In this work a fast solution strategy for 3D elastodynamic BEM problems in the Laplace transform domain 

has been presented, implemented and tested. The strategy is based on the use of hierarchical matrices for the 

representation of the collocation matrix in the Laplace domain and uses a GMRES iterative solver for the 

solution of the final system. The hierarchical format allows to reduce the storage memory necessary for the 

representation of the system and speeds up the performance of the solver enhancing the speed of the matrix-

vector product, which is the core and the bottleneck of any iterative solver for large systems. A coarse 

hierarchical LU preconditioner is used to improve the convergence of the iterative solution. Moreover, to 

further speed up the overall analysis in the Laplace domain, the idea of local preconditioners is presented 

and successfully assessed. 
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Abstract. The thickness shape optimization is used to optimize the performance of a Kirchhoff plate having 

constant volume. The plate has arbitrary shape and any type of admissible boundary conditions. The 

objective function can be the stiffness of the plate, the buckling load, the maximum stresses or the regulation 

of the frequencies. The plate optimization problems are solved efficiently thanks (a) to developing an AEM 

solution for the bending and plane stress problem of the plate with variable stiffness and mass properties and 

(b) to appropriate selection of the design parameters. The validity of the Kirchhoff plate theory is ensured by 

imposing certain inequality constraints regarding the thickness variation. Thus realistic solutions are 

obtained. The introduced design parameters are the coefficients of the interpolation functions series which 

approximate the variable thickness within the plate domain and on its boundary. The presented plate 

optimization method overcomes the basic shortcoming of a possible FEM solution, which would require 

resizing of the elements and re-computation of their stiffness properties during the optimization process. 

Besides, upper and lower bounds of thickness are imposed dictated by serviceability reasons. Several plate 

optimization problems are solved, which give realistic solutions for plate design. 

Introduction

Thin plates of variable thickness are used as structural components in many engineering applications. In 

most cases it is very useful to optimize the thickness variation of the plate in order to reduce the cost, 

increase the strength and improve the quality and the reliability of the structure. The problem consists in 

finding the thickness distribution of a plate with constant volume that minimizes or maximizes an objective 

function under some inequality constraints on the thickness variation dictated by serviceability reasons and at 

the same time ensure the validity of the thin plate theory with variable thickness. The objective function may 

be the stiffness of the plate, the buckling load, the maximum stresses, the frequencies of the dynamic 

response and others. 

The evaluation of the objective function requires the solution of the problem of a plate with variable 

thickness. This problem has been solved using analytic and approximate techniques such as the Galerkin and 

the Rayleigh-Ritz method [1-3] and numerical methods like the FEM and the BEM [4-7]. Many researchers 

have studied the thickness optimization of rectangular and circular plates to maximize the lower natural 

frequency [8,9]. The buckling load for circular and annular plates has been optimized using Rayleigh-Ritz 

method [10] and FEM [11]. The stiffness of rectangular plates has been also maximized in [12]. In the 

previous papers and some others [13-16] the optimization problem is unconstrained or is subjected on upper 

and lower bounds on thickness. These studies usually lead to complicated shapes with discontinuous 

thickness variation for which the thin plate theory is not applicable. Niordson [17] introduced a constraint on 

the slope of the thickness function in order to obtain designs with slowly varying thickness. In the examined 

cases, the researchers study plates with simple geometries and inplane boundary conditions and the obtained 

results depend on the discretization of the plate. Furthermore, in the reported buckling optimization solutions 

the assumption of uniform membrane forces is adopted to avoid solving the plane stress problem arising 

simultaneously with the bending problem in each optimization step. Apparently, this gives unrealistic design 

solutions.

In this paper we consider the problem of determining the optimum thickness of the plate with a given 

volume in order to maximize the stiffness or the buckling load. It is a nonlinear optimization problem under 

equality and inequality constraints. The thickness function is approximated by polynomials of certain degree 

or by radial basis functions series. The parameters of the approximating functions are the design variables of 

the optimization. The shape optimization problem is solved using a general nonlinear minimization 

algorithm under linear and nonlinear inequalities. The bending problem of the plate variable thickness 
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combined with membrane forces as well as the simultaneous plane stress problem is solved efficiently using 

the AEM of Katsikadelis [18, 19]. According to this method the original equations are converted into three 

uncoupled linear equations, namely a linear plate (biharmonic) equation for the transverse deflection and two 

linear membrane (Poisson) equations for the inplane deformation under unknown fictitious loads. The plate 

may have arbitrary geometry and any type of admissible bending and inplane boundary conditions. The 

resulting boundary value problems are solved with the D/BEM. Several plates with various shapes, boundary 

conditions and loads have been optimized, which illustrate the method and demonstrate its applicability and 

efficiency. 

Statement of the problem 

The shape optimization problem  

We consider a thin elastic plate with a given volume occupying the two-dimensional domain . Our 

problem is to establish the thickness variation so that: 

a) The stiffness of the plate becomes a maximum when it is subjected to a transverse load. 

b) The buckling load reaches its maximum value when it is subjected to inplane forces. 

It is a nonlinear optimization problem under equality and inequality constraints. The equality constraint 

results from the condition that the volume of the material is kept constant, while the inequality constraints 

are imposed on the thickness variation to ensure validity of Kirchhoff plate theory and satisfy serviceability 

requirements. 

The problem of plate with variable thickness 

The evaluation of the objective function requires the solution of the plate bending problem combined 

with membrane forces as well as the plane stress problem. In both cases the thickness of the plate is variable. 

These problems are stated as follows.  

(i) For the transverse displacement  :( , )w w x y

 in  (1) 

4 2 2 2 22 , , 2 , , (1 ) , , 2 , , , ,

                                                        , 2 , , , ,

x x y y xx yy xy xy yy xx

x xx xy xy y yy x x y y

D w D w D w D w D w D w D w

N w N w N w b w b w f

 or w   on  (2a) , ,n n t t TVw N w N w k w V

2

w

 or  on  (2b) ,nRMw k w M , ,n nw w

 or  at corner point k (2c)( ) ( )k k
T kk w Tw R ( ) *k

kw w

where  is the variable flexural rigidity of the plate, with  being the modulus of 

elasticity and Poisson’s ratio, respectively, and , is the variable thickness;  and 

are the transverse and the inplane loads;

3 /12(1 )D Eh

), ( , )yy b x y

,E

( , )h h x y ( , )f x y

( ,xb x k
Tw  is the discontinuity jump of the twisting 

moment at the corner, while Vw  is the equivalent shear force of a plate with variable thickness, Mw  is the 

normal bending moment and Tw  the twisting moment on the boundary. The operators producing these 

quantities are given as [4] 

2 2
2

2
2 ( 1) (1 )
D D

V V
s s n s n s n

 (3a)

2
2

2
(1 )M D

s n
 (3b) 

2

(1 )T D
s n s

 (3c) 

where  is the curvature of the boundary and V  is the operator of the equivalent shear force of a 

plate with constant thickness, given as [20] 

( )s
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2
2 (1 )V D

n s s n s
 (4) 

(ii) For the membrane displacements  and :( , )u u x y ( , )v v x y

2

2

( ) ( , , ) , , , 2 , , , ,

( ) ( , , ) , , , , , , 2 ,

xx xy x x y x y y x x

xy yy x y x y x y y y

h u h u v h u v u h u v b

h v h u v h u v h u v v b

0

0

t

,

 in  (5) 

 or   on  (6a) n nu u n nN N

 or    on  (6b) t tu u tN N

where  and  are the Lamé constants and  are inplane loads acting 

on boundary . The membrane forces are given as  

2/(1 )E /2(1 )E ,n tN N

, ,x xN C u v y
1

, ,
2

xy y xN C u v  (7) , ,y xN C u v y

The AEM for the plate bending problem 

The boundary value problem (1)-(2) for the transverse deflection of the plate is solved using the AEM 

[18]. The analog equation for the problem at hand is 

 (8) 4 ( ), { , }w b x yx x

where  represents a fictitious load, unknown in the first instance. Eq. (8) under the boundary conditions 

(2) is solved using the BEM. Thus, the solution at a point  is obtained in integral form as 

( )b x

x

( ) ( , , )

                                                 

n n

k
k

w w bd w Vw w Mw w Mw wVw ds

w Tw w Tw

x

 (9) 

which for  yields the following two boundary integral equations  x

( ) ( , , )
2

n n

k
k

a
w w bd w Vw w Mw w Mw wVw

w Tw w Tw

x ds

1

 (10) 

 (11) 
1 1 1 1

1 1

, ( ) , ( ) ( , , )x x y y n n

k
k

a w a w w bd w Vw w Mw w Mw wVw ds

w Tw w Tw

x x

in which , , is the fundamental solution and  its normal derivative at point ,

i.e.

( , )w w x y ,x y 1w x

21
ln

8
w r r 2

1
1 1

ln , , (2 ln 1)
8 8

w r r rr r  (12a,b) 

 is the unit normal vector to the boundary at point , whereas  is the unit normal vector to the boundary 

at the integration point  and 

x n

y r x y  (see Fig. 2a). Moreover  is the angle between the 

tangents at point  and 

1a 2

x

2

1

21
sin 2 sin

2 2 2
x x x y

a
a ,

2

1

2 1
sin sin 2

2 2 2
y y x y

a
a  (13a,b) 
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For points where the boundary is smooth we have a  and . Eqs (10) 

and (11) can be used to establish the not specified boundary quantities. They are solved numerically using 

the BEM. The boundary is approximated with N  line segments on which the deflection w  is approximated 

using a Hermit interpolation function while the other boundary quantities are approximated with piecewise 

linear interpolation functions [21]. The domain integrals are approximated using  linear triangular 

elements. The domain discretization is performed automatically using the Delaunay triangulation. Since the 

fictitious source is not defined on the boundary, the nodal points of the triangles adjacent to the boundary are 

placed on their sides (Fig. 2b). 

, ( ) , ( ) , ( ) / 2x x y ya w a w wx x x

M

x

nt

y

x

r x y

x

y

corner k

a

(a)

1

6
y

2 3

45

M domainpoints

cN corner points 
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N boundary points (b)

Figure 2: (a) BEM notation  (b) boundary and domain discretization 

At the  corner points on the boundary, the normal slope, the bending moment and the equivalent shear 

force may have discontinuity and a concentrated force may exist. Introducing the double node concept, 

boundary values are introduced, which require 4  independent relations. These additional relations are 

given in [19]. Thus, after discretization and application of the boundary integral Eqs (10) and (11) at the N

boundary nodal points we obtain  

cN

4 cN

cN

 (14) ,n

V
w

RH G
w

M

Ab

e and

tively. 

3

,

where

,H G  : are  and , respectively, known coefficient matrices 

originating from the integration of the kernel functions on the boundary elements. 

2 2 cN N N 2 2 3 cN N N

A :  is a 2  coefficient matrix originating from the integration of the kernel function on the 

domain elements. 

N M

w , : are the vectors of th N  boundary nodal displacements cN  boundary nodal 

normal slopes, respec

,nw N

V , ,M : are the vectors of the  nodal values of the effective shear force,  concentrated 

corner forces and  nodal values of the normal bending moment. 

R cN N

cN

cN

N

b :  is the vector of the M  nodal values of the fictitious source. 

Eq. (14) constitutes a system of  equations for  unknowns. Additional  equations are 

obtained from the boundary conditions. Thus, the BCs (2a)-(2b), when applied at the N  boundary nodal 

points yield the set of equations 

2N 4 4 cN N 2N

 (15a,b,c) 1 2 3 4 5 1 2 3, ,n nw w V M w M

where  are known coefficient matrices. Note that Eq. (15a) has resulted after 

approximating the derivatives ,  and  in Eq. (2a) with a finite difference scheme. 

1 2 3 4 5 1 2, , , , ,

,tw , ,nt sn nw w w ,tD
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Equations (14) and (15) and the  additional equations can be combined and solved for the boundary 

quantities , , , ,  in terms of the fictitious load . Subsequently, these expressions are used to 

eliminate the boundary quantities from the discretised counterpart of Eq. (9). Thus we obtain the following 

representation for the deflection 

4 cN

w ,nw V R M b

x  (16) 0

1

( , ) ( ) ( ) ( )
M

k k

k

w t b t W Wx x x

)

y

ds

The derivatives of  at points  inside  are obtained by direct differentiation of Eq. (9). Thus, we 

obtain after elimination of the boundary quantities 

( )w x x

, x  (17) 0

1

, ( , ) ( ) , ( ) , (
M

pqr k k pqr pqr

k

w t b t W Wx x x , , 0, ,p q r x y

where ,  are known functions.  result from nonhomogeneous boundary conditions. 

Note that the above notation implies , , etc. 

,pqrkW 0 ,pqrW 0 ,pqrW

0 0yw000,w w , ,w

The AEM for the plane stress problem 

Noting that Eqs (5) are of the second order their analog equations are obtained using the Laplace 
operator. This yields 

                (18a,b)2
1( , )u b tx 2

2( , )v b tx

The integral representation of the solution of Eq. (18a) is 

 (19) * *
1( ) ( )u v b d v q q ux x

in which ;  is the fundamental solution to Eq. (18a) and  its derivative 

normal to the boundary; 

,nq u /2v nr ,nq v

r y x  and ;  is the free term coefficient (  if ,

 if  and  ifx ). Using the BEM with constant boundary elements and linear 

triangular domain elements and following the same procedure applied for the plate equation, we obtain the 

following representation for the inplane displacement u  and its derivatives 

x y 1 x

1/2 x 0

x  (20) 
(1) (1) (2) (2)

0

1 1

, ( , ) ( ) , ( ) ( ) , ( ) , ( )
M M

pq pq pq pqk k k k
k k

u t b t U b t U Ux x x x , 0, ,p q x y

x

1

Similarly, we obtain for the displacement v

 (21) 
(1) (1) (2) (2)

0

1 1

, ( , ) ( ) , ( ) ( ) , ( ) , ( )
M M

pq pq pq pqk k k k
k k

v t b t V b t V Vx x x x , 0, ,p q x y

(1)
kU , , , , ,  are known functions. Note that ,  result from the nonhomogeneous 

boundary conditions. 

(2)
kU

(1)
kV

(2)
kV 0U 0V 0U 0V

The final step of the AEM 

Collocating the equation for the transverse deflection Eq. (1) and the equations for plane stress problem 
Eqs (5) at the M  internal nodal points and substituting the expressions for the displacements  and 
their derivatives from Eqs (17),(20) and (21), we finally obtain the following linear system of equations for 
the fictitious loads 

, ,w u v

(1) (2), ,i i ib b b

 (22a) K+ S b = G

 (22b) (1) (2)
1 1A b + B b = G
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 (22c) (1) (2)
2 2A b + B b = G2

2

2

f r

where  is the bending stiffness matrix, S  is the geometric stiffness matrix which depends on the membrane 

forces;  are known matrices and  known vectors. 

K

1 2 1 2A ,A , B , B , 1G G ,G

For the buckling problem the plate is subjected only to inplane loads and Eq. (22a) leads to the following  

eigenvalue problem  

 (23) 0K S b =

where  is the load factor. 

Optimization procedure  

The shape optimization problem is solved using a FORTRAN nonlinear minimization algorithm with 
linear and nonlinear inequalities. At each step of the iterative procedure the thickness variation law is 
required in order to solve Eqs (1), (5) and evaluate the objective function and the equality and inequality 
constraints. This can be established by its approximation with the design parameters. In this investigation the 
following approximations have been considered :  

a) polynomial of certain degree : 

 (24) 2
0 2 2 3 5 4( ) ...h a a x a y a x a xy a yx

where are the design variables., ( 0,1,2,..)ka k
b) radial basis functions series 

 (25) 
1

1

( ) ( )
M

k k

k

h x

where  are the radial basis functions of polynomial type ( )f r 3( ) 1f r r r  or multiquadrics 

2 2( )f r r c ; kr x x  with  being  collocation points inside  andc  is an arbitrary shape 

parameter;  are the design variables 

kx 1M

ka

The maximum stiffness is achieved by minimizing the compliance [12], which is defined as  

C wfd  (26) 

In this investigation the requirement of slowly varying thickness is achieved by introducing a constraint 

on the magnitude of the principal curvatures of the thickness function. The principal curvatures  are 

given by the equation  

1,2

2 2 2
2 2 2

2 22 2

1 , , 2 , , , 1 , , , , ,
1 , ,

1 , ,1 , ,

x yy x y xy y xx xx yy xy
x y

x yx y

h h h h h h h h h h
h h

h hh h
0

 (27) 

where , ( ) are the derivatives of the thickness function. ,h qq , 0, ,p q x y

Numerical examples

Example 1 
The square plate of Fig. 3 has been optimized in order to maximize the stiffness and the buckling load. 

The employed data are , . The inplane boundary conditions are shown in 
Fig. 3. The results were obtained using  boundary nodes and  internal collocation points. 
The thickness is approximated first by polynomial function of degree n  and , then by radial basis 
function using  nodal points. The inequality constraints were 0.  and 

2kN/m621 10E
19N

0.3
6 89M

2
05 h

4n
0.251 41M max 0.1 .

The buckling load and the compliance of the plate with uniform thickness  are employed as starting 
values at the optimization procedure. Tables 1 and 2 present the optimum values for compliance and 
buckling load for the simply supported and clamped plate. Fig. 4 shows the optimum thickness variation for 

0.1h
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maximum buckling load for the two cases of the boundary conditions. The optimum shapes are in agreement 
with that found by other researchers [ Ref. 12]. 
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Figure 3: Plate geometry in example 1 (a) for maximum stiffness and (b) for maximum buckling load 

Approximating function 
Polynomial RBFBoundary 

conditions

Starting buckling 
load value

( )0.1h 2n 4n 2 2r c

Simply supported 1209
1259

(4.13%)
1483

(22.6%)
1489

(23.1%)

clamped 3082
4062

(31.2%)
4997
(62%)

4815
(56.2%)

Table 1. Optimum values of buckling loads in example 1. Lower values : percentage increases in buckling 

loads.

Approximating function 
Polynomial RBFBoundary 

conditions

 Starting value of 
compliance  

( )0.1h 2n 4n 31 r r

Simply supported 2266
2215

(2.2%)
1739

(23.2%)
1882

(16.9%)

clamped 509
504

(0.98%)
292

(42.6%)
361

(29%)

Table 2. Minimum values of compliance in example 1. Lower values : percentage decreases in compliance. 

(a)
(b)

Figure 4: Optimum thickness for maximum buckling load of (a) a clamped plate and (b) a simply supported 

plate.
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Example 2 
A clamped circular plate with radius , subjected to an inplane radial load  along the boundary, 

has been studied in order to increase the buckling load. The employed data are ,

 and the results were obtained with  boundary elements and  internal 

collocation points. The inequality constraints were  and 

m1r nN

E 2kN/m621 10

166M0.25 160N

0.01 h 0.03 max 0.15 . Fig. 5a presents the 

optimum thickness for axisymmetric thickness variation using polynomial approximation of certain degree. 

Fig. 5b shows the optimum thickness for non axisymmetric variation using MQs for thickness approximation 

with  nodal points ( ).1M 57 27crN 1 /kN m
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Figure 5: Optimum thickness for maximum buckling load (a) for polynomial axisymmetric thickness 

variation  and (b) for non-axisymmetric variation. 

Example 3 
The simply supported triangular plate of Fig. 6a has been optimized in order to maximize the stiffness. 

The employed data are ,  and the results were obtained using 
boundary nodes and  internal collocation points. The inequality constraints were 
and

2kN/m621 10E
92

0.3 160N
0.3hM 0.02

max 0.3
0.2h

. The compliance was reduced to  (  for uniform 
thickness ) and the optimum thickness variation is shown in Fig. 6b. 

min 0.038C 0.0456C
m

3

y

x

ss
3 ss

ss

2100 /f kN m

(a) (b)

Figure 6: (a) triangular simply supported plate and (b) optimum thickness for maximum stiffness.  

Example 4 
The simply supported plate shown in Fig. 7a, which is subjected to a uniform surface transverse load 

, has been optimized in order to maximize the stiffness. The employed data are 
,  and the results were obtained using  boundary nodes and 

 internal collocation points. The inequality constraints were 0.  and 

2kN/m100f
621 10E

132M

2kN/m 0.3 252N
02 0.h 3 max 0.3 .
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The compliance has been reduced to  for the plate with the thickness distribution shown in 
Fig. 7b (  for uniform thickness  ) . 

min 22.32C
0.2h m29.05C

-4 -2 0 2 4

-4

-3

-2

-1

0

1

2

3

4

(a) (b)

Figure 7: (a) boundary and domain discretization for the plate in example 4 and (b) optimum thickness 
for maximum stiffness. 

Conclusions

In this paper the thickness shape optimization is used to maximize the buckling load and the stiffness of a 

thin plate of arbitrary geometry having constant volume under any type of boundary conditions and loads. 

The problem is reduced to a nonlinear optimization problem under equality and inequality constraints. In 

each iteration of the optimization procedure, the plate bending and the plane stress problem with variable 

thickness are solved using the AEM. The advantages of the presented method can be summarized as : 

1. The optimum design remains within the limits of the Kirchhoff plate theory by imposing 

restrictions on the curvature of the thickness function in order to obtain slowly varying thickness. 

Otherwise the optimization leads to thickness distributions with abrupt changes and discontinuities 

that result in unrealistic design solutions. 

2. The AEM solution is efficient, accurate and overcomes the shortcoming of element resizing that is 

required in a possible FEM solution. 

3. The inplane boundary conditions and the actual membrane forces due to thickness variation are 

taken into account in the buckling optimization problem. 

4. The thickness distribution is approximated by appropriate RBF series, which can be used in the 

optimization of plates with complicated geometries. Moreover, the thickness optimization does not 

depend on the number of collocation points that is used for the RBF approximation in contrast to 

other methods, which depend on the plate discretization (FDM, FEM).  

5. The optimum buckling load can be increased up to 62% while the compliance can be reduced to 

42% in comparison to a plate with constant thickness and equal volume. 
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Abstract. This paper presents a new solver for 3D acoustic problems called RABEM (Rapid Acoustic Boundary 

Element Method). The Adaptive Cross Approximation and a Hierarchical GMRES solver are used to generate 

both the system matrix and the right hand side vector by saving storage requirement, and to solve the system 

solution. The potential and the particle velocity values at selected internal points are evaluated using again the 

Adaptive Cross Approximation (ACA). A GMRES without preconditioner and with a block diagonal 

preconditioner are developed and tested for low and high frequency problems. Different boundary conditions (i.e. 

Dirichlet, Neumann and mixed Robin) are also implemented. Herein the problem of engine noise emanating from 

the Falcon aircraft is presented. The tests demonstrated that the new solver can achieve CPU times of almost O(N)

for low frequency and O(NlogN) for high frequency problems. 

Introduction

The need of faster solver for three dimension acoustic simulations is encouraged by required solution in higher 

frequency range, for large scale and more accurate geometries. 

One of the most general and efficient numerical technique for solving acoustic problems is the Boundary Element 

Method (BEM) [1]. The boundary element discretisation of the surface of the problem leads to a non-symmetric 

and fully populated system matrix. Both the memory storage and the setting up of the system matrices for a 

standard BEM formulation are of O(N2), where N denotes the degree of freedom. Moreover, direct solvers require 

O(N3) operations while iterative solvers O(kN2), where k is the number of iterations. 

The ACA is an effective method for solving non-symmetric and fully populated matrices and decreases the CPU 

time significantly [2] and has been applied to the Helmholtz equation by, for example, [3]. The solution of linear 

system of equations is accelerated by calculating only few entries of the original matrix. The whole matrix is 

divided into two rank (low and full rank) blocks based on size and distance between a group of collocation points 

and a group of boundary elements. The ACA algorithm has been applied to the low rank blocks achieving 

approximately O(N) for both storage and matrix-vector multiplication [4]. 

Herein a solver for 3D boundary element solution of Helmholtz problems that uses a new hierarchical adaptive 

cross approximation technique coupled with GMRES is presented. Implementing different types of boundary 

conditions (i.e. Dirichlet, Neumann and mixed Robin) into the ACA solution algorithm is widely considered. The 

constant elements are utilized to discretize the problem. The test carried out show that the new assembly and 

solution technique can achieve CPU times of almost O(N) for low frequency and O(N\log N) for high frequency 

problems. 

Hierarchical BEM for Acoustics 

The BEM system of equations was represented using the hierarchical matrices in conjunction with Krylov 

subspace methods by, for example [5, 6], and herein is extended to BEM acoustic problems with different 

boundary conditions. This technique speeds up the computation, whilst maintaining the required accuracy and 

saving on the memory storage. 
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Matrix Assembly using the Collocation Method. In a hierarchical representation the boundary element matrix is 

subdivided by a collection of two groups of blocks called low rank blocks, that have a compressed representation, 

and full rank blocks, that are represented in their entirety. The classification of the blocks is achieved subdividing 

the whole mesh into cluster of closed elements. A block populated by integrating over a cluster of elements whose 

distance, suitably defined, from the cluster of collocation nodes is above a certain threshold is called admissible 

and it can be represented in the low rank format. The remaining full rank blocks are generated and stored in their 

entirety.  

A preliminary hierarchical partition of the matrix index set is the basis of the process for the subdivision and 

classification of the blocks. Contiguous elements are detected on the basis of some computationally efficient 

geometrical criterion. The process starts from the complete set of indices I={1,2...n} where n denotes the number 

of collocation points. This initial set constitutes the root of the tree node. Each cluster in the tree is split into two 

subsets, called sons, on the basis of the longest extended dimension of the whole geometry or of the geometry of 

each cluster son (see Fig.1). 

Fig. 1: A schematic of the first two iterations of the cluster tree creation: 1) the whole geometry is 

divided 2) into two parts, each of which is then subdivided again 3) into two parts. 

The tree node that generates two sets of tree nodes is called the parent. The tree nodes that cannot be further split 

are called leaves of the tree. A leave of the tree is a tree node that cannot be further split because it contains a 

number of indices equal to or less than a minimum number nmin, called cardinality of the tree. This is a previously 

fixed value. This partition creates a binary tree of index subsets, or cluster tree, that constitutes the basis for the 

subsequent construction of the hierarchical block subdivision that will be stored in a quaternary block tree.

Fig. 2: A schematic presentation of the first three iterations that form the block tree. The light grey 

stands for low rank blocks, while the dark grey for full rank blocks. 
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The generation of the block tree is based on the previous found cluster tree and is created starting from the 

complete index I I  (both rows and columns) of the collocation matrix. The goal of this process is to split 

hierarchically the matrix into sub-blocks until that are classified as leaves of the tree (see Fig. 2). A low-rank 

block and a full-rank block are leaves that satisfy and not satisfy, respectively, an admissible criterion, based on a 

geometrical consideration related directly to the boundary mesh (see for example [7, 8]). 

The admissible criterion can be written as 

0 0
min( { }, { } ( , )x x x xdiam diam dist  (1) 

where
0x  and x  denote the cluster of the row and the column elements, respectively, and  is a positive 

parameter influencing the number of admissible blocks and the convergence speed of the adaptive approximation 

of low rank blocks. 

