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Abstract. This paper presents a boundary element formulation for the analysis of symmetric laminate
composite shallow shells where only the boundary is discretized. Classical plate bending and plane
elasticity formulations are coupled and effects of curvature are treated as body forces. Body forces are
written as a sum of approximation functions multiplied by coefficients. Domain integrals which arise
in the formulation are transformed into boundary integrals by the radial integration method. The
accuracy of the proposed formulation is assessed by comparison with results from literature.

Introduction

Nowadays, the demand for construction of advanced aerospace, automotive, and marine structures
has increased the interest in composite laminated shells. Some requirements, as for example high
strength-to-weight ratio, good resistance to corrosion, as well as long fatigue life, cannot be obtained
with the use of metallic or any other engineering materials except composites. Other requirements, as
aerodynamic profile and good stealth characteristics demand curved structures or shell like structures.
Although the large majority of papers about the numerical analysis of composite shells are related to
the finite element method, there are few works in literature that present boundary element formulations
applied to orthotropic or even anisotropic shells [1, 2, 3]. However, all these works involve complicated
fundamental solutions that need to be computed numerically. An alternative approach to the these
previous formulations is the coupling of plate bending and plane elasticity formulations, as proposed
by Zhang and Atluri [4] who derived a formulation for static and dynamic analysis of isotropic classical
shallow shells. Domain integrals were computed by the domain discretization into cells. Dirgantara
and Aliabadi [5] extended this approach to the analysis of shear deformable isotropic shallow shells.
For the best of authors knowledge, there is no paper in the literature for anisotropic shells using the
coupling of plate bending and plane elasticity formulations.

In this paper, a boundary element formulation for anisotropic shallow shells with no domain
discretization is presented. Classical plate bending and plane elasticity formulations are coupled and
effects of curvature are treated as body forces. The domain integrals due to body forces are transformed
into boundary integrals using the radial integration method. Numerical results are presented to assess
the accuracy of the method. Displacements computed using the proposed formulation are in good
agreement with results available in literature.

Boundary integral equations

Consider a shallow shell of an anisotropic elastic material with the mid-surface being described by
z = z(x1, x2). The base-plane of the shell is defined in a domain Ω in the plane x1, x2 whose boundary
is given by Γ.

Using the equilibrium equation of shallow shells, the reciprocity relation, and the Green theorem,
it is possible to derive integral equations that can be divided in terms of plane elasticity and plate
bending formulations as shown by Zhang and Atluri [4] for isotropic shallow shells. These equations
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are coupled by the domain integrals that arise in both of them. Integral equations for the plane
elasticity formulation are given by:

cijuj +

∫
Γ

t∗ik(Q,P )uk(P )dΓ(P ) =

∫
Γ

u∗

ik(Q,P )tk(P )dΓ(P )

+

∫
Ω

Cκkju3u
∗

ik,j(Q,P )dΩ, (1)

where i, j, k = 1, 2; uk is the displacement in directions x1 and x2, ti = Nijnj, Nij are membrane
forces applied in the shell; u3 stands for the displacement in the normal direction of the shell surface;
κ depends on the curvature radii Rij of the shallow shell; kij are the inverse of curvature radii. P is
the field point; Q is the source point; and asterisks denote fundamental solutions. The anisotropic
plane elasticity fundamental solutions can be found, for example, in [6]. The constant cij is introduced
in order to take into account the possibility that the point Q can be placed in the domain, on the
boundary, or outside the domain.

The integral equation for the plate bending formulation is given by:

Ku3(Q) +

∫
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n(Q,P )
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∫
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3(Q,P ) − mn(P )
∂u∗

3

∂n
(Q,P )

]
dΓ(P )

+

∫
Γ

Cκnjui(P )u∗

3(Q,P ) dΓ(P ) +

∫
Ω

C
κij

ρij
u∗

3(Q,P )u3(P ) dΩ

+

∫
Ω

[Cκij(P )u∗

3(Q,P )]
,j

ui(P ) dΩ, (2)

where ∂()
∂n

is the derivative in the direction of the outward vector n that is normal to the boundary Γ;
mn and Vn are, respectively, the normal bending moment and the Kirchhoff equivalent shear force on
the boundary Γ; Rc is the thin-plate reaction of corners; u∗

3ci
is the transverse displacement of corners;

q3 is the domain force in the x3 direction; The constant K is introduced in order to take into account
the possibility that the point Q can be placed in the domain, on the boundary, or outside the domain.
As in the previous equation, an asterisk denotes a fundamental solution. Fundamental solutions for
anisotropic thin plates can be found, for example, in [7].