Let C be an m n  admissible block. It admits the low rank representation 

1

k
T T

k i i

i

C C A B a b  (2) 

where A is of order m k  and B is of order n k , with k being the rank of the new representation. Sometimes it 

is useful to represent the matrix using the alternative sum representation, where ai and bi are the i-th columns of A

and B, respectively. The approximate representation allows storage savings with respect to the full rank 

representation and speeds up the matrix-vector product [9]. 

Boundary Conditions and Right Hand Side Setting The actual setting of the final system for a problem where 

different boundary conditions are specified requires some additional considerations when ACA is applied. 

Different types of boundary conditions are here considered in such a way that rigid, soft and absorbing surfaces 

can all be studied in order to simulate a real situation and to perform an eventual parametric analysis. 

The ACA algorithm is applied to one or both of the matrices G and H depending upon the boundary conditions 

that are predominant for each block matrix. Particular care must be taken when not pure Dirichlet, Neumann or 

mixed Robin conditions are applied. There may be four different cases that require different approaches [10]: 

BCs mainly in terms of flux (or potential) except for the kth value expressed in terms of potential (or flux); 

BCs mainly in terms of flux except for the kth value expressed in terms of impedance; 

BCs mainly in terms of potential except for the kth value expressed in terms of impedance; 

BCs mainly in terms of impedance except for the kth value expressed in terms of potential (or flux). 

Additional considerations for the setting up of the right hand side vector are now explained. When the ACA 

algorithm is applied, the routine that calculates the ith row of one of the block matrices G or H also calculates the 

ith row of the other block matrix. Thus, the right hand side contribution of that row for the block matrix analyzed 

is directly calculated. Now, there are two main cases to analyze. 

1. BCs mainly in terms of flux (or potential).  

The ACA algorithm is applied again on the matrix G (or H). A frequent occurrence is when all the 

boundary conditions are zero. In this case there is no need to calculate the contribution of the block 

matrix to the final right hand side and another block matrix can be analyzed. Moreover, owing to the 

fact that the number of entries needed for the ACA is, in most the cases, equal for both the block 

matrix G or H, may be convenient to calculate the contribution to the right hand side with a standard 

procedure.

2. BCs mainly in terms of admittance.  

Once the ACA as been applied to the block matrix H, the possible contribution to the right hand side 

vector F, due to the presence of the kth value of the boundary conditions expressed in terms of 

potential, is easily calculated by multiplying each column of the ACA to the kth value of each row 

with opposite sign. Finally, if the ACA algorithm applied to the block matrix G is also successful 

reached, the contribution to the right hand side of the eventual presence of the boundary condition 

expressed in terms of flux is clearly calculated. 
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System Solution The solution of the system can be computed through iterative solvers with or without 

preconditioners, once the system matrix has been represented in the hierarchical form.  

In this study the value of the parameter  is 10 and the cardinality is set to 22. These values are chosen because 

they give the best performances. Being more specific, the value of the cardinality is quite restricted. As this value 

decreases, many blocks that satisfy the admissible criterion need, in fact, a bigger storage memory than if the 

same block is considered to be full rank. A direct consequence of it is a higher value of the CPU time. 

Nevertheless, the value of the parameter  can be modified between 1 and 1000 without loss of accuracy and 

resulting in a 5% CPU time acceleration. Furthermore, the optimum value of this parameter depends upon the 

geometry and the elements of the mesh.  

Fig (3) shows the block-wise storage requirements of the collocation matrix generated by the ACA algorithm for 

four different values of  (1, 2, 4 and 10).  The tone of grey is proportional to the ratio between the memory 

required for the low rank representation and the memory required for a standard format. Hence black blocks stand 

for the full rank block matrix, while almost white blocks are those for which the ACA compression works better. 

Fig. 3: Block-wise representation of the ACA generated matrix for =1, =2, =4 and =10.

Results

The simulation of a 53,074 elements mesh (see Fig. 4) of a model representing the Dassault Falcon airplane is 

presented.
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Fig. 3: Block-wise representation of the ACA generated matrix for =1, =2, =4 and =10.

The total length of the aircraft is 18.5m and the wing extension is 22.46m. The highest frequency applied was 100 

Hz. The sizes of the smallest and the largest triangles are 8.73E-03 and 0.19 millimeter, respectively, so the 

maximum frequency that can be applied is around 250 Hz. In the simulation performed all the surfaces has been 

set as hard and two monopole sources with unit complex potential amplitude have been inserted where the two 

engines are generally located in this airplane. The CPU time ratio, obtained by dividing the CPU time for different 

frequencies and preconditioners with the frequency of 25Hz for the unpreconditioned GMRES, is shown in Fig. 5 

for three frequencies (25, 50 and 100 Hz). Finally, Fig. 6 shows the Sound Pressure Level (SPL) at 100Hz. It is 

important to point out that a standard BEM code cannot solve such a simulation because the storage required is 

around 45 Gb whereas the limit for a medium desktop is 2Gb. Moreover, the speed up ratio, defined as the ratio 

between the CPU time of the standard code and the CPU time of the RABEM code, would be more than 350! 

Fig. 4: Comparison between the unpreconditioned and block diagonal preconditioned 

GMRES for a Dassault Falcon meshed with 53,074 triangular elements. 

Fig. 4: Sound Pressure Level for a Falcon geometry with two monopoles at 100 Hz. 

Conclusion

A new Rapid Acoustic BEM solver (RABEM) for 3D numerical simulation using the ACA algorithm in 

conjunction with GMRES has been herein presented. This study demonstrates that the new approach reduces 
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significantly the storage and the solution time. Moreover, the simulation shown that the new solver can achieve 

CPU times of almost O( N ) for low frequency and O( logN N ) for high frequency problems. 
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Abstract 

Bonded, riveted and bolted joints are frequently used in aeronautic industries. With recent 

development of new materials and new manufacturing techniques, bonded joints have been 

increasingly used due to some distinct advantages over traditional riveted and bolted ones, namely: 

more efficient load transfer, better sealing, better finishing and, most important for aeronautical 

applications, less weight. The design of bonded joints is based upon analyses to estimate peeling 

and shear stresses in the adhesive and the displacement field along the bonded region.

This paper describes an application of 3D boundary element method to bonded joints 

through the development of a computational tool for analysis of bonded joints in composite 

materials for aeronautical structures. 

Introduction 

The use of bonded, riveted and bolted joints to assemble components or structural parts is 

increasing in aeronautic industries. The design of bonded joints is based upon analyses to estimate 

peeling and shear stresses in the adhesive and the displacement field along the bonded region. The 

boundary element method (BEM) has proven to have good aproximation of high stress gradients 

such as those found in the overlap region of bonded joints or in regions of stress concentrations. 

Given the fact that the design of bonded joints are a critical technology in modern design and the 

stresses in the bonded region have steep gradients, one would expect a frequent use of  BEM in the 

analysis of bonded joints. A previous application of BEM to bonded joints was presented by [1]. 

This paper presents an application of 3D boundary element method through the 

development of a computational tool for analysis of  composite bonded joints. 
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Numerical results of lap joints show the potential of the boundary element method in the 

analysis of bonded joints. 

Boundary element formulation for 3D anisotropic materials 

The weighted residual technique may be used to derive the boundary integral equation. The 

basic equations of solid mechanics yield the following integral equation for elastostatics problems, 

named Somigliana’s identity [2]: 

* *( ) ( ) ( ) ( , ) ( ) ( , )i j ij j ijc u t u x d u t x dξ ξ ξ ξ ξ ξ
Γ Γ

= Γ − Γ∫ ∫        (1) 

The coefficient ( )c ξ  depends on the position of the source point ξ  in relation to the boundary 

which is being integrated, ( )jt ξ  and ( )ju ξ  are tractions and displacements of the system, * ( , )ijt xξ

and * ( , )iju xξ  are fundamental solutions for tractions and displacements. 

In this work the composite adherends of the bonded joints are considered as transversely 

isotropic materials. Because this, the 3D anisotropic fundamental solution is used. The derivation of 

the anisotropic fundamental solution is carried out using the Radon transform, which is defined by 

[3]: 

{ }ˆ ( , ) ( ) ( ) ( )i i i i if z f x f x z x dα δ α
Ω

≡ ℜ = − Ω∫        (2) 

where the integration is performed over the plane i iz x α= , which is filtered out from the full-space 

by the Dirac function, as shown in Fig. 3. The inverse transform is given by: 

{ }
2

1
2 2

1

ˆ1ˆ( ) ( , ) ( )
8

i i i i

i i i

z z z x

f
f x f z d z

α

α
π α

−

= =

⎡ ⎤∂
= ℜ = − Γ⎢ ⎥

∂⎢ ⎥⎣ ⎦
∫       (3) 

where the integration is carried out over the surface of a unit sphere, also shown in Fig. 1. 
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Fig. 1 – Radon transform and inverse Radon transform. 

The fundamental solution of anisotropic elastostatics, *
mku , is defined by: 

*
, ( , ) ( , )ijkl mk lj imC u x xξ δ δ ξ= −           (4) 

This yields: 

* 1
2

1
( ( ( )))

8
zz

jm jm iu M z d
r ϕ

ϕ ϕ
π

−= ∫�          (5) 

where the tensors that appear in the integrands are given in the iz -space of the Radon transform by: 

ab
ik ijkl j lM C a b=            (6) 

Multi-region technique 

The multi-region technique is employed in problems where the material properties change 

for different materials in the structure [4]. This work uses a model with three multi-regions, one for 

the upper adherend, one for the layer adhesive an one for the bottom adherend. A generic model of 

this type can be illustrated as shown in Fig. 2, where the domain is divided into three sub-domains. 
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Fig. 2 - Body composed by three sub-domains 

Suppose, that the model is be discretized by constants elements, according [5], the matrices 

[

]H  and [ ]G  can be written for each domain individually. The final matrix systens becomes: 

                            (7) 

where the superscripts 1, 2 and 3 referred to sub regions 1, 2 and 3 respectively, and superscripts 

N  and D  referred to Neumann and Dirichlet boundary conditions. 
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Numerical results 

The simulation was made for transversely isotropic material (composite). Fig. 3 shows the 

geometric model: 

Fig. 3 – Geometric model considered in analysis 

Table 1 lists the material properties for the transversely isotropic simulation: 

Table 1 - Properties for the Trans. Iso adherends and adhesive 

Propertie Adherend Trans. Iso Adhesive

1E  2 GPa 4.82 GPa

2E  1 GPa  

1ν  0.3 0.4 

2ν  0.2  

Rotation 30º  

Figure 4 shows the shear stress along the overlap region through the middle of the adhesive layer. 

The results are compared with the analytic solution from [6], for isotropic material. Note that for 

transversely isotropic adherend, the shear stress in the adhesive, reach lower levels that the isotropic 

adherend. 

Dimensions  Values (mm)

Overlap length 10 

Overlap width 10 

Adherend thickness 2 

Adhesive thickness 1 

1 kN 
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Fig. 4 – Shear stress distribution in the adhesive for Trans. Iso. Adherends. 

Conclusions 

 This paper shows that the BEM can be used effectively in stress analysis of bonded joints. 

The results show that BEM has the potential of producing good resolution of stress gradient and 

robust enough for parametric study of bonded joints. The anisotropic fundamental solution was 

adequate to simulate composite materials. Finally, the sub region technique was also appropriate in 

the analysis of bonded joints, considering that in this type of problem there are at least, two 

materials involved.  
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Abstract.The paper outlines the basic features of a method that, although extremely economical in terms of
mathematical concepts, code implementation and overall computation costs, leads to numerical results that are
as accurate as in the variational and the conventional boundary element methods, as shown in an example.

Introduction

The hybrid boundary element method (HBEM) was introduced about two decades ago on the basis of the
Hellinger-Reissner potential, as a generalization of Pian’s hybrid finite element method [1, 3, 4]. The formula-
tion requires evaluation of integrals only along the boundary and makes use of fundamental solutions (Green’s
functions) to interpolate fields in the domain. Accordingly, an elastic body of arbitrary shape may be treated
as a single finite macro-element with as many boundary degrees of freedom as desired. In the meantime, the
formulation has evolved to several application possibilities, including time-dependent problems, fracture me-
chanics, and non-homogeneous materials [6, 8, 12]. The original method makes use of a flexibility matrix F,
for which evaluation of integrals along the entire boundary is required.
A simplified, although equally accurate, version of the HBEM was proposed about a decade ago [5, 11]. This
simplified hybrid boundary element method (SHBEM) makes use of a displacement matrix that is obtained di-
rectly from the fundamental solution, with which the time-consuming evaluation of F is circumvented. In either
formulation, submatrices about the main diagonal cannot be obtained by mathematical means: their evaluation
requires the use of spectral properties that are directly or indirectly related to rigid-body displacements, for a
bounded domain (or for the complementary domain, in case of an unbounded region) [3, 4]. For some specific
topological configurations, however, as in case of notches, for axisymmetric problems or for some spectral
abnormalities related to material non-homogeneity, this procedure may lead to local mathematical indefinitions
(approximate zero by zero divisions) [13] and the diagonal submatrices can only — if ever — be obtained by
interpolation of values from adjacent coefficients.
This paper presents new theoretical developments that provide a definitive solution to the issue [14]. The
SHBEM relies basically on a virtual work statement and on a displacement compatibility equation. The key
improvement consists in correctly applying a contragradient theorem to derive simple relations that are gener-
ally valid and can successfully substitute for the spectral properties, as it is required for the numerical solution
to improve with mesh refinement. Actually, an underlying hybrid virtual work principle had been identified
since the onset of the SHBEM, but its application was precluded by some until recently not well understood
theoretical subtleties. Now, once some simple stress or strain cases are identified as inherent to a given problem,
it is always possible to find a set of linearly independent analytical solutions to provide sufficient equations for
the evaluation of the diagonal submatrices, regardless of topology and spectral properties.
Numerical results are consistent with the ones obtained in terms of spectral properties, whenever available, and
also pass convergence tests. The new theoretical improvements are validated by a numerical example for an
axisymmetric problem, which is among the most critical ones in terms of topological properties [14].

Problem Formulation

Let an elastic body be submitted to tractions t̄i on part Γσ of the boundary Γ and to displacements ūi on the
complementary part Γu. For the sake of brevity, body forces are not included [10]. One is attempting to find the
best approximation for stresses and displacements, σi j and ui, such that
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σ ji, j = 0 in the domain Ω, (1)

ui = ūi along Γu and ti = σi j η j = t̄i along Γσ (2)

in which η j is the outward unit normal to the boundary. Indicial notation is used.

Stress and Displacement Assumptions. Two independent trial fields are assumed, according to the hybrid
methodology proposed by Pian [1]. The displacement field is explicitly approximated along the boundary by
ud

i , where ( )d means displacement assumption, in terms of polynomial functions uim with compact support and
nodal displacement parameters d = [dm] ∈ Rnd

, for nd displacement degrees of freedom of the discretized
model. An independent stress field σs

i j, where ( )s stands for stress assumption, is given in the domain in
terms of a series of fundamental solutions σ∗i j m with global support, multiplied by point force parameters
p∗ = [p∗m] ∈ Rn∗ applied at the same boundary nodal points m to which the nodal displacements dm are attached
(n∗ = nd). Displacements us

i are obtained from σs
i j. Then,

ud
i = uim dm on Γ such that ud

i = ūi on Γu and (3)

σs
i j = σ

∗
i jm p∗m such that σ∗jim, j = 0 in Ω (4)

⇒ us
i = u∗im p∗m + ur

is Csm p∗m in Ω (5)

where u∗im are displacement fundamental solutions corresponding to σ∗i jm. Rigid body motion is included in
terms of functions ur

is multiplied by arbitrary constants Csm [9, 10]. For convenience, ur
is is normalized so as

to yield, when evaluated at the nodal points m, the orthogonal matrix W = [Wms] ∈ Rnd×nr
with nr columns of

nodal rigid body displacements introduced in eq. (9) as ur
is = uinWms on Γ [10].

Governing Matrix Equations

The Hellinger-Reissner potential, based on the two-field assumptions of the latter section, as implemented by
Pian [1] and generalized by Dumont [4], leads to two matrix equations that express nodal equilibrium and
compatibility requirements. In the following simplified developments, the same equilibrium matrix equation
is obtained in terms of virtual work (which is a variational approach), but the set of compatibility equations is
obtained by direct evaluation of displacements at the boundary nodal points (which is non-variational).

Displacement Virtual Work. In the absence of body forces, equilibrium is weakly enforced by
∫
Ω

σi j δui, j dΩ =
∫
Γσ

t̄i δui dΓ (6)

for σi j = σ j i. Assuming that σi j is approximated according to eq. (4) and that δui is given by eq. (3),
integration by parts of the term at the left-hand side of eq. (6) and application of Green’s theorem yield

δdn

[∫
Γ

σ∗i jm η j uin dΓ −
∫
Ω

σ∗i jm, j uin dΩ
]

p∗m = δdn

[∫
Γ

ti uin dΓ
]

(7)

Then, for arbitrary nodal displacements δdn one obtains the matrix equilibrium equation

Hmn p∗m = pn or HT p∗ = p (8)

in which H = [Hnm] ∈ Rnd×n∗ , given by the first expression in brackets in eq. (7), is the same double layer
potential matrix of the collocation boundary element method [7], and p = [pn] ∈ Rnd

, given as the second term
in brackets in eq. (7), are equivalent nodal forces obtained as in the displacement finite element method. The
domain integral of eq. (7) is actually void, since σ∗i jm are fundamental solutions. Singular integration issues of
Hmn for m and n referring to the same nodal point are solved according to standard mathematical means [7].
In eq. (8), HT is an equilibrium matrix that transforms forces p∗ of the stress reference system into equivalent
nodal forces p obtained according to the boundary displacement assumptions. For a finite domain, H is singular
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and its null space is spanned by the nodal rigid body displacements, given for convenience as an orthogonal
matrix W = [Wms] ∈ Rnd×nr

with nr columns as

W = N(H) ⇒ V = N(HT) (9)

One uses the equation above to introduce a (for convenience) orthogonal basis V = [Vms] ∈ Rn∗×nr
, which has

played a major role in the development of the hybrid boundary element method [4] and, differently from W, has
properties that are intrinsically correlated with the topology of the problem one is attempting to analyze [13].
For the moment, one checks that, for consistency of eq. (8),

WT p = 0 and VT p∗ = 0 (10)

Nodal Displacement Compatibility. Application of the Hellinger-Reissner potential leads to, besides eq.
(6), a stress virtual work statement that enables writing a set of compatibility equations between the nodal
displacements d and equivalent nodal displacements d∗ that are related to the stress reference system given
in terms of fundamental solutions [4, 9]. This set of equations relies on the evaluation of a flexibility matrix
F∗ that transforms d∗ = F∗p∗ and such that, for consistency, F∗V = 0, when dealing with a finite domain.
Application of the formulation to the complementary unbounded domain leads to the conclusion that, in a fully
variational framework, but not as the direct result of a variational statement, one is entitled to transform point
forces p∗m into nodal displacements dn by directly using the fundamental solution u∗im, according to the following
eq. (11). This has led to the simplified hybrid boundary element method [5, 10], in which the time-consuming
evaluation of the flexibility matrix F∗ of the firstly developed, fully variational hybrid formulation [3, 4] could
be circumvented.
Actually, one may dispense with any reference to the Hellinger-Reissner potential and just establish that both
eqs. (3) and (5) apply to the boundary nodal points, that is,

dn = U∗nm p∗m +Wns Csm p∗m or d = U∗ p∗ +W C p∗ (11)

where U∗ = [U∗nm] ∈ Rnd×n∗ corresponds to the fundamental solution u∗im measured as dn at the nodal degree
of freedom n for a unit point force p∗m applied at the nodal degree of freedom m. For singular fundamental
solutions, the coefficients of U∗ cannot be directly measured if m and n refer to the same nodal point, as the
singularity points are excluded from the domain Ω. This feature is consistent with the requirement that u∗im be
analytical in Ω. Then, the coefficients of U∗ about its main diagonal can only be obtained by means of a global,
problem-dependent, assessment of the linear algebra properties of eq. (11) in conjunction with eq. (8).
Assuming for the moment that U∗ is completely known, one may pre-multiply eq. (11) by WT and arrive at

C p∗ =WT(d − U∗ p∗) (12)

which, applied to eq. (11), leads to
P⊥W U∗ p∗ = P⊥W d (13)

where P⊥W = I−PW = I−W WT is an orthogonal projector [2]. For a finite domain, only displacements that are
orthogonal to rigid body motions can be transformed between the stress and displacement reference systems.

A Hybrid Virtual Work Statement

In the initial formulation of the SHBEM, the unevaluated submatrices about the main diagonal of U∗ were
obtained by applying to eq. (11) a spectral property related to the basis V defined in eq. (9), which requires the
solution of a small system of equations for each node, similarly to the procedure described using eq. (16) [5, 10,
11]. However, the coefficients of V are intrinsically related to the topology of the problem under analysis. For
some specific topological configurations, as in case of notches or for material non-homogeneity, the procedure
using V may eventually lead to local mathematical indefinitions [13], which, although not incorrect, may turn
out useless. There is a mechanical explanation for such an impasse, as the problem occurs when the stress
gradient around a nodal point has a local character and therefore cannot be represented in terms of some global
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spectral property. Such a lack of generality of the SHBEM became critical when the first author of the present
paper tried to implement it to several types of axisymmetric problems [14].
The solution of the impasse was ultimately found in the frame of a hybrid virtual work principle, which may
be stated as in the following [14]. In the present two-field formulation, d and p∗ are the primary unknowns of
the problem, to which correspond equivalent nodal forces and displacements p and d∗, respectively. Since one
is dealing with linear, elastic deformation, the energy U(d) represented by the pair (d,p) must be equal to the
complementary energy Uc(p∗) represented by the pair (p∗,d∗). Let an admissible, virtual deformed state be
represented by δp∗ and δd, which are interrelated by eq. (13) . Then, since δU(d) = δU c(p∗),

δp∗T P⊥V d∗ = δdT P⊥W p ⇒ δp∗T P⊥V d∗ = δp∗T U∗TP⊥W p (14)

where P⊥V = I−PV = I−V VT is an orthogonal projector [2]. P⊥W and P⊥V enter the equation above to ensure that
only deformation-related equivalent nodal forces and displacements p and d∗ take part in the statement. The
expression on the right of eq. (14) is obtained from the first expression by substituting for δdT P⊥W according to
eq. (13). Then, since this expression is valid for any δp∗, one arrives at the hybrid contragradient expression

U∗T P⊥W p = d∗ or U∗T P⊥W p = H d (15)

as derived from eq. (13). One writes on the right a more convenient expression, already substituting for d∗ with
H as a kinematic transformation matrix — the contragradient of eq. (8).

Evaluation of the Coefficients about the Main Diagonal of U∗

Equation (15) must apply to any admissible deformed configuration regardless of topological configurations.
Let (D,P) be nodal displacements and equivalent forces corresponding to the simplest set of deformed con-
figurations conceivable, as in a patch test for finite elements. Moreover, let U∗ be formed by two parts,
U∗ = U∗diag + Ū∗, in which U∗diag contains the coefficients that still remain to be evaluated. Then, one may
rewrite eq. (15) as

U∗Tdiag P = H U − Ū∗T P (16)

and always guarantee a sufficient number of adequate simple deformed configurations to render eq. (16) uncou-
pled in small sets of well-conditioned equation systems with the submatrices comprised by U∗Tdiag as unknowns
[14]. For two-dimensional elasticity, for instance, three simple deformed configurations,

u1x =
1 − ν
2 µ

x, u1y = − ν2 µ y, t1x = ηx, t1y = 0; (17)

u2x = − ν2 µ x, u2y =
1 − ν
2 µ

y, t2x = 0, t2y = ηy and (18)

u3x =
2y − ν x

2 µ
, u3y = − ν2 µ y, t3x = ηy, t3y = ηx (19)

where µ is the shear modulus and ν is the Poisson’s ratio, enable well-conditioning of eq. (16) for any combi-
nation of coordinates and outward normals.
U∗ is symmetric for the coefficients referring to different nodal points. However, there is no theoretical reason-
ing why the submatrices about its main diagonal should be symmetric, as a result from eq. (16). It has been
observed that these submatrices tend to be symmetric as the mesh discretization becomes more refined.

Stiffness-type Matrix

Equations (8) and (13) were the governing equations of the SHBEM in its original version [5, 10, 11]. In the
present framework, one makes use of eq. (15) for deriving a stiffness-type matrix, whenever required, as

K = (U∗T P⊥W)(−1) H in K d = p (20)

where, for a constant λ of order 1/µ to keep the term to be inverted well conditioned [2, 14],

(U∗T P⊥W)(−1) = P⊥W (U∗T P⊥W + λPW)−1 (21)

Since eq. (20) is formulated on the basis of a non-variational approach, K is not necessarily symmetric. How-
ever, it tends to become symmetric with increasing mesh refinement.
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Evaluation of Displacements and Stresses in the Domain

Stresses and displacements are evaluated in the domain Ω by eqs. (5) and (4) directly from the force parameters
p∗, which are obtained in either eq. (8) or (13) in terms of generalized inverses [2, 14]. The rigid body amount
of displacements, represented in eq. (4) by the constant C sm, is obtained from eq. (12) in terms of p∗ and d.
Results close to or at nodal points may be obtained in a straightforward way and as accurately as possible,
given mesh refinement limitations, if the stress gradient has no local characteristics, by using spectral properties
related to V [10, 14]. However, when the stress gradient has some local property, as in case of notches or cracks,
the local effects must be dealt with adequately.

Numerical Example

For an axisymmetric problem, a ring of unitary point force
(MNm) is applied at coordinates (10,-5) for each coordinate di-
rection of the elastic medium, with µ = 10 MPa and ν = 0.3, thus
generating displacements and stresses given as in eqs. (5) and (4),
respectively. Next, one cuts out an irregular contour, as depicted
in Fig. 1, and applies to its boundary the traction effects of the
stress field. Moreover, one prescribes the vertical displacement
uz(C) = 0.4356 10−3 m at point C. For the numerical analysis,
the boundary is discretized with quadratic elements in a total of
64 nodes. The problem was solved by the conventional boundary

ABCDEFA A’B’
(%) ur uz uz σzz

BEM 0.57 0.40 0.10 0.11
KBEM 0.82 0.21 0.11 0.12

SHBEM 1.53 0.12 0.02 0.24

Table 1: Global error for some results
along the boundary ABCDEFA and the
line segment A’B’.

element method (BEM), the BEM by means of a stiffness-type matrix (KBEM) [7] and the simplified hybrid
boundary element method (SHBEM). Results along the boundary ABCDEF and at 10 points along the line
segment A’B’ are presented in Fig. 2 and the corresponding global errors are presented in Table 1 [14].

Figure 1: Cutout test of an irregular
contour ABCDEFA.

Figure 2: Results along the boundary ABCDEFA and the line segment A’B’.
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Conclusions

The main contribution of the present paper is the introduction of a novel hybrid virtual work principle in
relation to the simplified hybrid boundary element method, which enables the application of the method to
problems of any topology. It is shown that, for singular fundamental solutions, it is mechanically impossible
to evaluate coefficients of a displacement matrix U∗ for results related to the same node of application of the
point forces. However, enforcing that simple deformed configurations, as in a patch test, be represented in
the frame of a hybrid virtual work principle, these results become available. The cutout test of Fig. 1 is
a simple, although evident illustration of the capabilities of the present method, as it deals efficiently with
an axisymmetric, multiply-connected problem. The proposed method is a simplification of the conventional,
collocation boundary element method, as well, since only one matrix, related to the double-layer potential,
requires evaluation via integration along the boundary. Moreover, results at internal point are evaluated directly,
thus circumventing any computationally demanding integration.
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SUMMARY

The present method offers an approach to 2D fracture problems where certain basis functions that are
known to capture the required crack tip displacement field are incorporated in a boundary element for-
mulation through the Partition of Unity Method. The same basis functions that were used by Moës et
al. in the implementation of the Extended Finite Element Method (XFEM) [1] for fracture analysis are
used. It is found, in the simple case of a straight crack, that these reduce to rather simple expressions
for the boundary element implementation. With the introduction of these basis functions, additional un-
known coefficients are produced which are accommodated by providing additional collocation points.
To allow the evaluation of asymmetric crack problems, enrichment was applied to the Dual Bound-
ary Element Method (DBEM) [2] with certain modifications made to the Displacement and Traction
Boundary Integral Equations. With the inclusion of enrichment functions, analytical expressions can
no longer be used for the evaluation of the strongly singular and hypersingular terms and instead a
specially adapted numerical quadrature routine is used. The method was tested on both Mode I and
Mode II problems where substantial increases in accuracy were gained for a small increase in degrees
of freedom (DOF).

INTRODUCTION

Fracture problems, in which a singular stress field is encountered at the crack tip, present difficulties
when modelled with conventional piecewise polynomial elements. The stress field exhibits a singularity
of O(1/

√
ρ) (where ρ is the distance from the crack tip) while displacements are of the form

√
ρ. Unless

extremely refined meshes are used in the vicinity of the crack tip, conventional elements fail to capture
the required singular field. This is a well-known problem, with many techniques and methods available
to overcome this difficulty such as quarter-point elements, special crack tip shape functions and the
Subtraction of Singularity Technique. Instead, the present work captures the singular field by enriching
elements that lie within a certain region around the crack tip, in a very similar manner to that of the
Extended Finite Element Method.
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ENRICHMENT

To allow enrichment of displacements in elements surrounding the crack tip, the Partition of Unity
Method [3] is employed which states that an arbitrary basis can be included within the approximation.
If this basis is chosen to correspond to a discontinuity or singularity from a priori knowledge, then
higher accuracies should be expected. In this way, enriched displacements can be expressed as

un
j (ξ) =

M∑
a=1

Na(ξ)una
j +

M∑
a=1

4∑
l=1

Na(ξ)ψU
l (ξ)Ana

jl , j = x, y (1)

where ξ ∈ (−1, 1) is the local coordinate, n is the element number, Na is the conventional Lagrangian
shape function for local node a, ψU

l is the lth term in the vector ψU of enrichment functions, Ana
jl is the

enrichment coefficient associated with basis function l and node a and M is the number of nodes per
element. In the case of a crack the choice of basis functions is obtained by inspecting the expressions
for displacements around a crack tip as derived by Williams, where it can be shown that the following
provides a complete basis

ψU (ρ, θ) =
{√

ρ cos
(

θ

2

)
,
√

ρ sin
(

θ

2

)
,
√

ρ sin
(

θ

2

)
sin(θ),

√
ρ cos

(
θ

2

)
sin(θ)

}T

(2)

where θ is the angle made from the crack tip. These are the same basis functions as used in the imple-
mentation of the XFEM in [1].

To apply enrichment to the BEM, expression (1) is substituted into the Displacement Boundary Integral
Equation (DBIE) which is stated here (in its unenriched form) for clarity.

Cij(x′)uj(x′) + −
∫

Γ
Tij(x′,x)uj(x)dΓ(x) =

∫
Γ

Uij(x′,x)tj(x)dΓ(x) (3)

where x′ and x denote the source and field points on the boundary Γ respectively. After discretisation,
this can be written as

Cij(x′)uj(x′) +
Ne∑
n=1

M∑
a=1

Pna
ij una

j =
Ne∑
n=1

M∑
a=1

Qna
ij tna

j (4)

where the terms Pna
ij and Qna

ij are conventional integral expressions which contain a fundamental solu-
tion, shape function and Jacobian of Transformation. Now, if the expression for enriched displacements
is inserted into (4), the enriched discretised DBIE can be written as

Cij(x′)

(
M∑

a=1

Na(ξp)un̄a
j +

M∑
a=1

4∑
l=1

Na(ξp)ψU
l (ξp)An̄a

jl

)
+

Ne∑
n=1

M∑
a=1

Pna
ij una

j +
Ne∑
n=1

M∑
a=1

4∑
l=1

Pna
ijl A

na
jl

=
Ne∑
n=1

M∑
a=1

Qna
ij tna

j (5)

where n̄ is the number of the element containing x′ and ξp refers to the local coordinate of the source
point. The jump term is now distributed over element n̄ to allow the source point to lie at any general
position on the boundary. This technique, successfully implemented by Perry-Debain et al. [4], is crucial
for the use of additional collocation points which is described later in the implementation of the method.
The second and fourth terms are unchanged from (4) while the third is new. It is given by

Pna
ijl =

∫ 1

−1
Na(ξ)Tij [x′,x(ξ)]ψU

l (ξ)Jn(ξ)dξ (6)
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where the enrichment function ψU
l is incorporated within the boundary integral.

The DBEM, which allows coincident crack surfaces to be modelled, makes use of an independent
Boundary Integral Equation known as the Traction Boundary Integral Equation given by

1
2
tj(x′) + ni(x′)=

∫
Γ

Skij(x′,x)uk(x)dΓ(x) = ni(x′)−
∫

Γ
Dkij(x′,x)tk(x)dΓ(x) (7)

In a similar manner to the DBIE, the Traction Boundary Integral Equation (TBIE) can also be enriched
by inserting expression (1) into the discretised form of the equation. Once again, for clarity, the unen-
riched form of the Boundary Integral Equation is stated

1
2
tj(x′) + ni(x′)

Ne∑
n=1

M∑
a=1

Ena
kiju

na
k = ni(x′)

Ne∑
n=1

M∑
a=1

Fna
kijt

na
k (8)

where Ena
kij and Fna

kij are integral expressions which are hypersingular and strongly singular respectively.
The enriched form of the TBIE is then given by

1
2

( M∑
a=1

Na(ξp)tn̄a
j

)
+ ni(x′)

Ne∑
n=1

M∑
a=1

Ena
kiju

na
k + ni(x′)

Ne∑
n=1

M∑
a=1

4∑
l=1

Ena
kijlA

na
kl

= ni(x′)
Ne∑
n=1

M∑
a=1

Fna
kijt

na
k (9)

where the new enriched integral term Ena
kijl is expressed as

Ena
kijl =

∫ 1

−1
Na(ξ)Skij [x′,x(ξ)]ψU

l (ξ)Jn(ξ)dξ (10)

By using the Boundary Integral expressions (5) and (9) enrichment can be applied to problems con-
taining any general crack configuration. However, before this can be done, a method for solving the
introduced enrichment coefficients along with a strategy for enrichment is required.

IMPLEMENTATION

When the enriched BIEs are applied to a fracture problem the introduction of each basis function leads
to an additional unknown in each direction. A solution to this problem was presented in a similiar
scheme to introduce enrichment to the BEM by Watson [5] who used additional BIEs derived by dif-
ferentiating the DBIE. However, each of these require a rather complicated procedure to calculate the
singular integral terms making the method rather cumbersome. Instead, the present approach is to use
a technique demonstrated by Perry-Debain et al.[4] which utilises additional collocation points spread
evenly throughout enriched elements. In the case of a flat crack where the basis functions reduce to sim-
ply

√
ρ, the number of additional unknowns is reduced to simply two per enriched node. Therefore, if

a discontinuous quadratic element is used for enrichment (which greatly simplifies the implementation
of the TBIE), three additional points will be required. This is illustrated in Figure 1 where the crack is
depicted as having a finite opening to illustrate collocation on the upper and lower surfaces. In reality
these surfaces are coincident.

It is well known in fracture that only a certain region surrounding the crack tip is dominated by the
singularity. Therefore, only those elements that lie within the singular region are required to be enriched.
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Figure 1: Additional collocation points on enriched flat crack elements

Of course, with each additional enriched element a corresponding increase in the number of system
unknowns occurs requiring a balance to be struck between accuracy and efficiency. The present strategy
enriches only those elements that lie on the crack surfaces with an expected increase in accuracy for
each additional enriched element.

In the conventional BEM singular integral terms are usually computed using rigid-body motion while
all others are evaluated using numerical quadrature. In the implementation of the DBEM Portela et al.
explained that rigid-body motion could no longer be used but instead analytical expressions were given
for singular terms, with the assumption that flat crack elements are used. However, when enrichment
is applied to the DBEM these expressions are no longer valid and a numerical scheme that is capa-
ble of evaluating strongly singular and hypersingular integrals is required. A subtraction of singularity
scheme, illustrated by Guiggiani [6], is used which relies on a Taylor series approximation about the
source point. Once this is determined, the singular components are removed leaving a regular inte-
gral which can be evaluated using a conventional quadrature routine. Then, the singular components
are re-introduced through analytical expressions. The expression used for the evaluation of enriched
hypersingular integrals is given by

I =
∫ +1

−1

[
F (ξp, ξ) −

(
F−2(ξp)
(ξ − ξp)2

+
F−1(ξp)
ξ − ξp

)]
dξ

+ F−1(ξp) ln
∣∣∣∣ 1 − ξp

−1 − ξp

∣∣∣∣ + F−2(ξp)
(
− 1

1 − ξp
+

1
−1 − ξp

)
ξp ∈ (−1, 1) (11)

where F−2(ξp) and F−1(ξp) are regular functions determined by a Taylor series expansion of the inte-
grand about the source point. Expression (11) can also be used for strongly singular singular integrals
O(1

r ) where it is found that the term F−2 vanishes.

Finally, to allow the evaluation of both Mode I and Mode II stress intensity factors (SIFs), a decomposed
J-integral routine as implemented by Aliabadi [7] is used. A series of internal points located symmetri-
cally around the crack is used which allow the integral to be split into Mode I and II components.

RESULTS

An edge crack was used to illustrate the improvements obtained by enriching elements along the crack
faces. Accurate results for Mode I stress intensity factors (SIFs) are given for this problem [8] while it
was also analysed by Portela et al. using the DBEM. In the convergence study a uniform mesh grading
was used throughout (in contrast to the implementation of [2]) with additional elements added to each
line in each step of mesh refinement. Figure 2(a) illustrates the edge crack problem along with an
example mesh used for analysis. By varying the number of enriched elements lying on the crack faces
it was found that results improved considerably when the elements adjacent to the crack were enriched,
while any further enrichment had little effect on the accuracy. This strategy was used to study errors on
normalised KI while comparisons were made with the DBEM. Figure 2(b) illustrates a log-log plot of
errors in normalised KI for each method; it can be clearly seen that an improvement of almost an order
of magnitude is achieved.
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(a) Edge crack problem with example mesh

(b) Comparison of errors between DBEM and the enriched BEM

Figure 2: Edge crack results
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A mixed-mode fracture problem in the form of an inclined edge crack was also considered with accurate
results published by Wilson [9] using the boundary collocation technique. Figure 3(b) shows that for
various crack angles and crack lengths the enriched BEM shows excellent agreement with Wilson for
both Mode I and II SIFs.

(a) Inclined edge crack geome-
try

(b) Comparison of normalised SIFs

Figure 3: Inclined edge crack results

CONCLUSIONS

A method has been presented for the enrichment of the BEM (and DBEM) for analysis of 2D cracks. An
outline of how enrichment is implemented is given with particular attention paid to the use of additional
collocation points and a numerical integration scheme that allows the evaluation of strongly singular
and hypersingular integrals. Results show that, in comparison to the unenriched DBEM, an increase in
accuracy of almost an order of magnitude is seen. A mixed mode problem was also analysed to verify
the accuracy of both Mode I and II SIFs.
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Abstract. This paper presents an application of the Dual Boundary Element Method (DBEM) for
fracture mechanics analysis of multilayer metallic laminate structures. The metal layers are modelled
by coupling two-dimensional plane stress elasticity and shear deformable (Reissner) plate bending.
Adhesive layers are modelled as a distribution of forces which include in-plane, out-of-plane and
two moment body forces which are transfered to the boundary by the Dual Reciprocity Method
(DRM). Stress intensity factors, three for the bending problem and two for the membrane problem,
are evaluated from crack opening displacements. The accuracy of the proposed method is assessed by
comparison with results from a commercial FEM software (ABAQUS).

Introduction

The quest for lighter, more affordable high performance airframes has accelerated demand for new
advanced concepts. In recent years a number of new metal and hybrid technologies have been inves-
tigated. For instance, Fibre Metal Laminates (FMLs) have been developed in the past to increase
the fatigue characteristics of laminated metal structures by adding fibres in the bond line. The fibres
are insensitive to the occurring fatigue stresses in FMLs and bridge the fatigue cracks in the metal
layers by restraining the crack opening. These metal laminate parts are constructed and repaired
using mostly conventional metal material techniques. Alderliesten [2] presents an overview of rele-
vant approaches (phenomenological, analytical and FEM) for fatigue crack propagation prediction in
composite metallic laminates; outlining the need of further developments for accurate description of
fatigue crack growth in FML.

Modelling of adhesively patched cracked sheets has been studied by several authors using the
boundary element method. Young et al. [3] presented a two dimensional BEM model of the patch and
cracked sheet. The adhesive layer was modelled using shear springs and treating the adhesive shear
stresses as body forces acting on the patch and the sheet. Salgado et al. [4] used the dual reciprocity
method (DRM) to transform the domain integrals from the adhesive patch to the boundary and the
dual boundary element method (DBEM) to model the crack. This formulation was later extended
to flat and curved plate bending analysis by Wen et al. [9, 10]. In this plate/shell formulation the
interaction between the plate and the patch on a repaired sheet is modelled as a distribution of forces
which include in-plane, out-of-plane and two moment body forces (shear deformable theory).

More recently, Sekine et al. [7] presented a combined detailed 3D boundary element method and
finite element method to investigate the fatigue crack growth behavior of cracked aluminum panels
repaired with an adhesively bonded composite patch. The detailed numerical simulation provide crack
front profiles of the cracked panel during fatigue crack growth and the distributions of stress intensity
factors along crack fronts. Useche et al. [6] presented a plate boundary element formulation for the
analysis of isotropic cracked sheets, repaired with adhesively bonded anisotropic patches and Alaimo
et al. [5] presented a 2D boundary integral formulation based on the multidomain technique to model
cracks and assemble the multi-layered piezoelectric patches to the host damaged structure.

This paper aims to investigate fatigue crack propagation in multilayer metal laminates by a multi
region shear deformable plate bending DBEM model. A coupled boundary integral formulation of
shear deformable plate bending and two-dimensional plane stress elasticity are used to determine
bending and membrane forces along the adhesive layer.
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Governing Equations

Strain tensors in shear deformable linear elastic plate theories can be derived from the deformation
pattern of a differential element. The membrane strain resultant tensor can be expressed as follows:

εαβ =
1
2

(uα,β + uβ,α) (1)

Transverse shear strain resultant can be expressed as:

γα3 = wα + w3,α (2)

And the flexural strain resultant can be written as:

καβ = 2χαβ = wα,β + wβ,α (3)

where uα denotes in-plane displacements and wi denotes out-of-plane displacement and rotations. In
this paper Roman indices vary from 1 to 3 and Greek indices vary from 1 to 2.

The relationships between stress resultants and strains for plate bending were derived by Reissner,
and are given as:

Mαβ = D
1 − ν

2

(
2χαβ +

2ν

1 − ν
χγγδαβ

)
(4)

for components of bending moment and,

Qα = Cγα3 (5)

for components of out-of-plane shear. Membrane stress resultants are given as:

Nαβ = B
1 − ν

2

(
2εαβ +

2ν

1 − ν
εγγδαβ

)
(6)

where B(= Eh/
(
1 − ν2

)
) is known as the tension stiffness; D(= Eh3/

[
12

(
1 − ν2

)]
) is the bending

stiffness; C(=
[
D (1 − ν) λ2

]
/2) is the shear stiffness; λs =

√
10/h is called the shear factor and δαβ is

the Kronecker delta function.
Finally, the equilibrium equations for shear deformable plate bending can be written as follows:

Mαβ,β − Qα + qα = 0 (7)

for summatory of moments around the center of gravity of a plate element,

Qα,α + q3 = 0 (8)

for summatory of forces along the x3 direction and,

Nαβ,β + fα = 0 (9)

for summatory of forces on the x1 − x2 directions.

Metal Layers (DBEM formulation)

Lets consider flat isotropic sheets of thickness hm, Young’s modulus Em, Poisson’s ratio νm with
a boundary Γ. The two-dimensional boundary integral equation for displacements at the boundary
point x′ ∈ Γ can be written as,

cαβ(x′)um
β (x′) =

∫
Γ

U∗
αβ(x′,x)tmβ (x)dΓ−

∫
Γ
− T ∗

αβ(x′,x)um
β (x)dΓ+

1
hm

N∑
n=1

∫
An

U∗
αβ(x′,x)fm

β (x)dA (10)
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where
∫− denotes a Cauchy principal-value integral and cαβ(x′) is a function of the geometry at the

collocation points equal to 1/2 for a smooth boundary. The boundary displacements and tractions
for sheet m are denoted by um

α and tmα respectively; displacement and traction fundamental solutions
for the plane stress condition are U∗

αβ(x′,x) and T ∗
αβ(x′,x), respectively [1]. fm

β (x) denotes the two-
dimensional body forces per unit area over a region An of adhesive and N represents the total number
of bonding areas.

The boundary integral formulation presented by Wen et al. [9] can be rewritten as,

cik(x′)wm
k (x′) =

∫
Γ

W ∗
ik(x

′,x)pm
k (x)dΓ(x) −

∫
Γ
− P ∗

ik(x
′,x)wm

k (x)dΓ(x) +
N∑

n=1

∫
An

W ∗
ik(x

′,x)qm
k (x)dA

(11)
where pm

k denotes boundary tractions, W ∗
ij(x

′,x) and P ∗
ij(x

′,x) are the fundamental solutions for
rotations and out-of-plane displacements and bending and shear tractions, respectively [1]. qm

β (x) is
the distribution of body forces in moment per unit area and qm

3 (x) the out-of-plane body force in the
adhesive area An.

Using the stress and strain relationships in equations (7)-(9), the traction integral equations for a
source point on a smooth boundary can be obtained as [9, 1]:

1
2
pm

α

(
x′) + nβ(x′) =

∫
Γ

P ∗
αβγ(x′,x)wm

γ (x)dΓ(x) + nβ(x′) −
∫
Γ

P ∗
αβ3(x

′,x)wm
3 (x)dΓ(x)

= nβ(x′) −
∫
Γ

W ∗
αβγ(x′,x)pm

γ (x)dΓ(x) + nβ(x′)
∫
Γ

W ∗
αβ3(x

′,x)pm
3 (x)dΓ(x)

+nβ(x′)
N∑

n=1

∫
An

W ∗
αβk(x

′,x)qm
k (x)dA (12)

1
2
pm
3

(
x′) + nβ(x′) −

∫
Γ

P ∗
3βγ(x′,x)wm

γ (x)dΓ(x) + nβ(x′) =
∫
Γ

P ∗
3β3(x

′,x)wm
3 (x)dΓ(x)

= nβ(x′)
∫
Γ

W ∗
3βγ(x′,x)pm

γ (x)dΓ(x) + nβ(x′) −
∫
Γ

W ∗
3β3(x

′,x)pm
3 (x)dΓ(x)

+nβ(x′)
N∑

n=1

∫
An

W ∗
3βk(x

′,x)qm
k (x)dA (13)

and,
1
2
tmα

(
x′) + nβ(x′) =

∫
Γ

T
(i)∗
αβγ(x′,x)um

γ (x)dΓ(x) = nβ(x′) −
∫
Γ

U∗
αβγ(x′,x)tmγ (x)dΓ(x)

+nβ(x′)
N∑

n=1

∫
An

U∗
αβγ(x′,X)fm

γ (x)dA (14)

where
∫
= denotes a Hadamard principal-value integral. Equations (12-14) represent five integral equa-

tions in terms of boundary tractions, and can be used together with the five displacement integral
equations to form the plate bending dual boundary integral formulation.

Adhesive Layers

In the present shear deformable plate formulation there are five force distributions on the middle plane
of the metal sheets (i.e. fm

α (α = 1, 2), qm
k (k = 1, 2, 3)). From equilibrium conditions, the body forces

can be expressed as:
f̄m

α + fm
α = 0, q̄m

3 + qm
3 = 0

q̄m
α + qm

α +
(

ha +
h + hm

2

)
f̄m

α = 0, α = 1, 2 (15)
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Figure 1: Open Hole Specimen Dimensions

Additionally, there are five corresponding displacement compatibility conditions,(
um

α − hm

2
wm

α

)
−

(
uα +

hm

2
wα

)
=

ha

Ga
f̄m

α , α = 1, 2

wk = wm
k , k = 1, 2, 3 X′ ∈ Am (16)

where (̄) denotes the adjacent sheet and Ga and ha are the shear modulus and thickness of the adhesive
layer, respectively.

Numerical Implementation

To solve these boundary integral equations (10)-(14), the boundaries of metal layers are discretized
into continuous quadratic elements, and the cracks into discontinuous quadratic elements. Domain
integrals in equations (10)-(14) are transferred to the boundary by the dual reciprocity method [8, 9],
therefore domain points as shown in Figure 2 are also necessary.

Numerical Results

The present approach was validated by comparing stress intensity factors from a cracked two layers
open hole specimen, see Figure 1. For the maximum crack size, the FE model has a total of 19335
nodes with 3345 solid elements (C3D20R) and 228 cohesive elements (COH3D8). The boundary
element model has a total of 192 nodes for the metal layers and 178 DRM points for the adhesive
layer. Figure 2 shows mesh details of the cracked metal layer and adhesive layer.

The plate is under uniformly uni-axial tension and it has both ends simply supported. Normalized
stress intensity factors are presented in Figure 3. As expected, stress intensity factors along the crack
front vary from a minimum close to the bonded surface to a maximum on the free surface. The
simplified plate bending BEM model is able to capture the maximum values of the SIF obtained with
the detailed 3D FEM model. Stress plots of the BEM and FEM models are shown in Figure 4. The
difference between mesh densities and similarity between stress contours is evident from this figure.
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Figure 2: BEM mesh on Cracked Metal layer and Adhesive layer.
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Conclusions

This paper presented an application of the dual boundary element method for fracture mechanics
analysis of multilayer metallic structures. Results from simplified 2D and 2.5D (shear deformable
plate theory) Boundary Element formulations were compared with 3D FEM models. Results show
the capabilities of a BEM formulation. The reduction of modelling and simulation times in the BEM
formulation represents an attractive alternative to the 3D ABAQUS Model.
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Abstract. In this paper a boundary element method is developed for the evaluation of warping shear stresses 

of bars of arbitrary doubly symmetric constant cross section undergoing nonuniform torsional vibrations 

taking into account the effect of geometrical nonlinearity. The bar is subjected to arbitrarily distributed or 

concentrated conservative dynamic twisting and warping moments along its length, while its edges are 

supported by the most general torsional boundary conditions. The transverse displacement components are 

expressed so as to be valid for large twisting rotations (finite displacement – small strain theory), thus the 

arising governing differential equations and boundary conditions are in general nonlinear. Employing a 

variational approach, a coupled nonlinear initial boundary value problem with respect to the main unknown 

kinematical components and two boundary value problems with respect to the primary and secondary 

warping functions are formulated. The solution of the last two problems is performed by a pure BEM 

approach requiring exclusively boundary discretization of the bar’s cross section and leading to the 

evaluation of the warping shear stresses. The arising linear system of equations related to the secondary 

warping function is singular and a special technique is used to perform its regularization. The validity of 

negligible axial inertia assumption is examined for the problem at hand.

1.  Introduction 

When arbitrary torsional boundary conditions are applied either at the edges or at any other interior point 

of the bar due to construction requirements, this bar under the action of general twisting loading is leaded to 

nonuniform torsion. Besides, since weight saving is of paramount importance, frequently used thin-walled 

open sections have low torsional stiffness and their torsional deformations can be of such magnitudes that it 

is not adequate to treat the angles of cross-section rotation as small. In these cases, the study of nonlinear 

effects on these members becomes essential, where this non-linearity results from retaining the nonlinear 

terms in the strain–displacement relations (finite displacement – small strain theory). When finite twist 

rotation angles are considered, the nonuniform torsional dynamic analysis of bars becomes much more 

complicated, leading to the formulation of coupled and nonlinear torsional and axial equilibrium equations. 

In this case, accounting for the axial loading and boundary conditions becomes essential to perform a 

rigorous dynamic analysis of the bar. 

While stress analysis of bars subjected to axial and/or bending stress resultants is elementary after the 

evaluation of the kinematical components, however this is not the case for torsional loading. St. Venant was 

the first to establish a boundary value problem to evaluate shear stresses for the case of uniform torsion. The 

solution of this problem has been extensively studied and solved by various analytical and numerical 

methods. In the case of nonuniform torsion, both normal and warping shear stresses arise and the St. Venant 

(primary) shear stress distribution is no longer valid. Vlasov proposed an approximate solution of the bar’s 

stress field which is applicable to thin-walled beams of open cross section, while Sapountzakis & Mokos [1] 

formulated a boundary value problem with respect to the secondary warping function, to compute warping 

shear stresses of bars of arbitrary cross section. However, this formulation does not account either for 

dynamic loading or for geometrical nonlinearity while general axial loading and boundary conditions are 

also not included in the analysis. It is worth here noting that up-to-date Civil Engineering codes and 

regulations [2] indicate that warping shear stresses should be taken into account in torsional analysis of bars.

In all of the research efforts in the literature, the evaluation of the warping shear stress distribution is not 

discussed.

In this paper a boundary element method is developed for the evaluation of warping shear stresses of bars 

of arbitrary doubly symmetric constant cross section undergoing nonuniform torsional vibrations taking into 
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account the effect of geometrical nonlinearity. The bar is subjected to arbitrarily distributed or concentrated 

conservative dynamic twisting and warping moments along its length, while its edges are supported by the 

most general torsional boundary conditions. The transverse displacement components are expressed so as to 

be valid for large twisting rotations (finite displacement – small strain theory), thus the arising governing 

differential equations and boundary conditions are in general nonlinear. Employing a variational approach, a 

coupled nonlinear initial boundary value problem with respect to the main unknown kinematical components 

and two boundary value problems with respect to the primary and secondary warping functions are 

formulated. The solution of the last two problems is performed by a pure BEM approach requiring 

exclusively boundary discretization of the bar’s cross section and leading to the evaluation of the warping 

shear stresses. The arising linear system of equations related to the secondary warping function is singular 

and a special technique [3] is used to perform its regularization. The essential features and novel aspects of 

the present formulation are summarized as follows. 

i. The cross section is an arbitrarily shaped doubly symmetric thin or thick walled one. The 

formulation does not stand on the assumption of a thin-walled structure and therefore the cross 

section’s torsional and warping rigidities are evaluated “exactly” in a numerical sense. 

ii. The beam is supported by the most general boundary conditions including elastic support or restraint. 

iii. For the first time in the literature, a boundary value problem for the evaluation of the warping shear 

stresses is formulated and numerically solved. Warping shear stresses alter the original St. Venant 

shear stress distribution and in up-to-date Civil Engineering codes and regulations [2] it is indicated 

that they should be taken into account in torsional analysis of bars.  

iv. For the first time in the literature, the influence of the axial inertia term on warping shear stresses of 

bars under nonlinear torsional vibrations is investigated.  

v. The proposed method employs a pure BEM approach (requiring exclusively boundary discretization 

for the cross sectional analysis) resulting in line or parabolic elements, while only a small number of 

line elements are required to achieve high accuracy. 