As can be seen, domain integrals arise in the formulation owing to the curvature of the shell. In
order to transform these integrals into boundary integrals, consider that a body force b is approxi-
mated over the domain Ω as a sum of M products between approximation functions fm and unknown
coefficients γm, that is:

b(P ) =
M∑

m=1

γmfm. (3)

The approximation function used in this work is:

fm1
= 1 + R, (4)

Equation (3) can be written in a matrix form, considering all source points, as:

b = Fγ (5)
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Thus, γ can be computed as:

γ = F−1b (6)

Body forces of integral equations (1) and (2) depend on the displacements. So, using equation
(6) and following the procedure presented by Albuquerque et al. [8], domain integrals that come
from these body forces can be transformed into boundary integrals. Then, by discretization of these
boundary integrals, a matrix equation can be obtained. Finally, after applying boundary conditions,
this matrix equation is transformed in a linear system that can be solved to find the unknowns of the
shell problem.

Numerical results

In order to assess the accuracy of the proposed formulation, consider a square spherical shallow shell,
as shown in Figure 1. The geometry and material properties of the shell are as follow: length of the
base edge of the shell a =0.254 m, thickness h = 0.0127 m, curvature radii R1 = R2 = R = 2.54 m
(R12 = R21 = 0), elastic moduli E2 = 6.895 GPa and E1 = 2E1, Poisson ratio ν12 = 0.3, and shear
modulus G12 = E2/[2(1 − ν12)]. The shell is under a uniformly distributed load in the transversal
direction (internal pressure) q3 = 2.07 MPa (q1 = q2 = 0).

h

R

R

x1

x2

a

a

Figure 1: Square spherical shallow shell.

This problem was analysed considering two types of boundary conditions, i.e., clamped and simply-
supported. Three meshes were used. Mesh 1 has 12 constant boundary elements and 9 internal
points, mesh 2 has 20 constant boundary elements and 25 internal points, and mesh 3 has 28 constant
boundary elements and 49 internal points. Mesh 3 is shown in Figure 2. All meshes have elements of
equal length and uniformly distributed internal points.

Figures 3 and 4 show results for the clamped and simply-supported boundary conditions, re-
spectively, together with meshless results obtained by Sladek et al. [9] for the same problems but
considering the shell as shear deformable.

As it can be seen, the results for the clamped boundary conditions are in good agreement with the
meshless results while for the simply-supported boundary conditions they are slightly lower.
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Figure 2: Mesh and internal points for the square shallow spherical shell.
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Figure 3: Transversal displacement for the spherical shell with clamped edge.
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Figure 4: Transversal displacement for the spherical shell with simply-supported edge.

Conclusions

This paper presented a boundary element formulation for the analysis of symmetric laminated com-
posite shallow shells where domain integrals are transformed into boundary integrals by the radial
integration method. As the radial integration method doesn’t demand particular solutions, it is easier
to implement than the dual reciprocity boundary element method. Results obtained with the proposed
formulation are in good agreement with results presented in literature.
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Abstract. This paper presents a simple procedure to improve the accuracy of numerical calculations 

with the Boundary Element Method. In the BEM, values at internal points are usually determined 

through the application of an integral equation after all the boundary values are calculated. In this 

work, it is shown that the same idea can be used to improve the accuracy of the boundary results. 

The aim of this numerical procedure is to correct the boundary values by recalculating them through 

the use of a boundary integral equation, based on the boundary values calculated previously. The 

procedure is applied to the solution of the Laplace equation. Numerical results are compared with 

analytical ones to show the improvements obtained with the proposed technique.  