Numerical examples are worked out to illustrate the efficiency and the range of applications of the developed 

method. The validity of negligible axial inertia assumption is examined for the problem at hand.

2. Statement of the Problem

2.1. Displacements, strains, stresses

Let us consider a prismatic beam of length l  (Fig.1), of constant arbitrary doubly symmetric cross-section 

of area A . The homogeneous isotropic and linearly elastic material of the beam cross-section, with modulus 

of elasticity E , shear modulus G  and mass density  occupies the two dimensional multiply connected 

region  of the y,z  plane and is bounded by the j j 1,2,...,K  boundary curves, which are piecewise 

smooth, i.e. they may have a finite number of corners. In Fig. 1b Syz  is the principal bending coordinate 

system through the cross section’s shear center. The bar is subjected to the combined action of the arbitrarily 

distributed or concentrated time dependent conservative axial load n x,t , twisting t tm m x,t  and 

warping w wm m x,t  moments acting in the x  direction (Fig. 1a). 
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Fig. 1. Prismatic element of an arbitrarily shaped doubly symmetric constant cross section occupying 

region  (a) subjected to axial & torsional loading (b). 

Under the aforementioned loading, the displacement field of the bar for large twisting rotations is given as 
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P S
m x S Su x, y,z,t u x,t x,t y,z x, y,z,t  (1a) 

x xv x, y,z,t z sin x,t y 1 cos x,t  (1b) 

x xw x, y,z,t y sin x,t z 1 cos x,t  (1c) 

where u , v , w  are the axial and transverse bar displacement components with respect to the Syz  system of 

axes;  x x,t  denotes the rate of change of the angle of twist x x,t  regarded as the torsional curvature; 

P
S , S

S  are the primary and secondary warping functions with respect to the shear center S, respectively [1] 

and mu x,t  is  an “average” axial displacement of the cross section of the bar, the physical meaning of 

which is explained in [4]. 

Employing the strain-displacement relations of the three - dimensional elasticity for moderate 

displacements, the following strain components can be easily obtained  

2 2

xx

u 1 v w

x 2 x x
 (2a) 

xy

u v v v w w

y x y x y x
 (2b) 

xz

w u v v w w

x z z x z x
 (2c) 

where it has been assumed that for moderate displacements 
2

u x u x , u x u y

v x u y , u x u z w x u z . Substi-tuting the displacement components (1) to 

the strain-displacement relations (2), the nonvanishing strain resultants are obtained as 

2P 2 2
xx m x S x

1
u y,z y z

2
 (3a) 

P S
S S

xy x z
y y

 (3b) 

P S
S S

xz x y
z z

 (3c) 

where the second-order geometrically nonlinear term in the right hand side of eqn (3a) 
22 2

xy z / 2

is often described as the “Wagner strain”. It is worth here noting that in obtaining eqn.(3a) the rate of change 

of the secondary warping function S
S , that is the arising normal strain due to the secondary shear ones due 

to warping [5], has been ignored. 

Considering strains to be small, employing the second Piola – Kirchhoff stress tensor, assuming a zero 

Poisson ratio and exploiting the Hooke’s law of elasticity, the non vanishing stress components are defined 

in terms of the strain ones as 

xx xx

xy xy

xz xz

S E 0 0

S 0 G 0

0 0 GS

 (4) 

or employing eqns (3) as 
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2P 2 2
xx m x S x

1
S E u y,z y z

2
 (5a) 

P S
S S

xy xS G z G
y y

 (5b) 

P S
S S

xz xS G y G
z z

 (5c) 

where the first terms in the right hand side of eqns (5b, c) represent the St. Venant (primary) shear stresses 

and the second terms the warping (secondary) shear ones. 

2.2. Equations of local equilibrium 

In order to establish local equilibrium equations, the principle of virtual work  

int mass ex tW W W (6)

where

int xx xx xy xy xz xz

V

W S S S dV  (7a) 

mass

V

W u u v v w w dV  (7b) 

ex t x y z

F

W t u t v t w dF  (7c) 

under a Total Lagrangian formulation, is employed. In the above equations,  denotes virtual quantities, 

 denotes differentiation with respect to time, V , F  are the volume and the surface of the bar, 

respectively, at the initial configuration and x y zt , t , t  are the components of the traction vector with respect 

to the undeformed surface of the bar. 

Neglecting virtual terms of the secondary warping function S
S , the primary warping function’s P

S

virtual components of eqn. (7a) are given as 

P P
P S S

1 xx x S x xy xz

V V

I S dV S S dV
y z

 (8) 

Following the technique presented in [6], integration by parts is carried out on the first term of eqn. (8) with 

respect to the longitudinal variable x , thus obtaining 

                                              

l
l l

P P P
x xx S x xx S x xx S

x 0 x 0 x 0

S d dx S d dx S d
x  (9) 

Integrating by parts with respect to the cross-sectional variables y, z , the second term of eqn. (8) can be 

written as 
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P Pl l
xy PS S xz

x xy xz x S

x 0 x 0

P
x xy y xz z S

S S
S S d dx d

y z y z

S n S n ds dx

 (10) 

where yn cos , zn sin  are the direction cosines of the normal vector n  to the boundary , with 

,y n  (see Fig.1). Substituting eqns (9), (10) into eqn (8) gives 

        

l
xy P Pxx xz

1 x S x xy y xz z S

x 0

l

P
x xx S

x 0

SS S
I d S n S n ds dx

x y z

S d

 (11) 

Neglecting virtual terms of the secondary warping function S
S , the primary warping function’s P

S

virtual components of eqns (7b), (7c) are given as 

l
P P

2 x S x S

V x 0

I u dV u d dx  (12a) 

0 l lat

P P P P
3 x x S x x S x x S x x S

F F

I t dF t d t d t dF  (12b) 

where 0 l,  are the bar’s two dimensional regions of the end cross-sections and latF  is the lateral surface 

of the bar. Having in mind that the traction vector with respect to the undeformed surface of the bar is 

expressed by the first Piola – Kirchhoff stress tensor, eqn (12b) is written as 

l
l

P P
3 x xx S x xy y xz z S

x 00

I P d P n P n ds dx  (13) 

where   xx xy xzP , P , P  are components of the first Piola – Kirchhoff stress tensor. Employing the identity 

relating the first and second Piola – Kirchhoff stress tensors, eqn (13) is written as 

l
l

P P
3 x xx S x xy y xz z S

x 00

u
I P d 1 S n S n ds dx

x
 (14) 

Knowing that the primary warping function’s P
S  virtual components cannot vanish and that deformation 

cannot be constant (
u

0
x

), eqns (11), (12a), (14) lead to the following local equilibrium equation 

xyxx xz
SS S

u 0
x y z

 in , x 0,l  (15) 

along with its corresponding boundary condition 
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xy y xz zS n S n 0  on , x 0,l  (16) 

In eqns (11), (14), the terms related to the bar’s end cross sections insert an inconsistency into the present 

formulation, which is local and does not affect the overall behavior of the bar. Having in mind that a 

nonuniform torsion theory is formulated, such an inconsistency is expected, while in some cases (uniform 

torsion, fully restrained warping boundary conditions at the bar ends) the aforementioned terms vanish and 

equilibrium equations are exact. 

Requiring both the primary and the secondary due to warping parts of eqns (15), (16) to vanish and 

ignoring the term S
S , the following governing equation for the secondary S

S  warping function is obtained 

as

2 S P 2 2
S m m x x S x x

E E E
u u y,z y z

G G G G G
 in  (17) 

along with its corresponding boundary condition 

S
S 0
n

 on j  (18) 

where 2 2 2 2 2/ x / y  is the Laplace operator and / n  denotes the directional derivative normal 

to the boundary , while as expected, the governing equation related to the primary P
S  warping function is 

found to be coincident with the well known St. Venant’s corresponding boundary value problem [1]. 

Thus, the secondary S
S  warping function will be evaluated from the solution of the Poisson problem 

described by the governing equation (17) inside the two dimensional region , subjected to the boundary 

condition (18) on its boundary . Since the boundary value problem at hand has Neumann type boundary 

condition, the evaluated warping function contains an integration constant (parallel displacement of the cross 

section along the bar axis). This integration constant is evaluated by inducing a suitable constraint to the 

Neumann problem (17-18) so that the problem at hand possesses a unique solution. This constraint is given 

from 

S
S d 0 (19)

and arises from the request that the torsional terms of the displacement field do not result any axial forces. It 

is worth pointing out that any other constraint could be used, although the use of eqn (19) decouples the 

governing equations of the torsional problem at the greatest extent. 

2.3. Equations of global equilibrium

Substituting the stress components (eqns (5)), the strain ones (eqns (3)) and the displacement components 

(eqns (1)) to the principle of virtual work (eqn (6)), the governing partial differential equations of the bar are 

obtained after some algebra as  

m m P x xA u EA u EI n x,t  (20a) 

2

P x S x t x S x PP x x P m x P m x

t w

3
I C GI EC EI EI u EI u

2

m x,t m x,t
x

 (20b) 

subjected to the initial conditions ( x 0,l )
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m m0u x,0 u x m m0u x,0 u x  (21a,b) 

x x0x,0 x x x0x,0 x  (21c,d) 

together with the boundary conditions at the bar ends x 0,l

1 2 m 3a N u (22a)

1 t 2 x 3M 1 w 2 x 3M  (22b,c) 

where N , tM , wM  are the axial force, the twisting and warping moments at the bar ends given in [4]. 

The expressions of the externally applied loads appearing in the right hand side of eqns (20) with respect 

to the first Piola-Kirchhoff stress components can be easily deduced by virtue of eqn (7c). It is worth here 

noting that in deriving the governing equations of the bar, the secondary shear stress distribution has been 

ignored [5], while damping could also be included without any special difficulty. The geometric cross 

sectional properties appearing in eqns (20) are also given in [4]. 

The solution of the initial boundary value problem described by eqns (20-22), for the evaluation of the 

unknown kinematical components mu x,t , x x,t assumes that the warping SC and the torsion tI

constants are already established, the evaluation of which presumes that the primary warping function P
S  at 

any interior point of the domain  of the cross section of the bar is evaluated [1]. Once these components 

are established, the secondary warping function S
S  at any interior point of the domain  of the cross 

section of the bar is evaluated after solving the boundary value problem described by eqns (17-18). 

Subsequently the second Piola – Kirchhoff stress components are evaluated employing eqns (5), completing 

the computation of the stress field. 

A significant reduction on both the set of the governing differential equations and the boundary value 

problem related to the secondary warping function S
S  can be achieved by neglecting the axial inertia term 

mA u  of eqn (20a), an assumption which is common among various dynamic beam formulations. Ignoring 

this term, a single partial differential equation along with a single unknown kinematical component (the 

angle of twist x x,t ) is obtained, which is further simplified in the case of vanishing distributed axial load 

along the bar. In what follows, this procedure is described in detail for the cases of axially immovable ends 

and constant axial load along the bar, which are of great practical interest. he aforementioned axial inertia 

term will be taken into account in the section of numerical examples, for the first time in the literature for the 

stress analysis of bars under nonlinear nonuniform torsional vibrations, investigating the influence of its 

ignorance.

2.4. Reduced problems for special cases of axial boundary conditions 

For the case of axially immovable ends, it is easily proved that [4] 

P
m x x

I
u

A
 , x 0,l  (23) 

which after subsequent integration yields 

2P
m x

I1 N
u

2 A EA
 , x 0,l  (24) 

where N  is a time-dependent tensile axial load induced by the geometrical nonlinearity given as 

l
2P

x

0

EI1
N dx

2 l
(25)
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For the case of constant along the bar axial load eqns (23-24) hold by setting N N l,t , where N l,t  is 

the externally applied axial force at the bar’s right end. Substituting eqns (23-24) into eqns (20) the reduced 

initial boundary value problem is established as 

2P
P x S x t x S x n x x

t w

I 3
I C GI N EC EI

A 2

m x,t m x,t
x

 (26) 

where the pertinent initial and boundary conditions are appropriately modified, while the boundary value 

problem related to the secondary warping function S
S  (eqns (17-18)) is accordingly modified to 

2 S 2 2 PP
S x x x x S

IE E
y z y,z

G A G G
 in  (27a) 

S
S 0
n

 on j  (27b) 

It is worth here noting that nI  in eqn.(26) is a nonnegative geometric cross sectional property, related to the 

geometrical nonlinearity, defined as 

2
P

n PP

I
I I

A
(28)

The linear part of the secondary warping function S
S , that is S

S li n , arising from a geometrically linear 

analysis can be retrieved by solving the boundary value problem 

2 S P
S li n x x S

E
y,z

G G
 in  (29a) 

S
S li n 0
n

 on j  (29b) 

The influence of the geometrical nonlinearity on the secondary warping function and on the warping shear 

stresses will be investigated in the section of numerical examples. 

3. Integral Representations  Numerical Solution 

3.1. For the axial displacement mu  and the angle of twist x

Both the complete and the reduced initial boundary value problems formulated in the previous section are 

nonlinear and cannot be solved analytically. Thus, an efficient numerical scheme must be employed 

requiring both longitudinal and time discretization. In this study the Analog Equation Method [7], as it is 

developed for hyperbolic differential equations [8] is used to approximate the displacement mu x,t  and the 

angle of twist x x,t  along the bar. The arising semidiscretized nonlinear equations of motion are then 

solved employing the Petzold-Gear time discretization scheme [9].

3.2. For the primary warping function 
P
S

he evaluation of the axial displacement mu  and the angle of twist x  assume that the warping SC  and 

the torsion tI  constants [1] are already established. The evaluation of these constants presumes that the 

primary warping function P
S  at any interior point of the domain  of the cross section of the bar is known. 
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Once P
S  is established, SC  and tI  constants are evaluated by converting the domain integrals into line 

integrals along the boundary using the corresponding relations presented in Sapountzakis and Mokos [1]. 

Moreover, the evaluation of the primary warping function P
S  with respect to the shear center S and of 

its derivatives with respect to y  and z  at any interior point for the calculation of the stress components 

(eqns (5)) is accomplished using BEM as this is presented in [1]. 

3.3. For the secondary warping function 
S
S

The numerical solution of the boundary value problem described by eqns (17-18) or that of eqns (27a-b) 

for the evaluation of the secondary warping function S
S  will be accomplished using BEM [10]. This method 

is applied for the aforementioned problem using the formulation presented in [1]. The boundary conditions 

of each boundary value problem are of Neumann type, thus the arising linear systems of equations are 

singular and cannot be directly solved. In this study, the regularization technique proposed by Lutz et. al. [3], 

as this is employed for 2D potential problems [11], is used to eliminate the singularities of the problems of 

eqns (17-18), (27a-b). It is pointed out that other techniques proposed in the literature ([10], [12]) lead to 

completely erroneous results for the problem at hand. To employ the aforementioned technique, the Poisson 

equations (17), (27a) are transformed to Laplace ones, which is performed by using particular solutions of 

the Poisson equations [10]. After the resolution of S
S , its derivatives with respect to y,z  are computed in 

 so that the warping shear stresses (i.e. the last terms of eqns (5b, c)) are evaluated. 

4. Numerical Examples 

   

2A m 35,800 10
1

mu m 31,199 10

4
PI m 55,434 10

2
mu m sec 41,530 10

6
PPI m 76 ,722 10

1
x rad m 0,237

6
nI m 71,631 10

2
x rad m 0,803

4
tI m 72,080 10

3
x rad m 0,842

6
SC m 71,200 10

1 2
x rad m sec 61,585 10

   

Table 1. Geometric constants of the bar Table 2. Kinematical components used to resolve the 

secondary warping function. 

An I-shaped cross-section bar ( 8 2E 2,1 10 kN / m , 7 2G 8,1 10 kN / m , 2 48,002kN sec / m ) of 

length l 4,0m , having flange and web width f wt t 0,01m , total height and total width h b 0,20m

has been analyzed, while the numerical results have been obtained employing 21 nodal points (longitudinal 

discretization) and 600 boundary elements (cross section discretization). The geometric constants of the bar 

are given in Table 1. The bar is simply supported (according to its torsional boundary conditions) and 

subjected to a moving concentrated twisting moment. All of the initial conditions are zero, except for the 

initial axial displacements, which are given from m0u x N l,0 / EA x , while the bar has an 

immovable left and free right end subjected to constant axial load N l,t 2500kN , according to its axial 

boundary conditions. The concentrated twisting moment has a constant numerical value tM 20,0kNm  and 

“travels” with a constant velocity 40m / sec , thus the bar is subjected to free vibrations after t 0,1sec .
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(a) (b)

Fig. 2. Warping shear stress distributions arising from S
S  (a) and its linear part S

S lin  (b). 

P
x Smax m 32,344 10

P
x Smin m 32,344 10

S
Smax m 55,330 10

S
Smin m 57,338 10

S
S linmax m 56 ,823 10

S
S linmin m 56 ,823 10

S
xnmax S MPa 96,971

S
xnlinmax S MPa 81,106

P
xnmax S MPa 191,346

xnmax S MPa 244,468

Table 3. Extreme values of various kinematical and stress components at x 1,905m , t 0,0588 sec  of the 

bar of example 1. 

The evaluation of the secondary warping function precedes the solution of the initial boundary value 

problem of eqns (20) in order to obtain the kinematical components mu , x  along with their derivatives (at 

the bar’s nodal points) in the time domain. In Table 2, the obtained results at a cross section (slightly) at the 

left of the midpoint of the bar ( x 1,905m ) are presented for t 0,0588 sec , that is the instant at which the 

angle of twist at the midpoint of the bar x l / 2,t  becomes maximum ( 1,181radxmax l / 2,t , for 

0,0 t 0,15 sec ). Using these results, the boundary value problems of eqns (17-18) and (26a, b) are 

solved to obtain the secondary warping function S
S  and its linear part S

S lin . In Fig. 2 the warping shear 

stress distributions arising from S
S  (denoted as S

xnS ) and their linear part S
S lin  (denoted as S

xnlinS )  are 

presented demonstrating the great discrepancy between them in the web area. A slight difference is also 

observed near the flange-web intersections. Finally, in Table 3 the extreme values of various kinematical and 

stress components are presented showing the efficiency of the proposed method. For comparison reasons, the 

extreme values of P
x S  and the maximum values of the St. Venant (primary) shear stress vector P

xnS  and 
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of the total shear stress vector P S
xn xn xnS S S  are also included, indicating that the warping shear stresses 

should not be neglected in nonuniform nonlinear torsional vibrations of bars. 

5. Concluding remarks 

The main conclusions that can be drawn from this investigation are 

a. The numerical technique presented in this investigation is well suited for computer aided analysis of 

cylindrical bars of arbitrarily shaped doubly symmetric cross section, supported by the most general 

boundary conditions and subjected to the combined action of arbitrarily distributed or concentrated time 

dependent conservative axial and torsional loading.  

b. Geometrical nonlinearity, dynamic loading and axial boundary conditions influence the warping shear 

stress distribution and magnitude of bars undergoing twisting deformations. 

c. Warping shear stresses should not be neglected in nonuniform nonlinear torsional vibrations of bars. 

d. The developed procedure retains the advantages of a BEM solution over a FEM approach since it requires 

exclusively boundary discretization of the bar’s cross section. 
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Abstract. In this paper a boundary element method is developed for the nonuniform torsion of simply or 

multiply connected prismatic bars of arbitrary cross section, taking in to account secondary torsional moment 

deformation effect. The bar is subjected to an arbitrarily distributed twisting moment, while its edges are 

restrained by the most general linear torsional boundary conditions. To account for secondary shear 

deformation a secondary torsion constant is used, while the first derivative of the angle of twist is split in to a 

primary and a secondary part due to the bimoment and the secondary twisting moment, respectively. Three 

boundary value problems with respect to the variable along the bar angle of twist and to the primary and 

secondary warping functions are formulated and solved employing a pure BEM approach, that is only 

boundary discretization is used. From the aforementioned primary and secondary warping functions the 

warping and the primary torsion constant are evaluated using only boundary integration, while the secondary 

torsion constant is computed employing an effective domain integration. Numerical examples with great 

practical interest are worked out to illustrate the efficiency and the range of applications of the developed 

method. The influence of the secondary torsional moment deformation effect of closed-shaped cross sections 

is verified. 

1.  Introduction 

In engineering practice we often come across the analysis of members of structures subjected to twisting 

moments. Curved bridges, beams subjected to eccentric loading or columns laid out irregularly in the interior 

of a plate due to functional requirements are most common examples. When the warping of the cross section 

of a member is not restrained the applied twisting moment is undertaken from the Saint–Venant shear 

stresses. In this case the angle of twist per unit length remains constant along the bar (uniform torsion). 

However, in most cases arbitrary torsional boundary conditions are applied either at the edges or at any other 

interior point of the bar due to construction requirements. This bar under the action of general twisting 

loading is leaded to nonuniform torsion (warping torsion), while the angle of twist per unit length is no 

longer constant along it. It is worth here noting that the effect of torsional warping has to be considered not 

only for bars with open shaped cross sections, but with closed shaped ones as well.  

The nonuniform torsion problem of prismatic bars has been widely studied from both the analytical and 

numerical point of view. For bars with thin walled profiles the “Vlasov Theory” [1] is mentioned among the 

extended analytical studies. For bars with arbitrary cross section (thin and/or thick walled) the existing 

analytical solutions are limited to symmetric cross sections of simple geometry, loading and boundary 

conditions. Thus, over the past twenty years, numerical methods have been used for the analysis of the 

aforementioned problem. Among these methods the majority of researchers have employed the Finite 

Element Method (FEM) [2] or the Boundary Element Method (BEM) [3].  

However, to the authors knowledge relatively little work has been done on the corresponding problem of 

nonuniform torsion of bars, considering the secondary torsional moment deformation effect. In the pioneer 

work of Heilig [4] a theoretical formulation of the problem is presented. Later, Roik and Sedlacek [5] 

presented an analytical solution applying the Force Method (Flexibility Method) and using the analogy 

between 2nd order beam theory (with tensional axial force) and torsion with warping. Rubin [6] using the 

same analogy gives a modified Three-Moment Equation for continuous prismatic bars. Recently, Murín and 

Kutiš [7] using also the aforementioned analogy presented a new beam finite element for nonuniform torsion 

with secondary shear deformation. In all of the aforementioned studies only bars with thin walled cross 

section are investigated, since the torsional cross section parameters (warping constant, primary and 

secondary torsion constant) are evaluated employing the thin tube theory. Finally, Kraus [8] presented a 

FEM solution for the calculation of the secondary torsion constant of bars with arbitrary cross section. 

Nevertheless, to the authors’ knowledge, the boundary element method has not yet been used for the solution 

of the nonuniform torsion problem considering secondary shear deformation.  
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In this paper a boundary element method is developed for the nonuniform torsion of simply or multiply 

connected prismatic bars of arbitrary cross section, taking into account secondary torsional moment 

deformation effect. The bar is subjected to an arbitrarily distributed twisting moment, while its edges are 

restrained by the most general linear torsional boundary conditions. To account for secondary shear 

deformation a secondary torsion constant is used, while the first derivative of the angle of twist is split in to a 

primary and a secondary part due to the bimoment and the secondary twisting moment, respectively. Three 

boundary value problems with respect to the variable along the bar angle of twist and to the primary and 

secondary warping functions are formulated and solved employing a pure BEM approach, that is only 

boundary discretization is used. From the aforementioned primary and secondary warping functions the 

warping and the primary torsion constant are evaluated using only boundary integration, while the secondary 

torsion constant is computed employing an effective domain integration. Numerical examples with great 

practical interest are worked out to illustrate the efficiency and the range of applications of the developed 

method. The influence of the secondary torsional moment deformation effect of close-shape cross sections is 

verified, while the accuracy of the proposed secondary torsion constant compared with those obtained from a 

FEM solution is noteworthy.

2. Statement of the Problem

Consider a prismatic bar with modulus of elasticity E  and shear modulus G  of length l  with a cross 

section of arbitrary shape, occupying the two dimensional multiply connected region  of the y,z  plane 

bounded by the K+1 curves 2, ,...,1 K K 1,  as shown in Fig.1. When the bar is subjected to the 

arbitrarily distributed twisting moment t tm m ( x )  its angle of twist x x( x )  taking into account 

secondary torsional moment deformation effect is governed by the following boundary value problem 

l

, G 

: shear center  center of twist 

M

x,ux

y,uy

z,uz

tm x

t xM ,

w xpM ,d dx
(a)

M

+1

( )1
2

1

1

K

j j

n

t

s

y

z

              (b)

Fig. 1. Prismatic bar subjected to twisting loading (a) with a cross section of arbitrary shape occupying the 

two dimensional region (b).

4 2 2
x x tM

M tp t4 2 2
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d d d mEC
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1 x 2 t 3M (2a)

                 at the bar ends ,x 0 l

xp
1 2 w 3

d
M

dx
(2b)

where

M
M

C
C   (3) 

tp

tp ts

I

I I
  (4) 

In the aforementioned relations MC , tpI  and tsI  are the warping constant, the primary torsion constant and 

the secondary torsion constant of the bar cross section, respectively. Moreover, tM  is the total torsional 

moment and wM  is the bimoment resulting from the normal stress distribution due to warping given as 

t tp tsM M M (5)

2
x M

w M t2
tp

d EC
M EC m 1

GIdx
       inside the bar  (6a) 

2
x

w M 2

d
M EC

dx
                                    at the bar ends ,x 0 l  (6b) 

In eqn (5) tpM  is the primary torsional moment resulting from the primary shear stress distribution due to 

twisting loading, while tsM  is the secondary torsional moment resulting from the secondary shear stress 

distribution due to warping given as

x
tp tp

d
M GI

dx
                                 (7) 

3
x tM

ts M 3
tp

d dmEC
M EC 1

GI dxdx
     inside the bar  (8a) 

3
x

ts M 3

d
M EC

dx
                                     at the bar ends ,x 0 l  (8b) 

To account for secondary shear deformation the first derivative of the angle of twist is split into a primary 

and a secondary part due to the bimoment and the secondary twisting moment, respectively. Thus, the total 

first derivative of the angle of twist xd dx  can be written as 

xpx xs
dd d

dx dx dx
                                 (9) 

where xpd dx  represents the primary torsional curvature arising from the warping normal stresses, while 

xsd dx  represents the secondary torsional curvature due to the warping shear stresses given as [5] 
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xs ts

ts

d M

dx GI
                                 (10) 

Employing eqns. (4), (9) and (10) the primary torsional curvature with respect to the total first derivative of 

the angle of twist can be written as 

xp x ts

tp

d d M 1

dx dx GI
                                 (11) 

Moreover, in eqns. (2) ia , i ( i 1,2,3 )  are functions specified at the boundary of the bar. The boundary 

conditions (2a,b) are the most general linear torsional boundary conditions for the bar problem including also 

elastic support. It is apparent that all types of the conventional torsional boundary conditions (clamped, 

simply supported, free or guided edge) can be derived from these equations by specifying appropriately the 

functions ia  and i  (e.g. for a clamped edge it is 1 1a 1 , 2 3 2 3a a 0 ). It is worth here 

noting that in the case of negligible secondary shear deformations 1
tsI 0 1  and xp xd dx d dx .

This assumption is usually employed in the case of open formed cross sections. 

The solution of the boundary value problem given from eqns (1), (2a,b) presumes the evaluation of the 

warping and the primary and secondary torsion constants MC , tpI  and tsI , respectively, which are given as 

2
P

M MC d (12a)

P P
2 2 M M

tpI y z y z d
z y

 (12b) 

ts S S S S
M M M M

1
I

d
z y z z

 (12c) 

where P
M y,z  and S

M y,z  are the primary (main) and secondary (unit) warping functions with respect 

to the shear center M [3] of the cross section of the bar, respectively, which can be establish by solving 

independently the following Neumann problems 

2 P
M 0  in  (13a) 

P
M

y zzn yn
n

 on  (13b) 

P
2 S M

M
M

1

C
 in  (14a) 

S
M 0
n

 on  (14b) 

where 2 2 2 2 2/ y / z  is the Laplace operator; / n  denotes the directional derivative normal to 

the boundary  and yn , zn  are the direction cosines. Finally, it is worth here noting that the secondary 

torsion constant tsI  given from eqn. (12c) is evaluated equating the approximate energy of the secondary 

shear strain with the exact one [5]. 

3. Integral Representations  Numerical Solution 
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3.1. For the angle of twist x x

The evaluation of the angle of twist x  is accomplished using the Analog Equation Method (AEM) [9], a

BEM-based method, as this is applied in Sapountzakis and Mokos [10].  

3.2. For the primary and secondary warping functions P
M y,z , S

M y,z

The evaluation of the primary and secondary warping functions P
M , S

M  are accomplished using a pure 

BEM [11], as this is presented in Sapountzakis and Mokos [3], while from the aforementioned functions the 

warping and the primary torsion constant are evaluated using only boundary integration [3]. Finally, the 

secondary torsion constant is computed employing an automatic domain integration using the Advancing 

Front Method (AFM) [12].  

4. Numerical examples 

4.1. Example 1 

l=2.0m 

mt=10kNm/m 

SS SS

      (a)

b

hd

tw

tf

r

HEB-section                  (b)

Fig. 2. Simply supported bar (a) of a steel HEB-section (b) of example 1. 

A simply supported bar ( ,x 0 l : 1 2a 1 , 2 3 1 3a a 0 ) of a steel ( 9E 2.1 10 kPa ,

8.0769 8G 10 kPa ) HEB-section (open hot rolled I-section) of length l 2.0m , loaded by a uniformly 

distributed twisting moment tm 10kNm / m , as shown in Fig.2, has been studied.  

BEM FEM [8] 

6
MC m 4

tpI m 4
tsI m 4

tsI m

HEB 100 w fh 100mm,b 100mm,t 6mm,t 10mm, r 12mm, d 56mm

9.7447E-01 3.3139E-09 9.3916E-08 3.5854E-06 3.5790E-06 

HEB 200 w fh 200mm,b 200mm,t 9mm,t 15mm, r 18mm, d 134mm

9.8675E-01 1.6908E-07 6.0649E-07 4.5183E-05 4.5050E-05 

HEB 300 w fh 300mm,b 300mm,t 11mm,t 19mm, r 27mm, d 208mm

9.9046E-01 1.6645E-06 1.9173E-06 1.9917E-04 1.9845E-04 

Table 1. Warping constant MC , primary tpI  and secondary tsI  torsion constants of the HEB-sections of 

example 1. 

In Table 1 the computed torsional cross section parameters ( , MC , tpI , tsI ) for various HEB-sections are 

presented, while the secondary torsion constant tsI  is compared with that obtained from a FEM solution for 

arbitrary cross section [8]. From this table the accuracy of the proposed method is verified. Moreover, in 
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Table 2 the obtained results of the bar with HEB-100 cross section taking into account or ignoring the 

secondary shear deformation effect are presented, concluding that for this open formed cross section the 

secondary torsional moment deformation effect has not significant influence.  

wmax M

at the midspan 

(kNm2)

tmax M

at the edges 

(kNm) 

tpmax M

at the edges 

(kNm) 

tsmax M

at the edges 

(kNm) 

xmax

at the midspan 

(rad)

xpmax d dx

at the edges 

(rad/m) 

Considering Secondary Torsional Moment Deformation Effect ( =9.7447E-01)

8.73381E-01 10.0000 6.97935 3.02065 5.47100E-02 9.09765E-02 

Ignoring Secondary Torsional Moment Deformation Effect ( =1.0)

8.31025E-01 10.0000 7.01748 2.98252 5.49596E-02 9.25106E-02 

Table 2. Stress resultants, angle of twist and primary torsional curvature of the bar of example 1 with HEB-

100 cross section. 

4.2. Example 2 

l=35.0m 

mt=100kNm/m 

Fix Fix

a b a 

(a) 2.25m 0.30m 3.00m 0.30m 2.25m 

0.30m

0.20m 0.30m

2.20m

8.10m

0.30m

(b)

Fig. 3. Clamped bar (a) of a concrete bridge box shaped cross section (b) of example 2. 

To demonstrate the necessity of including the deformation effect of the secondary torsional moment in 

the nonuniform torsion analysis of bars with closed shaped cross section and especially for the calculation of 

the bimoment, as a second example a clamped bar of a concrete ( 7E 3.00 10 kPa , .50 7G 1 10 kPa )

bridge box shaped cross section of length l 35.0m , loaded by a uniformly distributed twisting moment 

tm 100kNm / m , as this is shown in Fig.3, has been studied.

In Table 3 the computed maximum values of the bimoment ( wmax M ) of the bar for various values of the 

constants a,b  are shown, while in Figs.4, 5 the variation of the bimoment along the bar axis for two cases of 

these constants, namely a 0.0m,b 35.0m  and a 15.0m,b 5.0m , respectively, are presented. Finally, 

in Fig.6 the distribution of the normal stress xx  due to warping along the boundary of the cross section for 

a 15.0m,b 5.0m  is shown ( 680.355kPaxxmax , at the midspan considering secondary torsional 

moment deformation effect, 265.407kPaxxmax , at the edges ignoring it). 

wmax M (kNm) at the edges wmax M (kNm) at the midspan 

 Considering Ignoring Considering Ignoring 

a 0.0m,b 35.0m 156.625 963.126 411.917 32.2227 

a 5.0m,b 25.0m 263.985 715.245 411.870 32.2227 

a 10.0m,b 15.0m 165.263 435.152 410.613 32.2226 

a 15.0m,b 5.0m 55.178 145.051 371.830 31.8653 

Table 3. Maximum values of the bimoments ( wmax M ) of the bar of example 2 considering ( 145090. )

or ignoring ( =1.0) secondary torsional moment deformation effect. 
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Fig. 4. Variation of the bimoment 2
wM ( kNm )  for a 0.0m  along the bar of example 2. 
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Fig. 5. Variation of the bimoment 2
wM ( kNm )  for a 15.0m  along the bar of example 2. 
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Fig. 6. Distribution of the normal stress due to warping xx  for a 15.0m  along the boundary of the cross 

section of example 2. 
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From the aforementioned table and figures it is concluded that for bars with closed shaped cross sections 

the secondary torsional moment deformation effect has a significant influence in the results and especially 

when subjected to concentrated twisting loading, leading to the fact that this effect should be considered in 

the nonuniform torsion analysis, especially for the calculation of the bimoments. 

5. Concluding Remarks 

The main conclusions that can be drawn from this investigation are  

a. The numerical technique presented in this investigation is well suited for computer aided analysis for bars 

of arbitrary cross section, subjected to any linear torsional boundary conditions and to an arbitrarily 

distributed twisting moment. 

b. The magnitude of the evaluated warping normal stresses due to restrained warping necessitates the 

consideration of these additional normal stresses near the restrained edges.  

c. The effect of torsional warping has to be considered not only for bars with open shaped cross sections, but 

with closed shaped ones as well.

d. The accuracy of the results compared with those obtained from a FEM solution is remarkable.  

e. The inaccuracy of the thin tube theory in calculating the secondary torsion constant even for thin-walled 

sections is noteworthy.

f. For bars with open shaped cross section the secondary torsional moment deformation effect has not 

significant influence. However, the inclusion of this additional effect in the calculation makes the results 

more accurate. 

g. For bars with closed shaped cross sections the secondary torsional moment deformation effect has an 

important influence in the results, especially when the bar is subjected to concentrated twisting loading, 

and should be considered in the analysis especially for the calculation of the bimoments. 
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Abstract. In this paper, the lateral buckling analysis of beams of arbitrary cross section is presented taking 

into account moderate large displacements and employing nonlinear relationships between bending moments 

and curvatures. The beam is supported by the most general boundary conditions including elastic support or 

restraint. Starting from a displacement field without any simplifying assumptions about the angle of twist 

amplitude and based on the total potential energy principle, four highly coupled nonlinear governing 

differential equations are derived taking into account the shortening and warping effects, the prebuckling 

displacements and the Wagner’s coefficients due to the asymmetric character of the cross section. The 

arising four boundary value problems with respect to the transverse displacements, to the axial displacement 

and to the angle of twist are solved using the Analog Equation Method, a BEM based method. The instability 

criterion is based on the positive definiteness of the second variation of the total potential energy. The 

proposed formulation does not stand on the assumption of a thin-walled structure and therefore the cross 

section’s torsional rigidity is evaluated exactly without using the so-called Saint –Venant’s torsional 

constant. Numerical examples are worked out to illustrate the efficiency, the accuracy and the range of 

applications of the developed method. The effects of both the load height and warping as well as the 

discrepancy of the Eurocode 3 standard solutions are discussed.

1.  Introduction 

Lateral buckling behaviour of beams is of fundamental importance in the design of structures subjected to 

heavy transverse loading. This beam lateral buckling analysis becomes much more complicated in the case 

the cross section’s centroid does not coincide with its shear center (monosymmetric or asymmetric beams), 

leading to the formulation of a highly nonlinear flexural-torsional postbuckling problem. The nonlinearities 

involved (of geometrical nature) are due to the nonlinear kinematic relations and/or to the nonlinear bending 

moment - curvature relationship. 

In this paper, the lateral buckling analysis of beams of arbitrary cross section is presented taking into 

account moderate large displacements and employing nonlinear relationships between bending moments and 

curvatures. Starting from a displacement field without any simplifying assumptions about the angle of twist 

amplitude and based on the total potential energy principle, four highly coupled nonlinear governing 

differential equations are derived. The arising four boundary value problems with respect to the transverse 

displacements, to the axial displacement and to the angle of twist are solved using the Analog Equation 

Method [1], a BEM based method. The instability criterion is based on the positive definiteness of the second 

variation of the total potential energy. The essential features and novel aspects of the present formulation 

compared with previous ones are summarized as follows. 

i. The present formulation is applicable to arbitrarily shaped symmetric, monosymmetric or 

asymmetric thin or thick walled cross sections occupying simple or multiple connected domains. 

ii. The proposed method can be employed to beams supported by the most general boundary conditions 

including elastic support or restraint. 

iii. The beam is subjected to an arbitrarily distributed or concentrated transverse loading as well as to 

axial loading. 

iv. The proposed formulation does not stand on the assumption of a thin-walled structure and therefore 

the cross section’s torsional rigidity is evaluated exactly without using the so-called Saint –Venant’s 

torsional constant. 

v. The developed method takes into account nonlinear relationships between bending moments and 

curvatures.

vi. Both the Wagner’s coefficients and the shortening effect are taken into account. 
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vii. The proposed method employs a BEM approach (requiring boundary discretization) resulting in line 

or parabolic elements instead of area elements of the FEM solutions (requiring the whole cross 

section to be discretized into triangular or quadrilateral area elements), while a small number of line 

elements are required to achieve high accuracy. 

Numerical examples are worked out to illustrate the efficiency, the accuracy and the range of applications of 

the developed method. The effects of both the load height and warping as well as the discrepancy of the 

Eurocode 3 standard solutions are discussed. 
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Fig.1. Prismatic beam in axial - flexural loading (a) with an arbitrary cross-section occupying the two 

dimensional region  (b). 

2. Statement of the Problem

Let us consider a prismatic beam of length l  (Fig.1), of constant arbitrary cross-section of area A . The 

homogeneous isotropic and linearly elastic material of the beam’s cross-section, with modulus of elasticity 

E , shear modulus G  and Poisson’s ratio v  occupies the two dimensional multiply connected region  of 

the y,z  plane and is bounded by the j j 1,2,...,K  boundary curves, which are piecewise smooth, i.e. 

they may have a finite number of corners. In Fig. 1 CYZ  is the principal bending coordinate system through 

the cross section’s centroid C , while Cy , Cz  are its coordinates with respect to the Syz  shear system of 

axes through the cross section’s shear center S , with axes parallel to those of the CYZ  system. The beam is 

subjected to the combined action of the arbitrarily distributed or concentrated axial loading X Xp p ( X )

along the centroid axis CX  and transverse loading y yp p x , z zp p x  acting in the y  and z

directions, respectively, passing through the shear center S and applied at distances py , pz  from it. 

(Fig. 1a). 

Under the action of the aforementioned loading, the displacement field of an arbitrary point of the cross 

section can be derived with respect to those of the shear center as 

P
C Z C Y x Su x, y,z u x y y x z z x x y,z  (1a) 

x xv x, y,z v x z sin x y 1 cos x  (1b) 

x xw x,y,z w x y sin x z 1 cos x  (1c) 

Y x xx v x sin x w x cos x  (1d) 

Z x xx v x cos x w x sin x  (1e) 

where u , v , w  are the axial and transverse beam displacement components with respect to the Syz  shear 

system of axes;  u u x , v v x , w w x  are the corresponding components of the shear center S ;

Y , Z  are the angles of rotation due to bending of the cross-section with respect to its centroid;  x x
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denotes the rate of change of the angle of twist x  regarded as the torsional curvature and P
S  is the primary 

warping function with respect to the shear center S [2]. 

Employing the strain-displacement relations of the three - dimensional elasticity for moderate large 

displacements, the following strain components can be easily obtained 

2 2 2 2 2

xx
u 1 u v w u 1 v w

x 2 x x x x 2 x x
 (2a) 

xz
w u u u v v w w w u v v w w

x z x z x z x z x z x z x z
 (2b) 

xy
v u u u v v w w v u v v w w

x y x y x y x y x y x y x y
 (2c) 

yy zz yz 0 (2d)

where it has been assumed that for moderate large displacements 
2

u u
x x

,

u u u u
x z x z

, u u u u
x y x y

. Substitu-ting the displacement 

components (1a-1e) to the strain-displacement relations (2), the strain components can be written as 

xx C x x C x x

P
x S x C x x C x x

2
2 2 2 2

x

u z z v sin w cos y y v cos w sin

z v cos w sin y v sin w cos

1
v w y z

2

 (3a) 

P
S

xy xy x2 z
y

                        
P
S

xz xz x2 y
z

 (3b,c) 

Considering strains to be small, employing the second Piola – Kirchhoff stress tensor and assuming an 

isotropic and homogeneous material, the stress components are defined in terms of the strain ones as 

xx xx

xy xy

xz xz

S E 0 0

S 0 G 0

0 0 GS

 (4) 

or employing eqns. (3) as 

xx C x x C x x

P
x S x C x x C x x

2
2 2 2 2

x

S E u z z v sin w cos y y v cos w sin

z v cos w sin y v sin w cos

1
v w y z

2

 (5a) 

P
S

xy xS G z
y

                        
P
S

xz xS G y
z

 (5b,c) 

In order to obtain the nonlinear equilibrium equations, the total potential energy variation  
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int extE W 0 (6)

expressed as a function of the stress resultants acting on the cross section of the beam in the deformed state is 

employed, where  denotes variation quantities, intE  and extW  are the strain energy and external load 

work, respectively given as 

int xx xx xy xy xz xzV
E S S S dV                ext X C y zl

W p u p v p w dx  (7a,b) 

where Cu  is the axial displacement of the centroid C and v , w  are the corresponding transverse 

displacements of the point at which yp , zp , respectively are applied. 

Moreover, the stress resultants of the beam are given as 

xxN S d    xxS Zd        Z xxS Yd   (8a,b,c) 

P P
S S

t xy xzS z S y d
y z

                  P
w xx SS d  (8d,e) 

2 2
R xxM S y z d  (8f) 

where t  is the primary twisting moment [2] resulting from the primary shear stress distribution xyS , xzS ,

wM  is the warping moment due to torsional curvature and RM  is a higher order stress resultant. Substituting 

the expressions of the stress components (5) into equations (8a-8e), the stress resultants are obtained as 

2 2 2S
x x C x x C x x

I1
N EA u v w z v cos w sin y v sin w cos

2 A
 (9a) 

2
Y Y Y x Z x Z xM EI k cos k sin           2

Z Z Z x Y x Y xM EI k cos k sin  (9b,c) 

P
t t xM GI                         2

w S x xM EC  (9d,e) 

S
R Z Y x x Y Z x x

2
2S

S R x

I
M N 2EI v cos w sin 2EI w cos v sin

A

I1
2EC x E I

2 A

 (9f) 

where the area A, the polar moment of inertia SI  with respect to the shear center S, the principal moments of 

inertia YI , ZI  with respect to the cross section’s centroid, the fourth moment of inertia RI  with respect to 

the shear center S, the torsion constant tI  and the warping constant SC  with respect to the shear center S

are given as 

A d               2 2
SI y z d                 2

YI Z d               2
ZI Y d  (10a,b,c,d) 

2
2 2

RI y z d           
2

P
S SC d

P P
2 2 S S

tI y z y z d
z y

 (10e,f,g) 

while the Wagner’s coefficients Z , Y  and  are given as 
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2 2
Z C C C C

Y

1
z z y y z z d z

2I
 (11a) 

2 2
Y C C C C

Z

1
y y y y z z d y

2I
 (11b) 

2 2 P
S

S

1
y z d

2C
 (11c) 

In relations (9b-9c), the curvatures Yk , Zk  exhibit their accurate expressions given as 

2

Y
2

w w
k w 1

21 w

                            
2

Z
2

v v
k v 1

21 v

 (12a,b) 

Substituting the stress components given in eqns.(5) and the strain resultants given in equations (3a-3c) to the 

strain energy variation int  (eqn.7a) and employing equation (6), the equilibrium equations of the beam are 

derived as 

XN p (13a)

Z x Y x C x x C x x

y X C x x C x x

M cos M sin N v y sin z cos

p p v y sin z cos

 (13b) 

Y x Z x C x x C x x

z X C x x C x x

M cos M sin N w y cos z sin

p p w y cos z sin

 (13c) 

C x x C x x C x x C x x

C x x C x x

Y x x Z x x t w R x

X C x x C x x y p

N y v cos y w sin z w cos z v sin

N z v cos w sin N y v sin w cos

M w sin v cos M w cos v sin M M M

p z v cos w sin y v sin w cos p y si x z p xn p z sin

 (13d) 

Equations (13) refer to a general case of loading and can be used for the nonlinear analysis of beams. They 

are rather complicated and definitely coupled. Therefore, they can be simplified if the approximate 

expressions

2
x

xcos 1
2

                         
3

x
x xsin

6
 (14a,b) 

are employed. Thus, equations (13) of equilibrium after employing the expressions of the stress resultants 

(eqns.9), the curvature-displacement relations (eqns.12), the approximated expressions for trigonometric 

terms (eqns.14) and ignoring the nonlinear terms of the fourth or greater order can be written as 

2S
x x C x x x x x x

2
C x x x x x x x X

I
EA u w w v v z x w v v w w

A

y v w w v v p

(15a)
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3 2 2
Z C x C x x x

2 2
Z Y x x x x x x x x x

2 2
Z Y x x Y x Y Z x x x Z x x Z

1
EI v 3v v v v v v N z y v

2

EI EI w 2w w v 4v 2v 2v

EI 2 2 EI 2 2 5 2
x x

y X C x x C xp p v y z

 (15b) 

2
3 2

Y C x C x x x

2 2
Z Y x x x x x x x x x

2 2
Z Y x x x Y x x Y x x Y Z x x

w w
EI w 3w w w w N w y z

2

EI EI v 2v v w 4w 2w 2w

EI 2 5 2 EI 2 2
Z x

z X C x C x x

2

p p w y z

 (15c) 

2
2S

S x t x R x x

S
x C x C x

2 2
Z Y x x

2
Z Y x x x x x x x

Y Z x x x x

I3
EC GI E I

2 A

I
N y w v" z v" w"

A

EI EI v" w" v" w

EI 2 w w 2 v 2 v 2 w

EI 2 v 2 w 2 w v 2
x x x

S
X x C x C x C C y p x z p x

2 v

I
p y v z w z v y w p y p z

A

 (15d) 

The aforementioned governing differential equations are also subjected to the pertinent boundary conditions 

of the problem at hand, which are given as 

1 2 3a u x N x (16)

1 2 y 3v x V x 1 Z 2 Z 3x x  (17a,b) 

1 2 z 3w x V x 1 Y 2 Y 3x x  (18a,b) 

1 x 2 t 3x M x
x

1 2 w 3

d x
M x

dx
 (19a,b) 

at the beam ends x 0,l , where N , yV , zV  and ZM , YM  are the reactions and bending moments at the 

specific points with respect to X, y , z  or to Y , Z  axes, respectively, given by the following relations 

(ignoring again the nonlinear terms of the fourth or greater order) 

2 2 2S
x x C x C x

I1
N EA u v w z v w y v w

2 A
 (20a) 
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y C x C x x

2
2 2

Z x x x x x Y x x

2 3
Y x x x x x Z x Z x x x

V N v z y

v v
EI v w w v v v 2v 2

2

EI w w 2v v 2

(20b)

z C x C x x

2
2 2

Y x x x x x Z x x

2 3
Z x x x x x Y x x x Y x

V N w y z

w w
EI w v w w w v 2w 2

2

EI v w v 2w 2

 (20c) 

2
2 2 2 2

Z Z x Y x x Y x x Z x x
v v

M EI w v v EI w v
2

 (20d) 

2
2 2 2 2

Y Z x Y x x x Y Z x x x
w w

M EI w v EI w w v
2

 (20e) 

while tM  and wM  are the torsional and warping moments at the boundary of the bar, respectively, given as 

S
t t x S x C x C C x C x

2
3S

Z Y x x x Y Z x x x R x

I
M GI EC N z w y w y v z v

A

I1
EI 2 v 2 w EI 2 w 2 v E I

2 A

 (21a) 

2
w S x xM EC  (21b) 

Finally, k k k k k k k k, , , , , , ,  ( k 1,2,3 ) are functions specified at the beam ends x 0,l . Eqs. (16)-

(19) describe the most general boundary conditions associated with the problem at hand and can include 

elastic support or restraint. It is apparent that all types of the conventional boundary conditions (clamped, 

simply supported, free or guided edge) can be derived from these equations by specifying appropriately these 

functions (e.g. for a clamped edge it is 1 1 1 1 1 , 1 11 1 1 ,

2 32 3 2 3 2 3 2 3 2 3 2 32 3 0 ).

The differential equations of equilibrium (15) have been derived using the nonlinear relations (12) 

between bending moments and curvatures. In the case where the approximate expressions 

Yk w                             Zk v  (22a,b) 

are employed, the differential equations (15) are written as 

2S
x x C x x x x x x

2
C x x x x x x x X

I
EA u w w v v z x w v v w w

A

y v w w v v p

 (23a) 
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2
Z C x C x x x

2 2
Z Y x x x x x x x x x

2 2 2
Z Y x x Y x Y Z x x x Z x x Z x x

y X C x x C x

EI v N z y v

EI EI w 2w w v 4v 2v 2v

EI 2 2 EI 2 2 5

p p v y z

 (23b) 

2
Y C x C x x x

2 2
Z Y x x x x x x x x x

2 2 2
Z Y x x x Y x x Y x x Y Z x x Z x

z X C x C x x

EI w N w y z

EI EI v 2v v w 4w 2w 2w

EI 2 5 2 EI 2 2

p p w y z

 (23c) 

2
2S S

S x t x R x x x C x C x

2 2
Z Y x x

2
Z Y x x x x x x x

Y Z x x x x

I I3
EC GI E I N y w v" z v" w"

2 A A

EI EI v" w" v" w

EI 2 w w 2 v 2 v 2 w

EI 2 v 2 w 2 w v 2
x x x

S
X x C x C x C C y p x z p x

2 v

I
p y v z w z v y w p y p z

A

 (23d) 

Lateral buckling analysis aims at finding the critical load where the behaviour of the beam changes from 

flexural to flexural-torsional. Therefore, for the rest of the analysis, taking into account that the external 

transverse loading causes only bending as it is passing through the shear center, it is assumed that during the 

prebuckling behaviour the beam is untwisted. 

The instability criterion is based on the positive definiteness of the second variation of the total potential 

energy, which means that buckling occurs when the determinant of the tangential stiffness matrix becomes 

negative. During the following analysis, it is assumed that the pre-buckling behaviour of the beam is linear 

and the deflections until the critical load are taken into account. Therefore, the influence from the axial 

loading in the computation of the transverse displacements has to be negligible and can be ignored.  

Thus, the aforementioned differential equations (15) for the pre-buckling deformation problem can be 

written as 

XEAu p              Z yEI v p             Y zEI w p               S x t xEC GI 0  (24a,b,c,d) 

under the boundary conditions (16)-(19), where N , yV , zV  , ZM , YM , tM  and wM  are given by the 

following relations  

N EAu              y ZV EI v             z YV EI w  (25a,b,c) 

Z ZM EI v Y YM EI w            t t x S xM GI EC          w S xM EC  (25d,e,f,g) 

3. Integral Representations  Numerical Solution 

According to the precedent analysis, the lateral buckling analysis of beams of arbitrary cross section 

reduces in establishing the critical load for which the determinant of the tangential stiffness matrix becomes 
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negative. The differential equations (15b), (15c), (15d) are highly coupled and an analytic solution of this 

problem is out of question. Therefore, the recourse to a numerical solution is inevitable. In this investigation, 

the Analog Equation method [1] is employed. 

4. Numerical Examples 

IPE HEA 
4

YI 8150cm 4
YI 3556 cm

4
ZI 602cm 4

ZI 1333cm

3 6
SC 125.93 10 cm 3 6

SC 108 10 cm

4
tI 15.7 cm 4

tI 15cm

Table 1. Geometric and inertia constants of the examined cross sections. 