Boundary Integral Equation 

Let u(x) be a scalar potential in a two-dimensional domain . Considering mathematical 

fundamentals of the Theory of Integral Equations [1], an integral equation equivalent to the Laplace 

equation may be written as:  

* *u( ) u ( ;X)q(X)d q ( ;X)u(X)d                                                                              (1)              

in which q(X) is the normal derivative of u(X) and  defines the boundary. The two-dimensional 

fundamental solutions are of the form:  

       u*( ;X)=(-1/2 ) ln r( ;X)                                                                                                           (2) 

       q*( ;X)=(-1/2 r) r,i ni                                                                                                                  (3) 

where r( ;X) is the Euclidean distance between the source point  and the field point X, and ni is the 

external unit normal vector at the field point. When the source point is positioned on the boundary, 

u*( ;X) and q*( ;X) present singularities. The mathematical procedure applied to solve this 

problem considers the domain  augmented by a circular sector of radius  centered at  and then 

takes the limit as 0 [2]. Considering this extended boundary, the integral equation (1) may be 

rewritten as:  
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* * *

0
u( ) u ( ;X)q(X)d lim q ( ;X)u(X)d q ( ;X)u(X)d                                   (4) 

The third integral in eq (4) must be studied considering an extra potential field u( ), that is:

* * *

0 0
lim q ( ;X)u(X)d lim{ q ( ;X)[u(X) u( )]d q ( ;X)u( )d }                         (5)                

Provided u(X) is a continuous function, a Taylor series expansion of first order may hold in the first 

term on the right-hand side of eq (5). Taking into consideration that, in a circular sector, r

and d d , results in: 

* i i
i i

0 0 0

[u, ( ) x ]1 1
lim{ q ( ;X)[u(X) u( )]}d lim{ }d lim{ u, ( )n d } 0

2 2
       (6) 

If u(x) satisfies the Holder condition, the second integral on the right-hand side of eq (4) exists in 

the Cauchy Principal Value (CPV) sense [2]. The second term on the right-hand side of eq (5) can 

be easily integrated, but it is left here in general form because of its dependence on the internal 

angle between adjacent elements [2]. Thus, the integral equation for source points located on the 

boundary is given by: 

* * *

0
u( )[1 lim{ q ( ;X)d }] c( )u( ) u ( ;X)q(X)d q ( ;X)u(X)d                             (7) 

Following standard BEM discretisation and integration procedures [2], eq (7) is collocated at a 

number N of source points, generating the system of equations:  

                                                               

H U – G Q = 0                                                                                                                            (8) 

Recursive Boundary Element Procedure 

The solution of the BEM system (8) provides the missing potential or its normal derivative at all N 

boundary nodes. Regarding internal unknowns, it is possible to determine their values by directly 

using the integral eq (1) for source points inside the domain. The accuracy for the internal variables 

is usually better than for the boundary ones.  

The discrete form of eq (1), for a boundary point and considering smooth boundaries, can be written 

as:

N N
i e i e i

k k k k

e 1 e 1e e

(0.5)u( ) Q u *( ;X)d U q*( ;X)d                                                       (9) 

where k are the interpolation functions and 
e

kQ  and 
e

kU  are the nodal values at the boundary. The 

potential values and their spatial derivatives in the xj direction (or normal and tangential directions) 

can be also calculated. However, the integral equations for the spatial derivatives are hyper-singular 

[3-5]. Taking the Cartesian derivatives of eq (1) and using the Leibniz rule gives:   
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* *

i i i iu, ( ) q ( ) q, ( ;X)u(X)d u, ( ;X)q(X)d                                                         (10) 

where:

* *

i i iu, ( ;X) q (1/ 2 r)r,                         (11) 

* * 2

i i i j j j,i jq, ( ;X) p (1/ 2 r )[2r, r, n r n ]                   (12) 

Considering, as previously, an augmented sector of radius  and applying a constant potential field 

u( ) in the complete domain for convenience, eq (10) can be rewritten as:   

* *

i i i
0

* *

i i

q ( ) lim{ p ( ;X)[u(X) u( )]d p ( ;X)[u(X) u( )]d

q ( ;X)q(X)d q ( ;X)q(X)d }

                                       (13) 