For comparison reasons, the special case of a simply supported beam ( E 210GPa , G 80.77GPa ) of 

length l 6.0 m  subjected to a uniformly distributed load zp  has been studied. Two cases of doubly 

symmetric cross sections have been analyzed, namely an IPE type and a HEA type. In Table 1, the properties 

of each of these cross sections are presented (the dimensions and geometric constants given in ref.[3] have 

been adopted here for comparison reasons), noting that the ratio Y ZI / I 13.54  of the IPE type cross 

section is much larger than that ( Y ZI / I 2.67 ) of the HEA type one. Three different cases of the 

application point of the load zp  are examined, namely at the top flange, at the bottom flange and at the shear 

center. In Table 2 the values of the critical bending moment 2
mid zM p l 8  at the midpoint point of the 

examined beam, corresponding to the bifurcation point for the aforementioned cases of the loading point are 

presented as compared with those obtained from an analytic solution and a numerical solution [3] taking into 

account the pre-buckling deflections (as the proposed method) and from Eurocode 3 [4] ignoring these 

deflections. From this table both the accuracy of the results of the proposed method and the conservative 

character of the EC3 standard solutions for beam sections of equivalent bending resistance about the two 

principal axes are remarkable. 

Galerkin’s method [3] 
Case studied 

AEM

Present

Study Analytic Numerical 

EC3 [4] 

IPE cross section 

Load at top flange 72.88 72.82 73.0 70.75 

Load at shear center 97.72 97.82 98.2 94.07 

Load at bottom flange 130.93 131.42 132.2 125.06 

HEA cross section 

Load at top flange 118.69 119.5 119.5 101.77 

Load at shear center 169.72 170.09 169.6 134.47 

Load at bottom flange 242.35 241.33 240.5 177.68 

Table 2. Critical bending moments midM kNm  at the midpoint point of the examined beams. 

5. Concluding Remarks 

The main conclusions that can be drawn from this investigation are 

a. The numerical technique presented in this investigation is well suited for computer aided analysis for 

beams of arbitrary symmetric, monosymmetric or asymmetric thin or thick walled cross section, subjected 

to the combined action of arbitrarily distributed or concentrated transverse loading. 
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b. The proposed method can be employed to beams of various boundary conditions including elastic support 

or restraint. 

c. The developed method can take into account nonlinear relationships between bending moments and 

curvatures.

d. The accuracy of the results of the proposed method for a small number of boundary elements and nodal 

points is remarkable. 

e. The effect of the load height is demonstrated. 

f. The proposed stability criterion takes into account the pre buckling deflections. 

g. In some cases the discrepancy of the Eurocode 3 standard solutions is notified. 

h. The results obtained from the proposed method are in good agreement with experimental results 

i. The effect of warping in small values of beam length is remarkable. 
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Abstract. In this paper a boundary element method is developed for the nonlinear flexural – torsional 

analysis of Timoshenko beams of arbitrary simply or multiply connected constant cross section, undergoing 

moderate large deflections under general boundary conditions. The beam is subjected to the combined action 

of an arbitrarily distributed or concentrated axial and transverse loading as well as to bending and twisting 

moments. To account for shear deformations, the concept of shear deformation coefficients is used. Seven 

boundary value problems are formulated with respect to the transverse displacements, to the axial 

displacement, to the angle of twist (which is assumed to be small), to the primary warping function and to 

two stress functions and solved using the Analog Equation Method, a BEM based method. Application of the 

boundary element technique yields a system of nonlinear equations from which the transverse and axial 

displacements as well as the angle of twist are computed by an iterative process. The evaluation of the shear 

deformation coefficients is accomplished from the aforementioned stress functions using only boundary 

integration. Numerical examples with great practical interest are worked out to illustrate the efficiency, the 

accuracy and the range of applications of the developed method. The influence of both the shear deformation 

effect and the variableness of the axial loading are remarkable. 

1.  Introduction 

In recent years, a need has been raised in the analysis of the components of plane and space frames or grid 

systems to take into account the influence of the action of axial, lateral forces and end moments on their 

deformed shape. Lateral loads and end moments generate deflection that is further amplified by axial 

compression loading. The aforementioned analysis becomes much more accurate and complex taking into 

account that the axial force is nonlinearly coupled with the transverse deflections. This non-linearity results 

from retaining the square of the slope in the strain–displacement relations (intermediate non-linear theory), 

avoiding in this way the inaccuracies arising from a linearized second – order analysis. Moreover, unless the 

beam is very “thin” the error incurred from the ignorance of the effect of shear deformation may be 

substantial, particularly in the case of heavy lateral loading. 

In this paper, which is an extension of the aforementioned work of the first author, a boundary element 

method is developed for the nonlinear flexural – torsional analysis of Timoshenko beams of arbitrary simply 

or multiply connected constant cross section, undergoing moderate large deflections under general boundary 

conditions. The beam is subjected to the combined action of an arbitrarily distributed or concentrated axial 

and transverse loading as well as to bending and twisting moments. To account for shear deformations, the 

concept of shear deformation coefficients is used. Seven boundary value problems are formulated with 

respect to the transverse displacements, to the axial displacement, to the angle of twist (which is assumed to 

be small), to the primary warping function and to two stress functions and solved using the Analog Equation 

Method [1], a BEM based method. Application of the boundary element technique yields a system of 

nonlinear equations from which the transverse and axial displacements as well as the angle of twist are 

computed by an iterative process. The evaluation of the shear deformation coefficients is accomplished from 

the aforementioned stress functions using only boundary integration. The essential features and novel aspects 

of the present formulation compared with previous ones are summarized as follows. 

i. The beam is subjected in an arbitrarily distributed or concentrated axial and transverse loading as well 

as to bending and twisting moments. 

ii. The beam is supported by the most general boundary conditions including elastic support or restrain, 

while its cross section is an arbitrary one. 
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iii. For the first time in the literature, the present formulation is applicable to arbitrarily shaped thin or 

thick-walled cross sections occupying simple or multiple connected domains, taking into account shear 

deformation effect. 

iv. The present formulation does not stand on the assumption of a thin-walled structure and therefore the 

cross section’s torsional rigidity is evaluated exactly without using the so-called Saint –Venant’s 

torsional constant. 

v. The shear deformation coefficients are evaluated using an energy approach, instead of Timoshenko’s 

and Cowper’s definitions, for which several authors [2] have pointed out that one obtains unsatisfactory 

results or definitions given by other researchers, for which these factors take negative values.  

vi. The effect of the material’s Poisson ratio  is taken into account. 

vii. The proposed method employs a pure BEM approach (requiring only boundary discretization) resulting 

in line or parabolic elements instead of area elements of the FEM solutions (requiring the whole cross 

section to be descretized into triangular or quadrilateral area elements), while a small number of line 

elements are required to achieve high accuracy. 

Numerical examples are worked out to illustrate the efficiency, the accuracy and the range of applications of 

the developed method. The influence of the shear deformation effect is observed. The obtained numerical 

results are compared with those obtained from a 3-D FEM solution using solid elements. 

2. Statement of the Problem

Let us consider a prismatic beam of length l  (Fig.1), of constant arbitrary cross-section of area A . The 

homogeneous isotropic and linearly elastic material of the beam cross-section, with modulus of elasticity E ,

shear modulus G  and Poisson’s ratio v  occupies the two dimensional multiply connected region  of the 

y,z  plane and is bounded by the j j 1,2,...,K  boundary curves, which are piecewise smooth, i.e. they 

may have a finite number of corners. In Fig. 1a CYZ  is the coordinate system through the cross section’s 

centroid C , while Cy , Cz  are its coordinates with respect to the Syz  principal shear system of axes through 

the cross section’s shear center S . The beam is subjected to the combined action of the arbitrarily distributed 

or concentrated axial loading X Xp p ( X ) , transverse loading Y Yp p X , Z Zp p X  acting in the 

Y  and Z  directions,  respectively, bending moments Y Ym m X , Z Zm m X  along Y  and Z  axes,  

respectively and twisting moment x xm m x  (Fig. 1b). 

Under the action of the aforementioned loading, the displacement field of the beam, assuming small angle 

of twist x , that is xcos 1 , x xsin  and ignoring the resulting nonlinear terms of the small angle of 

twist, is given as 

X

y

z
Z

Y

l

S

C

x

C: Center of gravity 

S: Shear center 

Zp
Yp

xm

Ym

Zm

Xp

(a)

C: Center of gravity 

S: Shear center 

r q P

q

P

S

K
jj 0

,y v

t

n

s

C

,z w,Z W

1
,Y V

0

Cz

Cy

(b)

Fig.1. Prismatic beam in axial - flexural – torsional loading (a) with an arbitrary cross-section occupying 

the two dimensional region  (b). 

P
Z Y x Su x, y,z u x Y x Z x x y,z  (1a) 
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xv x,z v x z x  (1b) 

xw x,y w x y x  (1c)

where u , v , w  are the axial and transverse beam displacement components with respect to the Syz  shear 

system of axes;  u u x , v v x , w w x  are the corresponding components of the shear center S ;

Y , Z  are the angles of rotation due to bending of the cross-section with respect to its centroid;  x x

denotes the rate of change of the angle of twist x  regarded as the torsional curvature and P
S  is the primary 

warping function with respect to the shear center S [3].  

Employing the strain-displacement relations of the three - dimensional elasticity for moderate 

displacements, the following strain components can be easily obtained 

2 2

xx
u 1 v w

x 2 x x
         xz

w u

x z
           xy

v u

x y
         yy zz yz 0

(2a,b,c,d)

Moreover the angles of rotation of the cross-section due to bending taking into account shear deformation 

effect are obtained as 

Y xz
dw

x
dx

                                  Z xy
dv

x
dx

 (3a,b) 

Assuming small rotations, the total angles of rotation y , z  and y , z  (Fig.2) of the cross-section in 

the x-z and x-y planes of the beam, with respect to the Sx  and CX  axes, respectively, satisfy the following 

relations

y y Y xz
dw

sin
dx

                        z z Z xy
dv

sin
dx

 (4a,b) 

ycos 1                      zcos 1                   C
y

dw
sin

dx
              C

z
dv

sin
dx

 (4c,d,e,f) 

where C Cw w x , C Cv v x  are the transverse displacements of the cross section’s centroid C  with 

respect to the Syz  shear system of axes, while the corresponding curvatures are given as 

2 2
xzY z

Y 2 2
z

dd dQd w d w 1
k

dx dx GA dxdx dx
 (5a) 

2 2
xy yZ

Z 2 2
y

d dQd d v d v 1
k

dx dx GA dxdx dx
 (5b) 

where xy , xz  are the additional angles of rotation of the cross-section due to shear deformation and yGA ,

zGA  are its shear rigidities of the Timoshenko’s beam theory, where 

z z
z

1
A A A

a
                     y y

y

1
A A A

a
 (6a,b) 

are the shear areas with respect to y , z  axes, respectively with y , z  the shear correction factors, ya , za

the shear deformation coefficients and A  the cross section area.
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Noting that the direction of the axial force N  is the tangential to the deformed centroidal axis and its normal 

in the x-y and x-z planes of the beam gives the direction of the shear forces yQ , zQ , respectively (Fig.2), the 

stress resultants xR , yR , zR  acting in the x , y , z  directions (undeformed beam directions), respectively, 

are related to the axial N  and shear yQ , zQ  forces as 

x z y y zR N cos Q sin Q sin y z y zR N sin Q cos z y z yR N sin Q cos  (7a,b,c) 

which by virtue of eqns. (4) become 

C C
x z y

dw dv
R N Q Q

dx dx
  (8a)      

C x
y y C y

dv ddv
R N Q N z Q

dx dx dx
              C x

z z C z
dw ddw

R N Q N y Q
dx dx dx

 (8b,c) 

The second and third terms in the right hand side of eqn. (8a), express the influence of the shear forces yQ ,

zQ  on the horizontal stress resultant xR . However, these terms can be neglected since z CQ w  and y CQ v  are 

much smaller than N  and thus eqn. (8a) can be written as 

xR N (9)

Employing eqns.(1) to the strain – displacement equation (2a) of the three-dimensional elasticity, the normal 

strain component x  can be written as 

22 22
P 2 2x x x xY Z

x S2

d d d dd ddu 1 dv dw dv dw
Z Y y z z y

dx dx dx 2 dx dx dx dx dx dx dxdx
(10)

Employing eqn.(10), the arising bending moments YM , ZM  after ignoring the resulting nonlinear terms of 

the small angle of twist are given as 

Y Z
Y x YY YZ

d d
Zd EI EI

dx dx
          Z Y

Z x ZZ YZ
d d

Yd EI EI
dx dx

 (11a,b) 

where YYI , ZZI , YZI  are the moments and the product of inertia of the cross-section with respect to its 

centroid C . Substituting eqns.(3a,b) in eqns. (11a,b) the bending moments YM , ZM  can be written as 

2 2
yz

Y YY YZ2 2
z y

dQdQ1 d w d v 1
EI EI

GA dx GA dxdx dx
 (12a) 

2 2
y z

Z ZZ YZ2 2
y z

dQ dQd v 1 1 d w
EI EI

GA dx GA dxdx dx
 (12b) 

The governing equations of the problem at hand will be derived by considering the equilibrium of the 

deformed element. Thus, referring to Fig. 2 we obtain 

x
X

dR
p 0

dx

y
Y

dR
p 0

dx

z
Z

dR
p 0

dx

Y
z Y

dM
Q m 0

dx

Z
y Z

dM
Q m 0

dx
(13a,b,c,d,e)
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Eqns. (13a,b,c) after employing eqns. (9), (8b,c) can be written as 

X
dN

p
dx

(14a)

22
y x x

C C Y2 2

dQ d ddN dv d v
z N z p 0

dx dx dx dx dx dx
 (14b) 

22
x xz

C C Z2 2

d ddQ dN dw d w
y N y p 0

dx dx dx dx dx dx
 (14c) 

Substituting eqns (14b,c) into eqns (12a,b) the expressions of the bending moments YM , ZM  are obtained 

as

22 2
x xYY

Y YY z Z X C C2 2 2

22 2
x xYZ

YZ y Y X C C2 2 2

d dEId w dw d w
M EI p p y N y

GA dx dxdx dx dx

d dEId v dv d v
EI p p z N z

GA dx dxdx dx dx

 (15a) 

22 2
x xZZ

Z ZZ y Y X C C2 2 2

22 2
x xYZ

YZ z Z X C C2 2 2

d dEId v dv d v
M EI p p z N z

GA dx dxdx dx dx

d dEId w dw d w
EI p p y N y

GA dx dxdx dx dx

 (15b) 

while employing eqns.(15a,b) and (13d,e) the corresponding expressions of the shear forces yQ , zQ  are 

written as

3 3

y ZZ YZ Z3 3

2 32 3
x x xZZ Y X

y C X C C2 2 3 3

22 3
x xYZ Z X

z C X C2 2

d v d w
Q EI EI m

dx dx

d d dEI dp dp dv d v d v
z 2 p z N z

GA dx dx dx dx dx dx dx dx

d dEI dp dp dw d w d
y 2 p y N

GA dx dx dx dx dx dx

3
x

C3 3

dw
y

dx dx

 (16a) 

3 3

z YY YZ Y3 3

2 32 3
x x xYY Z X

z C X C C2 2 3 3

22 3
x xYZ Y X

y C X C2 2

d w d v
Q EI EI m

dx dx

d d dEI dp dp dw d w d w
y 2 p y N y

GA dx dx dx dx dx dx dx dx

d dEI dp dp dv d v d v
z 2 p z N

GA dx dx dx dx dx dx

3
x

C3 3

d
z

dx dx

 (16b) 

Eliminating these forces from eqns (14b,c) the first two coupled partial differential equations of the problem 

of the beam under consideration, subjected to the combined action of axial, bending and torsional loading 

are obtained as 
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24 4 2
x x Z

ZZ YZ Y X C C4 4 2 2

22 2 2
x xZZ Y X X

y C C2 2 2 2

3 43 4
x x

X C C3 3 4

d d dmd v d w dv d v
EI EI p p z N z

dx dx dxdx dx dx dx

d dEI d p d p dpdv d v
z 3 z

GA dx dx dxdx dx dx dx

d dd v d v
3 p z N z

dx dx dx d 4

22 2 2
x xYZ Z X X

z C C2 2 2 2

3 43 4
x x

X C C3 3 4 4

x

d dEI d p d p dpdw d w
y 3 y

GA dx dx dxdx dx dx dx

d dd w d w
3 p y N y 0

dx dx dx dx

 (17a) 

24 4 2
x x Y

YY YZ Z X C C4 4 2 2

22 2 2
x xYY Z X X

z C C2 2 2 2

3 43 4
x x

X C C3 3 4

d d dmd w d v dw d w
EI EI p p y N y

dx dx dxdx dx dx dx

d dEI d p d p dpdw d w
y 3 y

GA dx dx dxdx dx dx dx

d dd w d w
3 p y N y

dx dx dx d 4

22 2 2
x xYZ Y X X

y C C2 2 2 2

3 43 4
x x

X C C3 3 4 4

x

d dEI d p d p dpdv d v
z 3 z

GA dx dx dxdx dx dx dx

d dd v d v
3 p z N z 0

dx dx dx dx

 (17b) 

Finally, the angles of rotation of the cross-section due to bending Y , Z  are given from eqns. (3a,b) as 

3 3
YY YZ Y

Y z z z3 3

2 32 3
2 x x xYY Z X
z C X C C2 2 2 2 3 3

2
xYZ Y X

y z C X2 2

EI EI mdw d w d v
a

dx GA GA GAdx dx

d d dEI dp dp dw d w d w
y 2 p y N y

dx dx dx dxG A dx dx dx dx

dEI dp dp dv d v
z 2 p

dx dx dx dxG A d

2 33
x x

C C2 2 3 3

d dd v
z N z

x dx dx dx

 (18a) 

3 3
ZZ YZ Z

Z y y y3 3

2 32 3
2 x x xZZ Y X
y C X C C2 2 2 2 3 3

2
xYZ Z X

z y C X2 2

EI EI mdv d v d w
a

dx GA GA GAdx dx

d d dEI dp dp dv d v d v
z 2 p z N z

dx dx dx dxG A dx dx dx dx

dEI dp dp dw d w
y 2 p

dx dx dx dxG A dx

2 33
x x

C C2 2 3 3

d dd w
y N y

dx dx dx

 (18b) 
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Equilibrium of torsional moments along x  axis of the beam element, after taking into account the additional 

shear stresses due to the presence of the axial force N , which employing eqns. (1) are written as 

x
xz

dN w N dw
y

A x A dx dx
                    x

xy
dN v N dv

z
A x A dx dx

 (19a,b) 

and the corresponding arising additional twisting moment 

S x
t ,add xz xy C C

I ddw dv
M y z d Ny Nz N

dx dx A dx
 (20) 

leads to the third (coupled with the previous two) partial differential equation of the problem of the beam 

under consideration as 

4 2 22 2
x x S x S x

S t C C x Z C Y C X C C X4 2 2 2 2

d d d dd w d v dw dv
EC GI N y z m p y p z p y z p

A dx dx A dxdx dx dx dx dx

(21)

where SI  is the polar moment of inertia with respect to the shear center S , SEC  and tGI  are the cross 

section’s warping and torsional rigidities, respectively, with SC , tI  being its warping and torsion constants, 

respectively, given as [3] 

2
P

S SC d (22)

P P
2 2 S S

tI y z y z d
z y

 (23) 

It is worth here noting that the primary warping function P
S ( y,z )  can be established by solving 

independently the Neumann problem [3] 

2 P
S 0                  in  (24) 

2
P S
S

r1

n 2 s
             on j  ( j 1,2,...,K ) (25) 

where 2 2 2 2 2/ y / z  is the Laplace operator; 2 2
Sr y z  is the distance of a point on the 

boundary j  from the shear center S ; / n  denotes the directional derivative normal to the boundary j

and / s  denotes differentiation with respect to its arc length s .

The aforementioned governing differential equations are also subjected to the pertinent boundary conditions 

of the problem, which are given as 

1 2 y 3v x V x              1 Z 2 Z 3x x  (26a,b) 

1 2 z 3w x V x           1 Y 2 Y 3x x  (27a,b) 

1 x 2 t 3x M x            
x

1 2 w 3

d x
M x

dx
 (28a,b) 

at the beam ends x 0,l , where yV , zV  and ZM , YM  are the reactions and bending moments with respect 

to y  and z  axes, respectively, obtained from eqns (8b,c), (15a,b), (16a,b) as 
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3 33 3 3 3
x x xZZ YZ

y ZZ y C YZ z C C3 3 3 3 3 3

d d dEI EId v d v d w d w dv
V EI N z EI N y N z

GA GA dx dxdx dx dx dx dx dx

(29)

33 3 3
x xYY YZ

z YY z YZ y C C3 3 3 3

33
x

C3 3

d dEI EId w d v d v dw
EI EI N z N y

GA GA dx dxdx dx dx dx

dd w
V N y

dx dx

(30)

2 22 2 2 2
x xYY YZ

Y YY z C YZ y C2 2 2 2 2 2

d dEI EId w d w d v d v
M EI N y EI N z

GA GAdx dx dx dx dx dx
 (31) 

2 22 2 2 2
x xZZ YZ

Z ZZ y C YZ z C2 2 2 2 2 2

d dEI EId v d v d w d w
M EI N z EI N y

GA GAdx dx dx dx dx dx
 (32) 

the angles of rotation due to bending Y , Z  are evaluated from eqns (18) as 

3 33 3 3 3
2 x xYY YY YZ YZ

Y z z C z y z C3 2 2 3 3 3 2 2 3 3

d dEI EI EI EIdw d w d w d v d v
N y N z

dx GA GAdx G A dx dx dx G A dx dx

(33a)

3 33 3 3 3
2 x xZZ ZZ YZ YZ

Z y y C y z y C3 2 2 3 3 3 2 2 3 3

d dEI EI EI EIdv d v d v d w d w
N z N y

dx GA GAdx G A dx dx dx G A dx dx

(33b)

while in eqns. (28) tM  and wM  are the torsional and warping moments at the boundary of the bar, 

respectively, given as  

3
x x S x

t S t C C3

d d I ddw dv
M EC GI N y z

dx dx dx A dxdx
                 

2
x

w S 2

d
M EC

dx
 (34a,b) 

Finally, k k k k k k, , , , ,  ( k 1,2,3 ) are functions specified at the beam ends x 0,l . Eqs. (26)-(28) 

describe the most general linear boundary conditions associated with the problem at hand and can include 

elastic support or restraint. It is apparent that all types of the conventional boundary conditions (clamped, 

simply supported, free or guided edge) can be derived from these equations by specifying appropriately these 

functions (e.g. for a clamped edge it is 1 1 1 1 , 1 1 1 1 ,

2 32 3 2 3 2 3 2 3 2 3 0 ).

In the aforementioned boundary value problem the axial force N inside the beam or at its boundary is 

given from the following relation 

2 2
du 1 dw 1 dv

N EA
dx 2 dx 2 dx

 (35) 

where u u x  is the bar axial displacement, which can be evaluated from the solution of the following 

boundary value problem 

2 2 2

x2 2 2

d u d w dw d v dv
EA p

dx dxdx dx dx
         inside the beam (36) 

1 2 3c u x c N( x ) c             at the beam ends x 0,l   (37) 
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where ic ( i 1,2,3 )  are given constants. 

The solution of the boundary value problem given from eqns (17), (21), (36) subjected to the boundary 

conditions (26)-(28), (37) which represents the nonlinear flexural – torsional analysis of beams, presumes the 

evaluation of the shear deformation coefficients ya , za , corresponding to the principal shear axes 

coordinate system Syz . These coefficients are established equating the approximate formula of the shear 

strain energy per unit length [2] 

2 2
y y z z

appr.

a Q a Q
U

2AG 2AG
 (38) 

with the exact one given from 

22
xz xy

exactU d
2G

 (39) 

and are obtained as [4] 

y 2
y

1 A
a de e z 2

z

1 A
a dd d  (40a,b) 

where xz xyj j
,  are the transverse (direct) shear stress components, Y Z

Y Z
i i  is a 

symbolic vector with ,
Y Z
i i  the unit vectors along Y  and Z  axes, respectively,  is given from 

2
YY ZZ YZ2 1 - I  (41) 

 is the Poisson ratio of the cross section material, e  and d  are vectors defined as 

2 2 2 2

YY YZ YY YZ
Y Z Y Z

I I YZ I YZ I
2 2

Y Z
e i i  (42) 

2 2 2 2

ZZ YZ ZZ YZ
Y Z Y Z

I YZ I I I YZ
2 2

Y Z
d i i  (43) 

and Y ,Z , Y ,Z  are stress functions, which are evaluated from the solution of the following Neumann 

type boundary value problems [4] 

2
YZ YY2 I Z I Y        in                  

n
n e       on 

K 1

j
j 1

 (44a,b) 

2
YZ ZZ2 I Y I Z        in                  

n
n d      on 

K 1

j
j 1

 (45a,b) 

where n  is the outward normal vector to the boundary . In the case of negligible shear deformations 

z ya a 0 . It is also worth here noting that the boundary conditions (25), (44b), (45b) have been derived 

from the physical consideration that the traction vector in the direction of the normal vector n  vanishes on 

the free surface of the beam. 
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3. Integral Representations  Numerical Solution 

According to the precedent analysis, the nonlinear flexural – torsional analysis of Timoshenko beams of 

arbitrary cross section, undergoing moderate large deflections reduces in establishing the displacement 

components v x , w x  and x x  having continuous derivatives up to the fourth order with respect to x

and the axial displacement u u x  having continuous derivatives up to the second order with respect to x

satisfying the coupled governing equations (17), (21), (36) inside the beam and the boundary conditions (26)-

(28), (37) at the beam ends x 0,l . Eqns (17), (21), (36) are solved using the Analog Equation Method [1].  

4. Numerical Examples 

To demonstrate the range of applications of the proposed method, a cantilever beam of length l 2.50m

(Fig.2a), of the non-symmetric cross section ( 2A 0.01186m , 8 2E 2.1 10 kN / m , 0.3 ,
7 6

sC 5.232 10 m , 6 4
tI 1.910 10 m , 4 4

SI 2.517 10 m ) of Fig. 2b has been studied. Since the 

proposed method requires the coordinate system CYZ  through the cross section’s centroid C  to have Y , Z

axes parallel to the principal shear axes, in the first column of Table 1 the geometric, the inertia constants and 

the shear deformation coefficients of the examined cross section are given with respect to an original 

coordinate system CYZ , followed by the evaluation of the angle of rotation S  [4] giving the final 

coordinate system CYZ  and the new geometric, inertia constants and shear deformation coefficients given in 

the second column of the aforementioned table. In Table 2 the transverse deflection w at the free end of the 

cantilever beam, subjected to a gradually increasing concentrated at the same point axial 
X

P

(
X

P 120kN ) and uniformly distributed axial 
X

p  and transverse 
Z

p  (
X

p 20kN / m ,

Z
p 40kN / m ) load  are presented taking into account or ignoring shear deformation effect, for various 

values of the loading factor . The significant influence of the nonlinear analysis effect is verified especially 

in the case of intense loading, while the discrepancy of the results due to the influence of the shear 

deformation effect necessitates its inclusion in the analysis.  

C

2.50 m 

µ*40kN/m 

µ*20kN/m 

µ*120kN

   (a) 150mm

230mm 

260mm 

20mm 

12mm 

68mm 

30mm 

C

S

S

S

Principal shear axes (at S)

z

y

Y
Z Z

Y

   (b)

Fig. 2. 3-D view (a) and cross section (b) of the non-symmetric beam. 

Coordinate system CYZ Coordinate system CYZ

4 4
YY

I 1.606 10 m

5 4
ZZ

I 5.665 10 m

5 4
YZ

I 6.384 10 m

y 1.741 z 3.902

yz 0.10 S 0.046rad

Cy 0.0384m Cz 0.0379m

4 4
YYI 1.545 10 m

5 4
ZZI 6.278 10 m

5 4
YZI 6.837 10 m

y 1.736 z 3.907

yz 0.0

Cy 0.0401m Cz 0.0361m

Table 1. Geometric, inertia constants and shear deformation coefficients of the examined cross section. 
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Displacement w (cm) 

Linear Analysis Nonlinear Analysis 
Scale

factor
Ignoring Shear 

Deformation 

With Shear Deformation 

( .907za 3 )
Ignoring Shear 

Deformation 

With Shear Deformation 

 ( .907za 3 )

1 -1.10 -1.20 -1.15 -1.26 

2 -2.20 -2.41 -2.42 -2.63 

3 -3.31 -3.61 -3.83 -4.16 

4 -4.41 -4.82 -5.41 -5.87 

5 -5.51 -6.02 -7.21 -7.81 

6 -6.61 -7.22 -9.29 -10.05 

7 -7.72 -8.43 -11.75 -12.69 

8 -8.82 -9.63 -14.72 -15.88 

9 -9.92 -10.84 -18.42 -19.86 

10 -11.02 -12.04 -23.23 -25.04 

Table 2. Transverse deflection w at the free end of the cantilever beam for various values of factor .

5. Concluding remarks 

The main conclusions that can be drawn from this investigation are  

a. The numerical technique presented in this investigation is well suited for computer aided analysis for 

beams of arbitrary simply or multiply connected cross section. 

b. The significant influence of geometrical nonlinear analysis in beam elements subjected in intense 

transverse loading is verified. 

c. The discrepancy between the results of the linear and the nonlinear analysis demonstrates the significant 

influence of the axial loading. 

d. In some cases the remarkable increment of all the deflections due to the influence of the shear 

deformation effect demonstrates its significant influence in nonlinear analysis. 

e. The developed procedure retains the advantages of a BEM solution over a pure domain discretization 

method since it requires only boundary discretization. 
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Abstract.
This work introduces a modified boundary-integral equation method for solving the filtration prob-

lem in case of arbitrary-shaped solid particles. The advocated approach is more interesting whenever
the Green tensor is not symmetric and might therefore be employed in other fields as well. Here, the
Green tensor fails to be symmetric because the Stokes equations in the fluid region and the Darcy’s
equations in the porous medium are coupled across the interface by a slip Beavers and Joseph type
boundary condition.

Introduction

As sketched in Fig.1, we consider the motion of a solid particle with smooth surface S near a plane
porous slab P with thickness e and plane and parallel boundaries Σ0 and Σ1.

n

O′

Ω1

P

Ω2

Σ1

Σ0

O

e

x3

ε

H

S

Figure 1: A solid particle with attached point O′ immersed in a Newtonian liquid near a porous slab
P with thickness e and parallel boundaries Σ0 (x3 = −e) and Σ1 (x3 = 0).

For convenience we henceforth employ the tensor summation notation in the Cartesian coordinates
(O, x1, x2, x3) with OM = xiei. The flow is governed by the Stokes equations in the fluid domains
Ω1 (x3 > 0), Ω2 (x3 < −e) and the Darcy’s equations in the porous medium P (−e < x3 < 0). These
equations are coupled across the plane interfaces Σ1 and Σ0 by the slip boundary condition derived
by Beavers and Joseph [1]. The associated Green tensor analytically obtained in [2] suggests using,
at a first glance, the following usual integral representation [3] of each Cartesian component uk of the
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fluid velocity in the upper liquid domain Ω1:

uk(x) =
∫

S
Tij(u(y))njG

k
i (y,x)dS(y) + Ck(x, Σ1) for x ∈ Ω1 (1)

Ck(x, Σ1) =
∫

Σ1

[Gk
i (η,x)Tij(u(η)) − ui(η)Tij(Gk(η,x))]njdSη for x ∈ Ω1 (2)

with Tijei ⊗ ej the stress tensor and n the unit vector on S ∪ Σ1 directed into the liquid. Unfor-
tunately, since each above term Ck(x, Σ1) involves an integral over the unbounded plane surface Σ1

the formulation (1)-(2) is not suitable in practice. This work thus advocates a new and modified
boundary-integral approach solely involving the particle’s surface S. It also presents a few numerical
results for a spherical particle.

Governing equations and associated Green tensor for the addressed filtration problem

We denote by u and p the velocity and pressure fields in each domains Ω1, P and Ω2. The liquid
has uniform viscosity µ and the flow (u, p) obeys the Darcy equations in the slab P and the Stokes
equations elsewhere. In other words,

µ∆u = ∇p and ∇.u = 0 in Ω1 ∪ Ω2, (3)

u = −K

µ
∇p and ∇.u = 0 in P. (4)

In (4) note that K > 0 designates the permeability of the porous medium. The particle has trans-
lational velocity U (the velocity of one attached point O′) and angular velocity Ω. Each flow (u, p)
vanishes far from the particle and the equations (3)-(4) are supplemented with the boundary condi-
tions:

u3(Σ+
i ) = u3(Σ−

i ) and p(Σ+
i ) = p(Σ−

i ) for i = 0, 1; (5)

∂uβ

∂x3
(Σ+

1 ) =
σ√
K

(uβ(Σ+
1 ) − uβ(Σ−

1 )) for β = 1, 2; (6)

∂uβ

∂x3
(Σ−

0 ) = − σ√
K

(uβ(Σ−
0 ) − uβ(Σ+

0 )) for β = 1, 2; (7)

u = U + Ω ∧ O′M for M on S (8)

where (6)-(7) are the Beavers and Joseph boundary condition applied on Σ1 and Σ0 and σ is a
dimensionless slip coefficient introduced in [1].
As obtained in [4] for less-complicated boundary conditions, the Green tensor associated with (3)-(8)
consists of a Stokeslet and several images of singularities. Such a tensor has been analytically obtained
in [2]. A source with strength ek located at y in Ω1 then produces at the observation point x in Ω1 a
velocity field Gk

j (x,y)ej . If δkl is the Kronecker delta function we introduce the tensor

Jkl = δkαδαl − δk3δ3l (9)

y′ is the symmetric of y with respect to Σ1, R = x − y and R′ = x − y′. Then one gets

µGk
j (x,y) =

1
2
wk

j φ − 1
2
wk

j φ′ − δ3kw
3
j φ

′
1 − Jkl

∂

∂R′
l

w3
j φ

′
2 − δ3k

∂

∂R′
3

w3
jφ

′
3

+Jkl
∂

∂R′
l

∂

∂R′
j

φ′
5 + δ3k

∂

∂R′
j

∂

∂R′
3

φ′
6 + δ3k

∂

∂R′
j

φ′
7 − 2Jkl

∂

∂R′
l

δ3jφ
′
4 + 2Jkj

∂

∂R′
3

φ′
4 (10)

with the following derivative tensor

wk
j = R′

k

∂

∂R′
j

− δkj
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and functions φ, φ′ and φ′
i = H0[fi(ξ)ψ] for i = 1, 7 (expressed as the Hankel transform of complicated

functions fi) available in [2]. More precisely,

H0[g](ρ, R′
3) =

∫ +∞

0
ξg(ξ, R′

3)J0(ξρ)dξ, (11)

ψ1 = −e−ξR3

4πξ
= H0(φ), φ = − 1

4πR
and ψ2 = −e−ξR′

3

4πξ
= H0(φ′), φ′ = − 1

4πR′ (12)

As the reader may check, the above Green function does not satisfy the symmetry property. In
other words, one arrives for the filtration problem at:

Gk
i (x,y) �= Gi

k(y,x) (13)

This implies that the terms Ck(x, Σ1) given by (2) do not vanish. This property makes then it diffi-
cult to solve our tangential filtration problem (3)-(8) by resorting to the standard integral equations
derived from (1)-(2).

Modified boundary-integral equation

This section presents for one particle another method also valid for several particles. To avoid integrals
on the surface Σ1, we propose to calculate the velocity and pressure fields (u, p) in the liquid domain
Ω1 using the following integral representations:

uj(x) = u(x).ej =
∫

S
Gk

j (x,y)dk(y)dS(y), p(x) =
∫

S
Hk(x,y)dk(y)dS(y) for x ∈ Ω1 (14)

where Hk is the Green function for the pressure and d the unknown Stokeslets surface density here
provided by enforcing on the particle’s surface S the no-slip boundary condition (8). This latter
provides for d the Fredholm boundary-integral equation of the first kind:

∫
S

Gk
j (x,y)dk(y)dS(y) = [U + Ω ∧ O′M].ej for x = OM on S. (15)

It is emphasized that d is not the surface traction exerted on S by the liquid flow (u, p). However,
considering our non-trivial Green tensor as the sum of the weakly singular Oseen-Burger Green tensor
(in free space) and a regular additional tensor, the knowledge of this density d is sufficient to calculate
the net force F and torque Γ (about O′) applied by the flow (u, p) on S using the relations:

F = −
∫

S
d dS, Γ = −

∫
S
[O′M ∧ d] dS. (16)

Relation between (F,Γ) and (U,Ω) for a particle without inertia

For a solid particle with negligible inertia and settling under the action of a prescribed uniform gravity
field g, one further requires that

F + Mg = 0, Γ = 0 (17)

provided that O′ is the particle center of mass and M is the particle mass.
Let us introduce six steady Stokes flows (ui

T , pi
T ) and (ui

R, pi
R) for i = 1, 2, 3 associated respectively

with translations and rotations of the particle and such that

ui
T = ei and ui

R = ei ∧ O′M on S. (18)

These flows exert on the particle net forces Fi
T ,Fi

R and net torques Γi
T ,Γi

R (about O′). Setting
Uj = U.ej and wj = Ω.ej , the net force F and torque Γ applied on the moving particle thus read:

F = UjF
j
T + ωjF

j
R, Γ = UjΓ

j
T + ωjΓ

j
R. (19)
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Accordingly, the relations (17) yield the following 6-equation well-posed linear system

Uj [F
j
T .ei] + ωj [F

j
R.ei] = −Mg.ei (20)

Uj [Γ
j
T .ei] + ωj [Γ

j
R.ei] = 0 (21)

The matrix of (20)-(21), termed the resistance matrix, is non-singular and thus the system (20)-(21)
admits a unique solution (U,Ω).

Numerical strategy

The boundary-integral equation (15) is discretized by using on S a N-node mesh consisting of 6-node
triangular and curved boundary elements. Then (15) reduces to a 3N-equation linear system AX = B
for the 3N-component array X consisting of the Cartesian components of the unknown density d at
the nodal points. The influence matrix is computed by employing standard techniques [5]. For in-
stance, the weakly-singular behavior of each term Gk

j (x,y) is accurately handled by using local polar
coordinates for the boundary elements to which the node x belongs to. Finally, the system AX = B
is numerically inverted by appealing to a LU factorization algorithm since its 3N-3N square matrix A
is dense and not symmetric.

Numerical results and discussion for a spherical particle

This section defines the range of each parameter K,e and σ -respectively the permeability and thick-
ness of the porous slab and dimensionless slip coefficient-for applications and gives numerical results
for a spherical particle.

Selected parameters

Let us consider a spherical particle with center O′ and radius a larger than the typical size
√

K of the
pore of the porous slab P. Thus

√
K < a. In the case of micro-filtration problem, the permeability

of the membrane is in the 0.1µm − 10µm range and for a low Reynolds number flow (Re � 1), the
particle radius satisfies 0.01µm < a < 100µm. Moreover the Darcy’s equation is appropriate when
the size of pore is less than the distance ε = H − a with H = OO′.e3. Thus,

√
K < ε. Introducing

dimensionless quantities, one therefore has

√
K∗ =

√
K

a
, e∗ =

e

a
, ε∗ =

ε

a
, λ =

√
K∗

σ
< e∗ (22)

where λ denotes the slip length.

Force exerted on a sphere translating parallel to the membrane

Consider the case of a spherical particle translating with velocity U = U1e1 along the direction x1

parallel to the plane boundary Σ1. The dimensionless drag force F ∗
11 exerted on the translating particle

in the x1-direction may be expressed as

F ∗
11 = − F1

T .e1

6πµaU1
(23)

where F1
T has been introduced after (18). The friction coefficient F ∗

11 is plotted in Fig.2 versus the
sphere-slab dimensionless gap ε∗ = H

a − 1 for different values of the parameter λ. As seen in these
curves, the friction increases as λ or ε∗ decreases. For λ large, one recovers the perfect slip case
whereas small values of λ deal with the case of a pure no-slip condition. One should note that when
translating parallel to the porous slab, the sphere also experiences a torque about its center O ′. Such
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Figure 2: Force friction coefficient F ∗
11 for a sphere translating parallel to the membrane for e∗ = 1

and K∗ = 10−2.

a torque is not plotted here for conciseness.

Torque experienced by a sphere rotating parallel to a slab

We turn to the case of a spherical particle rotating parallel to the porous slab with angular velocity
Ω aligned with e2. The sphere experiences a net torque Γ2

R (recall definitions after (18)) parallel with
e2 and this suggests introducing the following torque friction

Γ∗
22 = −Γ2

R.e2

8πµa3
. (24)

As seen in Fig.3, the coefficient Γ∗
22 exhibits similar trends as the ones observed for F ∗

11 in Fig.2.
This rotating motion also gives a force (not plotted here) directed along x1-direction.

Motion of a sphere subject to a gravity aligned with e3

Finally we plot in Fig.4 the normalized velocity component u3 of a sphere moving under a uniform
gravity g = −ge3 (i.e normal to porous slab P). For a fluid with density ρ and a sphere with uniform
density ρS , this velocity is defined as

u3 = −9
2

U.e3

(ρS − ρ)a2
(25)

The sedimentation velocity of the spherical particle in x3-direction raises when the slip length scale λ
increase. When the particle is close to the membrane, its movement is slowed down.

Conclusions
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Figure 3: Torque friction coefficient Γ∗
22 for a sphere rotating parallel to the membrane for e∗ = 1 and

K∗ = 10−2.
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Figure 4: Normalized velocity u3 of the sphere settling under the action of uniform gravity field
g = −ge3 for e∗ = 1 and K∗ = 10−2.

A modified boundary-integral equation method has been proposed to deal with the filtration problem
and the advocated approach is valid as well for a collection of arbitrary-shaped solid particles. The
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settling velocity of a solid sphere towards a porous slab is determined. Finally, preliminary results for
the force and torque applied on the moving particle are presented and discussed.
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Abstract. In this work, is presented a boundary element method (BEM) formulation to perform linear 

bending analysis of building floor structures where the slabs and beams can be defined with different 

materials. The proposed formulation is based on Kirchhoff’s hypothesis, being the building floor modeled 

by a zoned plate, where the beams are treated as thin sub-regions with larger rigidities. This composed 

structure is treated as a single body, being the equilibrium and compatibility conditions automatically taken 

into account. In the final integral equation the tractions are eliminated along the interfaces, reducing 

therefore the number of degrees of freedom. The displacements are approximated along the beam cross 

section, leading to a model where the values remain defined on the beam skeleton line instead of their 

boundaries. The accuracy of the proposed model is showed by comparing the numerical results with a well-

known finite element code.  

1. Introduction

The boundary element method (BEM) has already proved to be a suitable numerical tool to deal with 

plate bending problems. It is particularly recommended for the analysis of building floor structures where the 

combinations of slab, beam and column elements can be more accurately represented, considering that the 

method is very accurate to compute the effects of concentrated (in fact loads distributed over small areas) 

and line loads, as well to evaluate high gradient values as bending and twisting moments, and shear forces. 

Moreover, the same order of errors is expected when computing deflections, slopes, moments and shear 

forces, because the tractions are not obtained by differentiating approximation function as for other 

numerical techniques.  

Recently several works about building floor analysis by the boundary element method (BEM) have been 

published. In [1-3] the BEM was coupled with FEM to develop the numerical model, where boundary 

elements have been chosen to model the plate behaviour, while beams and columns have been represented by 

finite elements. As usual, the different elements are combined together by enforcing equilibrium and 

compatibility conditions along the interfaces. However, for complex floor structures the number of degrees 

of freedom may increase rapidly diminishing the solution accuracy. 

In [4-6] are proposed BEM formulations for analysing the bending problem of beam-stiffened 

elastic plates. Paiva & Aliabadi present in [7, 8] BEM formulations to analyse building floors 

structures which are modelled by a zoned plate with different thicknesses. In these works BEM is 

not coupled with FEM, therefore boundary elements are chosen to model both plate and beam 

elements. 
An alternative scheme to reduce the number of degrees of freedom has been recently proposed by 

FERNANDES & VENTURINI [9] to perform simple bending analysis using only a BEM formulation based 

on Kirchhoff’s hypothesis. In this work the building floor is modelled by a zoned plate where each sub-

region defines a beam or a slab, being all of them represented by their middle surface. The beams are 

modelled as narrow sub-regions with larger thickness, being the tractions eliminated along the interfaces, 

reducing therefore the total number of unknowns. Then in order to reduce further the degrees of freedom, the 

displacements are approximated along the beam width, leading to a model where the bending values are 

defined only on the beams axis and on the plate boundary without beams. In [10] the authors have extended 

the formulation proposed in [9] in order to represent all sub-regions by a same reference surface, so that the 
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eccentricity effects should be taken into account. It is important note that in the formulations proposed in [9] 

and [10] all sub-regions should have the same Poisson’s ration and Young’s modulus. More recently 

Fernandes and Konda [11] have modified the model proposed in [9] to consider the Reissner’s theory instead 

of Kirchhoff’s. 

In this work the BEM formulation developed in [9] is extended to consider sub-regions with different 

values of Poisson’s ration and Young’s modulus. The accuracy of proposed model is confirmed by numerical 

examples whose results are compared with a well-known finite element code. 

2. Basic Equations 

Without loss of generality, let us consider the three sub-region plate depicted in Fig. (1), where t1, t2 and t3

are the sub-regions thicknesses. The sub-regions are referred to a Cartesian system of co-ordinates with axes 

x1, x2 and x3 defined in their middle plane (see Fig. 1b). The plate sub-domains assumed as isolated plates are 

denoted by 1 , 2  and 3 , with boundaries 1 , 2  and 3 , respectively. Alternatively, when the whole 

solid is considered,  gives the total external boundary, while jk  represents interfaces, for which the 

subscripts denote the adjacent sub-regions (see Fig. 1a). 

1

2
1

2 1

2

3

2 3

3 2

1 2

3

Figure 1: a) middle surface view; b) General zoned plate domain. 

For a point placed at any of those plate sub-regions, the following equations can be defined: 

- Equilibrium equations in terms of internal forces: 

0q, ijijm                                                                         (1) 

0g,q ii                                           (2) 

where g is the distributed load acting on the plate middle surface, mij are bending and twisting moments and 

qi represents shear forces, with subscripts taken in the range i,j={1, 2 .

- The plate bending differential equation, 

0gm ij,ij                                                                           (3) 

or

)2,1j,i(D/g,w iijj                                   (4) 

where )1/(EtD 23
 is the flexural rigidity and w,w 4

iijj , being 
4

 the bi-harmonic operator. 

- The generalised internal force  displacement relations, 

ijkkijij ,w)1(,wDm                       (5) 

jjii ,Dwq                                (6) 

- The effective shear force, 

Middle surface 

t1 t3x1

x2

x3

t2

a
b
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s/mqV nsnn                                                                       (7) 

where (n, s) are the local co-ordinate system, with n and s referred to the plate boundary normal and 

tangential directions, respectively. 

The problem definition is then completed by assuming the following boundary conditions over :

ii uu  on 1  (generalised displacements, deflections and rotations) and ii pp  on 2  (generalised 

tractions, normal bending moment and effective shear forces), where 21 .

3. Integral Representations 

In this section, we are going to derive the bending integral equations of a zoned plate where the thickness, 

Poisson’s ratio and Young’s modulus may vary from one sub-region to another, but must be constant over 

each sub-region. The equations will be derived by applying the reciprocity theorem to each sub-region and 

summing them to obtain the equation for the whole body. These integral equations will be used to model 

building floor structures, being each sub-region the representation of either a slab or a beam.  

Let us consider initially a single sub-region m , for which the following reciprocity relation can be 

written in terms of moments and curvatures: 

mm

S

)m*(

ijijSij

)m*(

ij dm,wdm,w
                              (8) 

where
*m

ij,w  and 
*m

ijm  are fundamental solutions with the unit load acting in the x3 direction (see Fig. 1b); 

no summation is implied on m.

Equation (8) can be modified by replacing the fundamental values of sub-region m , by the values 

referred to the sub-region where the load point is placed. This simplifies the formulation because allows to 

eliminate the tractions along the interfaces. Thus, denoting by D and 
*

ij,w  the values related to the sub-region 

where the collocation point is placed the following relation can be defined: 

*

ij

m

)m(*

ij ,w
D

D
,w                                                                                                        (9) 

Considering equation (9) the moment 
*m

ijm  can be written in terms of  and 
*

ijm  referred to the sub-

region where the load point is placed as follow: 

*

ij
m*

ij
m)m(*

ij ,w1Dmm                                                                                                          (10) 

 Replacing (9) and (10) into equation (8) one obtains: 

sijij dmw

s

*,
sijij

s
ssijij

ss dwwDdmw
D

D

SS

** ,,1,                                                          (11) 

Note that in the case of having 0 , eq. (11) can not be used. On the other hand one can demonstrate 

that if 0 , eq. (8) results into the same equation presented in [9] related to the formulation where all sub-

regions must have the same Poisson’s ratio and Young’s modulus. Applying eq. (11) for all sub-regions one 

obtains the bending reciprocity relation for the whole plate, as follows: 
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dmw ijij

*,
S

mm

N

1m

m

*

ijij
m

mm

*

ijij
mm d,w,w1Ddm,w

D

D
                                        (12) 

where Ns is the sub-regions number. 

Equation (12) can be integrated by parts to give the following representation of deflection:  

)q(w)q(k
S
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N

1m

*
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where Nc is the total number of corners, Nint is the interfaces number, no summation is implied on n and s

that are local normal and shear direction co-ordinates, respectively; m  is the external boundary of sub-

region m , ja  represents an interface, being the subscript a referred to the adjacent sub-region to j  Nc0,

Nc1 and Nc2 are numbers of corners between boundary elements, between interface elements and between 

interface and boundary elements, respectively (see [9]); g  is the plate loaded area and 
)*(

ns

)*(

ns

*'

ci ,w,wR , being 
)*(

ns,w  the value of the curvature 
*

ns,w  after the corner i and 
)*(

ns,w  the value of 
*

ns,w  before the corner i.

In eq. (13) the free term )q(K  can assume several values depending on the position of the collocation 

point as follows: 1)q(K , 2/1)Q(K  and 2/)D/D1()Q(K a for internal points, boundary 

points and interface points, respectively. For the free term value on the corners see [9]. 

Note that in the case of having 0 , the integral representation of deflection is the same presented in 

[9] where are adopted the same Poisson’s ratio and Young’s modulus for all sub-regions. Equation (13) is the 

exact representation of deflection of a zoned plate bending problem. The interface values nV  and nM  were 

eliminated, remaining therefore the displacements w and n,w  along interfaces, while on the external 

boundary the usual four values are maintained: w ; n,w ; nM and nV .

 Observe that differentiating eq. (13) once one can obtain the integral representation of deflection 

derivative. One has to differentiate once more eq. (13) to obtain the curvature integral representations at 

internal points. Then, bending and twisting moment integral representations are obtained by simply applying 

the definition given in eq. (5). To obtain the shear force integral representation, completing the internal force 

values at internal points, one can differentiate the deflection derivative equation twice to apply the definition 

given in eq.(6). 
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 Equation (13) can be used for solving the bending problem of stiffened plates. In this case the 

interface collocation points are adopted on the interfaces. However we have considered some approximations 

for the displacements over the beam cross sections in order to translate the displacement components related 

to the beam interfaces to its axis. In this model instead of having interface collocations points we have 

collocations points placed along the beams axis. Thus the number of degrees of freedom is strongly reduced 

(for more details see [9]).   After introducing these approximations we have the deflections w and the 

deflections derivative n,w defined on the beams axis, while along the external boundary the usual four 

values are maintained: w ; n,w ; nM and nV . It is important to stress that despite of having all values 

referred to nodes defined along the beam axis the integrals are still performed along the interfaces. Thus, no 

singular or hyper-singular term is found when transforming the integrals representations into algebraic ones.  

4. Integral Representations 

As usual for any BEM formulation, the integral representations (13) are transformed into algebraic 

expressions after discretizing the boundary and interfaces into geometrically linear elements, where 

quadratic shape functions were adopted to approximate the variables.  

After writing the required number of algebraic equations, one can get the set of equations to solve the 

problem in terms of boundary and beam axis values. The boundary nodal values remained in the algebraic 

system are: one deflection w  and its normal derivative n,w , being the counterpart values given by the 

moment nM  normal to the boundary and the effective shear force nV . Along the beams axis we have 

defined only the displacements w and w,n. Besides on the corners is defined the deflection w and its 

counterpart value given by the corner reaction Rc. Thus two algebraic equations have to be written for each 

boundary node and other two relations for each beam axis node. For each boundary node we define two 

outside collocation points very near to the boundary, where the deflection representation (13) is written. For 

each beam axis node is defined one collocation point where are written two algebraic equations: one of the 

deflection and another one of the deflection normal derivative. The beam axis collocations points are 

coincident with the node when variable continuity is assumed or defined at skeleton element internal point 

when variable discontinuity is required. Besides, for both, boundary and interface corners, one extra equation 

of deflection must be written. 

After selecting the recommended collocation points and writing the corresponding algebraic relation for 

all of them, one obtains the standard set of equations given as usual by the following expression: 

TGPHU                          (14) 

where U contains the generalized displacement nodal values defined along the boundary and along the 

skeleton lines, P contains only boundary nodal tractions, and T is the independent vector due to the applied 

loads.

5. Numerical Application - Plate reinforced by two external beams 

The stiffened plate depicted in Fig. (2) is now shown to demonstrate the performance of the proposed 

formulation. The results are compared to a well-known finite element code (ANSYS, version 9), where shell 

elements have been used to discretize all floor slabs as well as the beams. Observe also that in the proposed 

model the elements placed at external beams ends, in the direction of the beam width, are automatically 

generated by the code, so that there is no need of defining them. 

The plate to be analysed is reinforced by two boundary beams, increasing the stiffness of the structural 

system mainly in the x1 direction, as shown in Fig. (2). A distributed load g of 0.04kN/cm2 is applied over all 

surface of the stiffened plate. The side defined by the coordinate cm100x1  (see Fig. 2) is considered 

fixed (w=w,n=0.0), while the remaining three sides are assumed free (Vn=Mn=0.0). For this analysis 

thickness tp=10.0cm, Poisson’s ratio p=0.2 and Young’s modulus Ep=3x103kN/cm2 were adopted for the 

plate, while tb=25cm, b=0.0 and Eb=2.7x104kN/cm2 were assumed for the beams. 
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Figure 2. Plate reinforced by two external beams a)geometry b)discretization 

 The adopted discretization is shown in Fig. (2b), where each plate side without beams as well as each 

beam axis was discretized by 12 quadratic elements, giving the total amount of 48 elements and 100 nodes.  