On the augmented boundary the expression of pi* ( ;X) can be simplified as:  

* 2

i ip ( ;X) (1/ 2 )n                                                                                                                (14) 

in which r   and r,i = ri/  . Taking into consideration the last equation and a first-order Taylor 

expansion, the second integral on the right-hand side of eq (13) results in: 

* 2

i i j j i j j
0 0 0

lim{ p ( ;X)[u(X) u( )]d } lim{ (1/ 2 )n [u, x ] d } lim{ (1/ 2 )n [u, n ] d }      (15) 

Except for the negative sign, the same result can be found by analysing the last integral on the right-

hand side of eq (13). The complete expression is dependent on the internal angle between 

neighboring element [3-5], represented here simply as s( ). Considering smooth boundaries, 

especially when constant boundary elements are used, the result of eq (15) is 0.5qi. For the 

remaining integrals, the two limits exist when considered together in a CPV sense [5]. Thus, taking 

into consideration the former procedures, eq (13) can finally be written as:  

* *

i i is( )q ( ) CPV{ p ( ;X)[u(X) u( )]d q ( ;X)q(X)d }                                                 (16) 

Once the boundary values are calculated, eq (16) can be discretised and applied to points i on the 

boundary:   

N N
j j e * j e * j

i k k i k k i

e 1 e 1e e

s( )q ( ) CPV{ Q q ( ;X)d U p ( ;X)d }                                       (17) 

Numerical Simulations 

All the following numerical simulations consider a semi-circular domain, with zero normal flux 

along the curved boundary and a prescribed temperature along the horizontal boundary. The 

temperature values are discontinuous at r=0, according to Fig.1. The BEM discretisation has 22 
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Y

constant elements. The geometric nodes (extreme points) of the boundary elements along the 

circular boundary were taken as new points for the application of the recursive BEM (RBI).  

Fig. 1: Semi-circular domain subjected to a discontinuous temperature field 

Table 1 presents analytical and numerical results for the temperature at nodal points. Although a 

small number of boundary elements is used the numerical results display very good accuracy, with 

the largest errors appearing near the corners. 

(o) X Y NUMERICAL ANALYTICAL ERROR (%) 

10 .38794E+01 .68405E+00 .5175E-01 .5555E-01 6.85 

30 .34115E+01 .19696E+01 .1644E+00 .1667E+00 1.38 

50 .25321E+01 .30176E+01 .2764E+00 .2778E+00 0.50 

70 .13473E+01 .37016E+01 .3880E+00 .3889E+00 0.23 

85 .34730E+00 .39696E+01 .4719E+00 .4722E+00 0.06 

95 -.34730E+00 .39696E+01 .5281E+00 .5277E+00 0.08 

110 -13473E+01 .37016E+01 .6120E+00 .6111E+00 0.15 

130 -.25321E+01 .30176E+01 .7236E+00 .7222E+00 0.19 

150 -34112E+01 .19696E+01 .8355E+00 .8333E+00 0.26 

170 -.38791E+01 .68405E+00 .9483E+00 .9444E+00 0.41 

Table 1 - Temperatures at nodal points calculated directly on the circular boundary 

Table 2 shows normal derivatives on the horizontal boundary. Results have the same value but 

opposite sign for negative values of the coordinate x. Comparing with the temperature results, it can 

be seen that there is a decrease in numerical accuracy.   

X Y NUMÉRICAL ANALYTICAL ERROR (%) 

.350E+01 .000E+00 .9631E-01 .9095E-01 5.89 

.250E+01 .000E+00 .1251E+00 .1273E+00 1.73 

.175E+01 .000E+00 .1819E+00 .1819E+00 0.00 

.125E+01 .000E+00 .2502E+00 .2546E+00 1.73 

.750E+00 .000E+00 .3592E+00 .4244E+00 15.36 

.250E+00 .000E+00 .1557E+01 .1273E+01 22.31 

     Table 2 - Normal fluxes at nodal points calculated directly on the horizontal boundary  
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Table 3 contains temperature results on the circular boundary obtained with the recursive use of the 

BEM. The comparison of results in this table with results presented in Table 1 shows a similar level 

of accuracy for both cases. In principle, the RBI does not appear to improve significantly the 

accuracy of the original temperature results in this case. It must be noted that the points selected for 

the RBI procedure connect two straight boundary elements, being necessary to determine the 

correct angle between them to determine s( ).

X Y NUMERICAL ANALYTICAL ERROR (%) 

. 37588E+01 .13681E+01 .1081E+00 .1111E+00 2.70 

.30642E+01 .25711E+01 .2204E+00 .2222E+00 0.81 

.20000E+01 .34641E+01 .3323E+00 .3333E+00 0.30 

.69460E+00 .39392E+01 .4437E+00 .4444E+00 0.16 

.00000E+00 .40000E+01 .5002E+00 .5000E+00 0.00 

-.69460E+00 .39392E+01 .5545E+00 .5555E+00 0.18 

-.20000E+01 .34641E+01 .6676E+00 .6667E+00 0.14 

-.30642E+01 .25712E+01 .7794E+00 .7778E+00 0.20 

-.37582E+01 .13681E+01 .8922E+00 .8889E+00 0.37 

Table 3 - Temperatures at nodal points calculated recursively on the circular boundary

Table 4 presents the numerical results for the normal flux at points located at the horizontal 

boundary, calculated recursively by the RBI procedure. In this case, the performance of the RBI 

procedure was more effective, significantly increasing the accuracy of the results in comparison to 

Table 2.

X Y NUMERICAL ANALYTICAL ERROR (%) 

.300E+01 .000E+00   .1056E+00 .1061E+00 0.47 

.200E+01 .000E+00   .1587E+00 .1591E+00 0.25 

.150E+01 .000E+00   .2119E+00 .2122E+00 0.14 

.100E+01 .000E+00   .3181E+00 .3183E+00 0.06 

Table 4 - Normal fluxes at nodal points calculated recursively on the horizontal boundary  

Table 5 shows a further comparison of the results obtained directly with 25 linear boundary 

elements [6] and recursively with the previous discretisation of 22 constant elements. Again, the 

RBI procedure significantly improves the accuracy of the normal fluxes, particularly at points 

located close to the singularity. 

X Y NUMERICAL 

RECURSIVE 

NUMERICAL 

LINEAR BEM 

ANALYTICAL 

SOLUTION

.800E+00 .000E+00     .3977E+00 .3689E+00 .3979E+00 

.450E+00 .000E+00     .7072E+00 .6732E+00 .7073E+00 

.170E+00 .000E+00     .1872E+01 .1472E+01 .1819E+01 

.090E+00 .000E+00     .3537E+01 .5975E+01       .3537E+01 

Table 5 – Comparison of normal fluxes calculated directly with linear boundary 

elements and recursively using constant elements 
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Conclusions

It is known that the use of a boundary integral equation to determine internal values produces 

numerical results with better accuracy than at boundary points. This behaviour is justified by the 

error minimization imposed by the discretisation procedure. However, the use of this strategy to 

recalculate boundary values has not been previously discussed in the BEM literature. Following 

preliminary tests, the recursive procedure has been shown to improve the solution especially for 

potential derivatives. In the example presented, the RBI displayed a superior performance to a 

standard BEM calculation, particularly close to discontinuities and singularities.

The computational cost is not high because no new system of equations needs to be solved. The 

singularities in the flux calculations can be removed analytically or numerically, e.g. by using Kutt 

quadrature points [7].  
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Abstract. The present work shows a new methodology for wear simulation in rolling-contact 3D
problems. The formulation is based on the Boundary Element Method (BEM) for computing the
elastic influence coefficients, and on projection functions over the augmented Lagrangian of tractions
for rolling-contact restrictions fulfilment. The loss of material on the bodies’ surface is modeled using
the Archard’s linear wear law. The methodology is applied to simulate a disc-on-disc dry wear test.
Results will show the solids profiles evolution in a disc-on-disc rolling-contact problem when the wear
is taking place.

Introduction

Wear phenomenon is presented in the mechanical surface interaction between solids in rolling-contact.
From an engineering point of view, wear estimation is a very interesting mechanical topic because allow
to predict the life of a mechanical component, to select proper materials, and to have an optimum
design for durability. Wear prediction also allow to plan maintenance operations more precisely, which
reduces costs as a result of engine or machine immobilization.

In spite of the importance of this phenomenon, there are no many works in the literature related
with the numerical simulation of wear in rolling contact problems. Among these works should be
mentioned Olofsson and Andersson [1], who simulate mild wear in boundary lubricated rollers thrust
bearings using Archard’s wear law, and Jendel’s work [2], where computes train wheel profiles wear
compared with field measurements. In both cases the wear depth is computed neglecting the elastic
slip. Telliskivi et al. [3]-[4] simulates wear in rolling problems using a semi-winkler model.

This work presents a new methodology for wear simulation in rolling-contact 3D problems. The
formulation is based on the Boundary Element method (BEM) for computing the elastic influence
coefficients, and on projection functions over the augmented Lagrangian of tractions for rolling-contact
restrictions fulfilment. The material loss of the bodies is modelled using the Archard’s [5] linear wear
law which is one of the most used models for engineering applications.

Boundary element method equations

The elastic equations for the domains Ω and Ω̄ using the BEM, could be written respectively, as:

Hu − Gp = b ; H̄ū − Ḡp̄ = b̄ (1)

where the vector u (ū) represents the nodal displacements, and b (b̄) contains the applied boundary
conditions. This equations are well known and can be found in books like [6] or [7].

The Equations (1) have to be regrouped to study a rolling contact problem as

Aqxq + Auuc − Appc = b ; Āqx̄q + Āuūc − Āpp̄c = b̄ (2)
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where uc = [uT
n uT

t ]T (ūc) are the nodal displacements on the potential contact zone (Ac), pc =
[pT

n pT
t ]T (p̄c) are the nodal contact tractions, xq (x̄q) are the unknown nodal displacements or

tractions outside Ac, and Aq (Āq) are the columns of H (H̄) and G (Ḡ) matrices, depending on the
outside Ac boundary conditions.

The discrete equilibrium equation (proposed by Signorini) for the contact tractions of each body,
could be expressed in the following way:

pc = −Tp̄c (3)

where T is a Boolean matrix which establishes the relations between the tractions nodes components
of each domain. The couple of nodes which are going to be in contact have the same but opposite
tractions.

The normal separation for each pair in contact, and the tangential difference: (ut − ut), can be
written as follows:

kc = Tūc − uc + kog (4)

In the expressions above, kc = [kT
n kT

t ]T represents the contact pair separation, and kog = [kT
ng 0T ]T ;

(kng = Xn − Xn) is the geometric normal contact pair separation.
Equations (2)-(4), can be rewritten in the following way:

Rq

[
xq

x̄q

]
+ Ruuc + Rppc + Rkkc = F (5)

where the matrices Rq, Ru, Rp and Rk are defined as:

Rq =
[

Aq 0
0 Āq

]
; Ru =

[
Au

ĀuTT

]
; Rp =

[ −Ap

ĀpT̄T

]

Rk =
[

0
ĀuT̄T

]
; F =

[
b
b̃

] (6)

and b̃ = b̄ + ĀuTTkog

Rolling-Contact equations

The rolling contact restrictions for every contact pair I are summarized in: the Non-penetration con-
dition, the Coulomb friction law and the Principle of maximum energy dissipation. The mathematical
expressions for these contact restrictions, can be classified into two groups: normal and tangential.

• Normal direction: The unilateral contact conditions can be written, in the form of a comple-
mentarity relation, as:

(kn)I ≥ 0 ; (pn)I ≤ 0 ; (pn)I (kn)I = 0 (7)

• Tangential direction: For tangential direction, the fulfilment of friction law and the principle of
maximum dissipation is guaranteed by:

‖(pt)I‖ ≤ µ |(pn)I | ; (st)I = −λ(pt)I ; λ ≥ 0 ; (st)I (‖(pt)I‖ − µ |(pn)I |) = 0 (8)

In the expression above, st stores the tangential slip velocities of every contact pair I, (st)I , which can
be written as [8]

(st)I = (c̄)I + D̂ (kt)I ≈ (c̄)I + row I

(
D̂

)
kt (9)

where

D̂ =

⎡
⎣ vt,1

∂
∂ Xt1

+ vt,2
∂

∂ Xt2
0

0 vt,1
∂

∂ Xt1
+ vt,2

∂
∂ Xt2

⎤
⎦ (10)
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So, considering all the nodes in the contact surface, the tangential slip velocity expression is

st = c̄ + D kt (11)

being kt and st the tangential slip, and the slip velocities vectors, respectively, and D an algebraic
matrix operator, as [8].

Using the projection defined in [8, 9], over the augmented tractions, the rolling contact restrictions
(7-8) can be written as

(pn)I = Pn [(pn)I + rn(kn)I ]

(pt)I = Pt [(pt)I − rt(st)I ]
(12)

Wear modelling

One of the most used model for engineering applications is the linear wear equation, the Archard’s
wear law [5]. This law considers that the wear arises from the adhesive forces set up when atoms
come into intimate contact. This kind of wear is known as a Delamination Wear and it occurs when
the sliding speed remains at low levels, such as the surface heating can be neglected, and the applied
load not exceed a limit where seizure takes place. The expression for the Archard’s wear law could be
written as:

W = κ̂ P d (13)

and shows that the volumetric wear of one body is proportional to the product between the applied
load and the sliding tangential distance (d). The constant κ̂ is defined as: κ̂ = κ/Ho, where the
constants κ and Ho are respectively, the non-dimensional wear coefficient and the hardness of the
material in contact. For Archard [5], the constant κ represents the probability that a fragment will
be formed at an adhesive joint resulting in a wear particle.

In order to simulate numerically the worm on contact surfaces, we can write (13) in a differential
equation form, for every contact pair I, as

(ḣw)I = κ̂ (pn)I ‖(st)I‖ (14)

using the nodal wear depth vector hw, the nodal normal pressure vector pn and the nodal tangential
slip vector st.

From the solid particle point of view which is travelling with velocity V through the contact zone,
the wear depth after the rotation (k+1) can be approximated as

(∆h(k+1)
w )I =

NI∑
I

{I:I ∈ Ac and
X(I) is pararell to V direction}

∆t
(
κ̂ ( p(k+1)

n )I ‖( s(k+1)
t )I‖

)
(15)

where the super-index (k + 1) express the rotation which is taking place, NI is the number of contact
pairs that are located in the same direction (parallel to V ), ∆t = τ/NI , and τ is the solid particle
time of residence in Ac travelling with V velocity. The same scheme was used by Jendel in [2], but in
this work, we consider the elastic slip velocity.

Solution algorithm

The quasi-static wear problem presented in equations (5,12,15) is solved as follows. Considering that
all the problem variables, zT = [xT

q x̄T
q uT

c kT
c sT

t hT
w] are known for the rotation (k), their values at

(k+1 ) rotation are computed using a Uzawa scheme with index (n):

(I) Apply the rigid body rapprochement increment: ∆k(n)
o
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(II) Initialize all the contact pair tractions and their wear depth:

(p(n)
c )I = (p(k)

c )I , (h(n)
w )I = (h(k)

w )I , (∆h(n)
w )I = 0 (16)

(III) Solve the linear equations set:

[
Rq Ru Rk

]
⎡
⎢⎢⎣

xq

x̄q

uc

kc

⎤
⎥⎥⎦

(n+1)

= F(k) +

[
0

ĀuTT (∆h(n)
w + ∆k(n)

o )

]
+ Rp p(n)

c (17)

(IV) Compute the contact tractions: p(n+1)
c , the tangential slip velocity: s(n+1)

t , and the wear depth
increment: ∆h(n+1)

w for each pair I :

(s(n+1)
t )I = (c̄)I + row I

(
D̂

)
k(n+1)

t (18)

(p(n+1)
n )I = Pn

[
(p(n)

n )I + rn(k(n+1)
n )I

]
(19)

(p(n+1)
t )I = Pt

[
(p(n)

t )I − rt(s
(n+1)
t )I

]
(20)

(∆h(n+1)
w )I =

NI∑
I

{I:I ∈