Deflections obtained in the plate middle axes x2 (defined for x1=0.0) and xp (defined for x2=120cm) are 

displayed, respectively, in Fig. (3) and (4).  Figures (5) and (6) show, respectively, the deflections and the 

bending moments along the beam axis xb (defined for x2=10.0cm). As can be seen the numerical results 

compare very well with the ones obtained by ANSYS. 
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Figure 6  – Moments M11 on the beam axis xb

6. CONCLUSIONS 

A BEM formulation based on Kirchhoff’s hypothesis for performing bending analysing of plates 

reinforced by beams has been extended to deal with reinforced plates composed by beams and slabs of 

different materials. So that different values of thickness, Young’s modulus and Poisson’s ratio can be defined 

for each plate sub-region. The beams are assumed as narrow sub-regions, without dividing the reinforced 

plate into beam and plate elements. Therefore this composed structure is treated as a single body, where 

equilibrium and compatibility conditions are automatically guaranteed by the global integral equations. In 

order to reduce the number of degrees of freedom some approximations are considered for the displacements 

along the beam cross section, leading to a model where the problem values are defined on the beam axis and 

on the plate boundary without beams. The performance of the proposed formulation has been confirmed by 

comparing the results with a well-known finite element code. 
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Abstract. Geodynamical problems are often solved by discrete element methods, which can 

describe possible damage in rock. The assessment of bumps occurrence in deep mines, which can 

occur during longwall mining, for example, belongs to the most serious tasks for mining engineers 

since its consequences are commonly fatal. Describing the problem in early stage of bumps (small 

displacements are considered) this is a stability assessment, as ones the wall loses its stability, the 

next movement of rock particles is not decisive. If gas explosion occurs in the rock, for example, 

discrete element method – hexagonal particles – can be applied in combination with boundary 

elements involving dynamical effects. Eigenparameters simulate the explosion. 

1. Introduction 

In this work interface between static, [1], and dynamical states before and at the moment of bumps 

is characterized. First the main idea is mentioned and basic formulas are derived, and then some 

applications to rock bumps are presented. Time-dependent problem with the D'Alembert forces, 

which are caused by very fast movement of the particles, leads to a simplification that the body of 

the rock and coal seam are substituted by hexagons, which are, or are not in a mutual contact. The 

material properties along the interfaces of adjacent hexagons are determined from the stress state, 

transformed to the contact tractions. The hexagons represent a possible shape of the grains the earth 

consists of. The most natural contact conditions obeying Generalized Mohr-Coulomb hypotheses 

may be simply introduced and, after imposing all such contact conditions, the localized damage, or 

"cracking" can be found out. The stability then depends on the "measure" of the touched zones. 

Mechanical behavior inside each element is either linear or non-linear (plastic, viscoelastic, 

viscoplastic, etc) and is expressed in terms of boundary elements. The effect of eigenparameters 

appears in our conception either in characterization of the plastic behavior or in expressing the gas 

exlosion in appended examples. In any case the uniform eigenparameters are used inside of the 

hexagon elements, so that integration of volume integrals is dropped out.  

2. Equilibrium in one element

Principal ideas of discrete elements (DEM) are adopted here: the domain defining the continuum 

(both mine and surrounding rock) is covered by non overlapping elements (grains) of hexagonal 

shape (generally various shapes of hexagons may be taken into account), see Fig. 1. In this paper, 

generalized Hooke’s law is used and non-linear behavior appears on the interfacial boundary due to 

Mohr-Coulomb hypotheses. Hence, the free hexagon element method presented here fulfills elastic 

material properties involving eigenparameters being assigned to the particles and other geotechnical 

material parameters (the angle of internal friction, the shear strength or cohesion, the tensile 

strength) are allocated on the interfacial boundary of the elements. As said above, the shapes of 

hexagonal elements can be diversified. On the other hand, considering the most particles are of the 
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same shape leads to very powerful iteration procedures, as the stiffness matrix can be stored in the 

internal memory of computers only ones, and during the iteration process only unknown 

displacements, spring stiffnesses and tractions along the interfaces change.  

Figure 1: Adjacent grains set up. 

     Let us consider a typical hexagonal element from the set nss ,...,1, , where n is the number 

of elements covering the original domain describing the system coal seam - rock overburden, with 

abscissa-shaped boundaries 6,...,1, lsl . In undeformed state the domain s  is equipped with a 

local coordinate system 210 xx (the problem is solved as two-dimensional). Elasticity being assumed 

in each hexagonal element is described by a well-known set of 8 equations for eight unknowns 

displacements )},(),,(),( 21 tutut sss
xxxu { , strains )},(),,(),,(),( 221211 tttt ssss

xxxx {  and 

stresses )},(),,(),,(),( 221211 tttt ssss
xxxx { , all being dependent on position sx  and time t .

In the sequel the index s  is dropped out for simplicity.  

     Generalized Hooke’s law relates strains and stresses as: 

)],(-),([=),( ttLt ijij µxx  ),(+),(=),( ttLt ijijij xx 2,1,,, ji           (1)                   

and the dynamical equilibrium is expressed as: 

2

2 ),(
=

),(

t

tu

x

t
i

j

ij xx

                                                 (2) 

     In (1) ijL  is the elastic material stiffness tensor, µ  is the eigenstrain tensor and ij is the 

eigenstress tensor, both being constant inside of each hexagonal element. In our case they describe 

sudden change of volume due to the underground gas blasting. Note that relation ijij µL

holds valid, and the eigenparameters can generally stand for plastic strain, relaxation stress, change 

of temperature, they can express hereditary problems, etc, which property may be used for more 

complicated problems. Moreover, the volume weight vector is neglected and  is the mass density 

being assumed to be constant in the entire element. 

     Integral equations will formulate an equivalent problem to (2): Consider a single hexagonal 

element (described by the domain s with its boundary sl ), being in a current state. In each 

hexagonal element the elastic material properties are taken into account, i.e., the element behaves 

linearly. This makes it possible to introduce only elastic material stiffness matrix, which is 

considered homogeneous and isotropic, and we get well-known integral equations being valid along 

the boundary abscissas of the hexagons: 
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where  is the point of observation, x  is the integration point, ijc  is a matrix its values depends on 

a position of the point of observation, and the subscript l  identifies the pertinence of the 

displacements and tractions to the element number s  (this index does not appear at the variables, 

again for simplicity), Tt
ii

t

tu

t

Tu
/

),(),(
2

2

2

2
xx

. For example, if uniform distribution of 

displacements and stresses is considered, ijijc
2

1
, where ij is the Kronecker symbol. If linear and 

regular distribution of hexagons is assumed (the vertex angles are 120 0 ), then ijijc
3

1
. The 

quantities with asterisks are given kernels.  

     The solution of the problem of elasticity in each hexagonal element s is realized by the 

simplest approximation. The positioning of DOFs can be carried out either at the middle of the 

boundary abscissas (uniform distribution of displacements and stresses - tractions) or at the vertices 

of the hexagons - then the distribution of boundary displacements and tractions is linear. 

     Without loss of generality, assuming the uniform distribution of boundary quantities 

(displacements ),( Tui x  and tractions ),( Tpi x , 2,1i ), and uniformly distributed eigenstrains 

)(Tiµ  in the domain s , and, furthermore, placing the points of observation successively at the 

points l , which are centered at the boundary abscissas of the hexagonal elements, the integral 

equation (3) turns to: 

6,...,1=,2,1=,d);()(+d);()()(+

+d);()(-d);()(=)(
2

1

**

**

ljTuTuT

pTuuTpTu

lijilij

l

i

lij

l

ilij

l

i

l

j

ss

slsl

xxxx

xxxx

µ

         (4) 

where )(and),(,)( TbTpTu l

i

l

i

l

i are values of the relevant quantities positioned at the 6,...,1=,llx ,

i.e. ),(=)( TuTu li

l

i x , and ),(=)( TpTp li

l

i x . Point out again that the density  is considered 

uniform inside of each element, and Ttt

tu
Tu

lil

i =

),(
=)( 2

2
x

.

     Note that if uniform distribution of eigenparameters is assumed inside of the particles the 

integrals of kernels belonging to the eigenstains in (5) can easily be calculated using Eshelby’s 

forces. Knowing the form of kernels and substituting the approximations for boundary 

displacements and tractions, for the volume weight and eigenstrains matrix, the following equations 

are obtained: 

,=,=,=,+=,+= 111
qBQfBFABKQFKuqfAu     (5)                   

where KBA and,, are square matrices (12 * 12), u  is the vector of displacement approximations, 

Ff and  are the vectors of approximating tractions, V involve the influences of the inertia forces 

while Qq and   are the vectors of effects of the eigenstrains. The latter are vectors (12*1). Note that 
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the stiffness matrix K  is different from that arising in applications of finite elements (here it is 

prevailingly non-symmetric square matrix). 

     For the next purpose write the matrix equation (5) as: 

6,...,1=,,++=+,++=+ 2222
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1

21
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1
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KK
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                                        (6) 

     Index i  denotes the number of row and index j  stands for the number of slope in the above 

matrix notation. 211211 ,, KKK and 22
K  are matrices (6*6) and the other quantities in (6) are vectors 

(6*1). Subscript 1 denotes the quantities in 1x -direction and index 2 describes quantities in 2x -

direction.

3.  Current equilibrium inside the particle with fixed neighborhood 

If each hexagonal element is considered small enough, lump mass dynamical problem can be formulated. 

Suppose the only element s  can move while the others in the neighborhood remain stable. Now we are able 

to fill in the distinctive terms in (6). The unknowns in the formulation of the problem will be displacements 

along the boundaries of elements in 1x and 2x directions, which create interfaces between adjacent elements. 

In the element s  the interfacial forces act (formulations for general approximation, not only for uniformly 

distributes displacements and tractions along the boundaries): 

In 1x - direction: 
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and similarly in 2x -direction. Vector },{ 21

sjsjsj VVV  is the term expressing the influence of the dynamical 

forces.

     As the eigenparameters stand here for description of explosion no shear components are considered in (7). 

This means that the rotation of particles is suppressed, as this is mostly caused by irregular shape of the 

particles, so that this assumption is versatile. Since the internal equilibrium has to be fulfilled, for the force 

resultants it inevitably holds 
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Decoding the latter equations yields using (6) yields 
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which is a system of 12 equations for 12 unknowns displacements, six in 1x direction and six in 2x

direction. This system is always solved in an iteration step, in which the neighboring elements are considered 

fixed and the values of displacements are taken from the previous step.  

4.  Example 

Hereinafter study on a longwall mining after gas explosion loading is carried out. Before tackling 

the concrete problems, some simplifications will be introduced. First the volume weight forces 

ib can be neglected, as only a small part of the rock mechanically cooperates with the coal seam. 

The effect of overburden (mostly several hundreds of meters) is simulated as loading along the 

upper part of the domain describing the whole system rock – coal seam. There is no aim to delve 

into details concerning the description of the time development steps, which are based on finite 

differences. The formulas for that are exactly the same as those used for PFC and other distinct 

element codes, see [2].  

     The domain describing the problem is a rectangle of 26 m x 9.5 m, the coal seam is 4.75 m high. 

Regular distribution of hexagons is considered, internal radius of each hexagon is 0.25 m, the adit 

has the width 3 m. Number of particles is 1532. Material parameters of the rock mass have the 

following values: the elastic modulus E = 50 GPa, the shear modulus G = 20 GPa, the angle of 

internal friction is 25 degrees, the shear strength c  = 1 MPa and the tensile strength =+

np  100 kPa. 

The coal seam is characterized by E  = 5 GPa, G = 2 GPa, the angle of internal friction and the 

shear strength vary. The load due to the volume weight  = 25 kN/m 3  is given by the overburden. 

Depth of the mine is considered as 1000 m. In Fig. 2 setting of hexagonal elements is seen, shaded 

part describes the coal seam and the upper part the overburden. Also boundary conditions are 

simulated by rollers along the outer boundary. The zone of explosion 10 m x 4 m is also marked. 

The boundary of the blast of gas is 10 m far from the face of opening. In the following pictures each 

particular hexagonal element is drawn in undeformed shape (regular hexagons), although they 

undertake a local deformation (described by movement of centers of gravity of deformed elements). 

The reason is that the accumulation and fictitious overlapping of particles underlines a 

concentration of stresses. 

Figure 2: The region of gas explosion in the coal seam 

     The explosion of the gas is simulated by eigenstrains, which are applied inside of the coal seam 

and do not change during the development of time dependent deformation in the system rock - coal. 

Affect of the blast magnitudes on the face stability are solved. 

     The damage caused by the blast the magnitude of which attains 10 MPa is seen in Figs. 3 and 4.  

Vertical disconnections in a large band along the upper part of the coal seam are obviously seen in 

the pictures. In this band the largest nucleation of cracks is concentrated and according to various 

material properties the behavior in this band is slightly different. It seems remarkable that the face 
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deforms very similarly for all cases of material properties. The most different changes are observed 

right ahead and even above the center of explosion. 

Figure 3: Movements for np  = 10 kPa, c = 150 kPa, gas pressure = 10 MPa. 

Figure 4: Movements for np  = 40 kPa, c = 250 kPa, gas pressure = 10 MPa. 

5.  Conclusions 

Dynamical behavior in a coal seam due to a gas explosion at the moment of rock burst and closely 

after it is studied in this paper. In comparison with classical DEM, for instant with the PFC, we start 

with different shape of particles to have possibility to obtain also stresses in the particles and 

between them and with static equilibrium in the state when no inertia forces may occur. If dynamic 

origin of loading is expected the kinetics of the moved particles is employed. The inertia part of the 

governing equations starts to prevail and becomes active. Generally, in contradiction with the PFC 

dynamical equilibrium is taken into consideration after sufficient differences in movements of the 

hexagonal elements. Regular distribution of elements speeds up the iteration and also better 

overview on behavior of particles is provided by the pictures. 
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Abstract. A study of the application of Boundary Element Methods to problems involving non-homogeneous
materials like Functionally Graded Materials (FGMs) is presented. The Analogue Equation Method (AEM) is
used to transform the original problem into a new problem with unknown forcing term but known fundamental
solution. By means of this transformation an undetermined system of Boundary Integral Equations (BIEs) can
be obtained combining standard boundary element discretization and Radial Basis Functions (RBFs) approx-
imation for the residual term. The application of the original differential operator to the displacement BIE
provides the extra equations to compute the unknown forcing term. The boundary character of the method is
maintained since the integrals involved in the equations are limited only to the boundary if radial basis func-
tions are selected in such a way that the corresponding analogue equation could be solved analytically. A
performance analysis of several radial approximations is presented according to different types of radial func-
tions and the number and distribution of radial source points. In the same way the application of the method to
wave propagation problems in frequency domain is studied for different wave lengths.

Introduction

The Boundary Element Method (Brebbia and Domínguez [1]) (BEM) has been used successfully for solving
many engineering problems governed by systems of partial differential equations. The key feature of the method
is that only boundary discretization is required in order to solve the problem. Nevertheless a fundamental so-
lution is needed in analytical form or with low computational cost. In practice, this condiction often limits the
application of the BEM to constant coefficient systems. The introduction of new materials including function-
ally graded materials (FGMs) has increased the interest in boundary methods capable of dealig with materials
exhibing heterogeneous composition.

Several techniques has been used to avoid these problems including change of variable ([2, 3]) that des-
pite the advantage that the fundamental solution is obtained in analytical form, the application fields is strongly
limited to a small range of variation of properties. Other approaches including Localized Boundary Element
Method ([4, 5]) and Dual Reciprocity Method (DRM) [6–8] has been tested for this type of materials. To
simplify and automate these methods a combination of analog equation Method (AEM) and DRM approaches
has been used [9] to make the choice of the fundamental solution independent of the problem.

The accuracy of this approaches are strongly dependent on the function used in the approximation
[10, 11]. A variety of interpolation functions will be tested in this work for the solution of 2D problems using
the AEM-BEM.
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Problem Statement and Solution Method

The response of a nonhomogeneous body is governed by the boundary value problem:

Lij(uj) + bi(x) = 0 en x ∈ Ω (1)

Gij(uj) + hi(x) = 0 en x ∈ Γ (2)

Where ui = ui(x) is the response of the body, i represents the problem dimension, Lij are a general second-
order elliptic operators defined in Ω and Gij are general linear firs order operators defined in Γ.
Conventional BEM approach demands to obtain the fundamental solution for Lij operators. At present time
there is no formulation for solving a general case in closed analytical form. According to AEM [9], for a
problem well-posedness in the Hadamard with u(x) solution we can re-write the previous equations to obtain:

0

Lij(uj) + b̂i(x) = 0 en x ∈ Ω (3)

Gij(uj) + hi(x) = 0 en x ∈ Γ (4)

For the above system displacement BIE can be written as:

cm
i (z)

[
ui(z)−

∑
j

αj ûi(z;yj)
]

+
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Γ

[
ui(x) −
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j

αj ûi(x;yj)
] 0

Qm
i (x; z)dΓ(x)

=
∫

Γ

[
qi(x) −

∑
j

αj q̂i(x;yj)
] 0

Um
i (x; z)dΓ(x)

(5)

Where the unknownn forcing has been transferred to the boundary using DRM techniques [6]. This step is

always possible if we select the appropiate
0

Lij operator. Due to b̂i(x) is unknown new equations are needed,
so following Katsikadelis [12] we apply the original differential operator to the previous equation obtaining:
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+

∫
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(6)

In order to close the problem, for a general set of boundary conditions defined by (2) a new equation derived
from (5) must be built:

−dl
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+

∫
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Gkm

[ 0

Qm
i (x; z)

]
dΓ(x)

(7)

Many times the equation (7) can be simplified or even not used according to the type of problem,
0

Lij operator, or
the selected discretization. In this work Laplace operator will be used as auxiliary operator and scalar problems
with “flux” (type ∂u

∂n ) boundary conditions will be tested so the boundary conditions will be imposed directly
and equation (7) will not be used.

Interpolation Functions

Performance of AEM-BEM approach for 2D scalar problems will be tested using the following RBFs :

• Interpolation type f(r) = c + r:

This (with c = 1) was the most popular choice for these methods until the 90s[13]. The parameter allows
the inclusion of a new equation for energy minimization or equivalence condtitions.
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• Interpolation type f(r) =
√

c2 + r2:

Multiquadrics was one of the first improves in order to achieve more accurate results [12].

• Interpolation type ATPS:

Golberg [14] proposed the use of augmented thin plate splines (ATPS) for building systems with better
conditioning which in R

2 and in R
3 are represented with:

R
2 → b(x) ≈

M∑
j

αjr
2
j Log(rj) + a1x1 + a2x2 + a0

R
3 → b(x) ≈

M∑
j

αjrj + a1x1 + a2x2 + a0

Where
M∑

j=1

αj =
M∑

j=1

αjx1(xj) =
M∑

j=1

αjx2(xj) = 0

• Interpolation type Supported Spline:

This supported type approximation [15, 16] uses functions with local nature allowing interpolation inde-
pendence among different zones of the domain.

b(x) ≈
M∑
j

αjf(rj) + a1x1 + a2x2 + a0

f (rj) =

⎧⎨
⎩1 − 6

(rj

s

)2
+ 8

(rj

s

)3 − 3
(rj

s

)4
0 � rj � s

0 rj � s

Where
M∑

j=1

αj =
M∑

j=1

αjx1(xj) =
M∑

j=1

αjx2(xj) = 0

Numerical Examples

As stated before scalar 2D problems will be tested. Constant element discretization has been selected for sim-
plicity. Only interior points will be used for interpolation functions but improvements are expected extending
this to the boundary. A minimum distance from interior points to the boundary for avoiding explosive diver-
gences has been set to 1.5 element length.
Example 1: The first problem considered will be the thermal distribution in a plane body with mixed boundary
conditions (See Figure 2) governed by

∇ • {K(x)∇T} = 0 in Ω (8)

Where K(x) = (2x + y + 2)2

The following solution of the diferential operator will be used with its respective boundary values:

T (x) = 100 +
6x2 − 6y2 + 20xy + 30

2x + y + 2
(9)

This case has been selected because by means of a variable transform [2] it can be turned into a conventional
Laplace problem so we can easily pose a comparition in terms of accuracy. In Figure 1 is presented the evolution
of the mean error (percentage) of the calculated T in the boundary versus the number of equations for 100
interpolation functions. The behaviour for interior points, boundary flux as well as an increase of interpolation
functions is similar, so the graph is representative in terms of trends. The only exception is multiquadrics.
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Instabilities are more marked with the increase of interpolation functions and calculations at interior points or
for derivative variables.
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Figure 1: T Mean Error - B.E. Variation - NI = 100
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Figure 2: Boundary Conditions

Example 2: The next problem considered will be a general second order operator applied to the same plane
boby.

y2uxx + 2x2uyy + 2xyuxy + xux − yuy + u = ex{[10 + 7sen(2y)][1 + x − 7x2] + [14cos(2y)][2xy − y]}
(10)

The following solution of the differential operator will be used with its respective boundary values:

u = ex[10 + 7sen(2y)] (11)
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Figure 3: U Mean Error - B.E. Variation - NI = 100

In the Figure 3 is presented the
evolution of the mean error (per-
centage) of the calculated U in
the boundary versus the num-
ber of equations for 100 inter-
polation functions. Again, con-
ditioning problems are present
for multiquadrics. The conver-
gence speed is lower than in
the previous case and a increase
of the number of internal nodes
above 2-3 times boundary ele-
ments means small improves in
terms of accurcy.

Example 3: Next the plane body will be a 1x1 square with mixed boundary conditions under:

∇2u − 2
1 + x + y

ux − 2
1 + x + y

uy +
[
2w2 +

4
(1 + x + y)2

]
u = 0 (12)

The following solution of the differential operator will be used with its respective boundary values:

u = [1 + x + y]sen(wx)sen(wy) (13)
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Interpolation Type NI U Mean Error Q Mean Error
Multiquadrics c=1 900 - -

1600 - -
Multiquadrics c=0.1 900 0.186 1.22

1600 0.192 1.19
ATPS 2D 900 4.08 2.60

1600 1.30 1.33
ATPS 3D 900 55.4 22.4

1600 20.6 10.1
Spline s=0.5 900 0.701 0.939

1600 1.09 1.48
Spline s=0.2 625 0.659 0.767

900 0.140 0.270
1600 0.0594 0.184

Spline s=0.1 900 0.910 0.655
1600 0.230 0.224

Spline s=0.05 900 76.6 27.1
1600 26.5 13.7

Table 1: Mean Error in Boundary - U, q

In this example case w = 20
will be studied. This example
is selected in comparision to the
previous cases to check a pro-
blem with a high number of cy-
cles of variation inside the do-
main. This type of problems en-
tails a greater number of inter-
nal nodes to achieve accurate re-
sults. It’s interesting to point
out that the shape of the field
solution is captured by the al-
gorithm and the difference be-
tween exact and calculated so-
lution adopts the form of an at-
tenuation. Since a relative small
number of equations is neces-
sary to identify the shape of the
solution, this information can be
used for an adaptative algorithm
to obtain improved results.

Conclusions

The main objective of this work was to test the sensitivity of the implementation of the AEM-BEM approach
to the choice of radial basis functions (RBFs). We have found that in problems with “soft” variations of the
residual term (mainly steady problems) the AEM-BEM is an accurate approach with a relative small number of
internal nodes and a proportion of 25-50% (internal nodes - total equations) seems to be the best combination
for not wasting numerical efforts.
In terms of stability ATPS and augmented Splines has the best behaviour due to they are designed to produce
positive defined matrix in the direct problem. In the opposite side multiquadrics as shown instabilities and lack
of convergence. In terms of accuracy ATPS 2D has generally shown the best results. Splines has achieved
the highest accuracy in problems with many cycles of variation. However, when using these functions, a new
variable is introduced: the size of the support, and there is no rigorous guideline on how to choose it, which
affects largely the accuracy and the convergence of the code.

References

[1] Brebbia C.A. y Dominguez J. Boundary elements, an introductory course. McGraw-Hill, New York,
1992.

[2] Shaw, R. P. Green’s functions for heterogeneous media potential problems. Engineering Analysis with
Boundary Elements, 13:219–221, 1994.

[3] Chan Y.S., Gray L.J. , Kaplan T. y Paulino G.H. Green’s function for a two-dimensional exponentially
graded elastic medium. Proceedings of the Royal Society of London A: Mathematical, Physical and
Engineering Sciences, pages 1689–1706, 2004.

[4] Sladek V., Sladek V., Zhang Ch. y Krivaceck J. Local biem for transient heat conduction analysis in 3-d
axisymmetricfunctionally graded solids. Computational Mechanics, 2003.

[5] Mikhailov S.E. Localized direct boundarydomain integrodifferential formulations for scalar nonlinear
boundary value problems with Journal of Engineering Mathematics, 2006.

Advances in Boundary Element Techniques X 137



[6] Partridge P.W., Brebbia C.A. y Wrobel L.C. The Dual Reciprocity Boundary Element Method. Computa-
tional Mechanics Publications, Southampton, 1992.

[7] L. Marin, L. Elliott, P.J. Heggs, D.B. Ingham, D. Lesnic, and X. Wen. Dual reciprocity boundary element
method solution of the cauchy problem for helmholtz-type equations with variable coefficients. Journal
of Sound and Vibration, 2006.

[8] Ang W.T., Clements D.L. y Vahdati N. A dual-reciprocity boundary element method for a class of elliptic
boundary value problems for non-homogeneous anisotropic media. Engineering Analysis with Boundary
Elements, 2003.

[9] Katsikadelis J.T. The analog equation method - a powerful bem-based solution technique for solving
linear and nonlinear engineering problems. Computational Mechanics Publications - Boundary Element
Method XVI, 1994.

[10] Golberg M. A. , Chenb C. S. y Bowman, H. Some recent results and proposals for the use of radial basis
functions in the bem. Engineering Analysis with Boundary Elements, 23(4):285–296, 1999.

[11] Buhmann M. Radial Basis Functions: Theory and Implementations. Cambridge University Press, Cam-
bridge, 2003.

[12] Katsikadelis J. T. The bem for non homogeneous bodies. Archive of Applied Mechanics, 74:780–789,
2005.

[13] Partridge P.W., Brebbia C.A. y Wrobel L.C. The Dual Reciprocity Boundary Element Method. Computa-
tional Mechanics Publications: Southampton and Elsevier Applied Science, New York, 1992.

[14] Golberg M.A. The numerical evaluation of particular solutions in the bem:a review. Archive of Applied
Mechanics, 6:99–106, 2005.

[15] Atluri S.N. y Shen S. The Meshless Local Petrov-Galerkin (MLPG) Method. Tech Science Press, Stuttgart,
2002.

[16] Gao X.W., Zhang Ch. y Guo L. Boundary-only element solutions of 2d and 3d nonlinear and nonhomo-
geneous elastic problems. Engineering Analysis with Boundary Elements, 31(12):974–982, 2007. Kluwer
Academic Publishers.

138 Eds: E.J. Sapountzakis, M.H. Aliabadi




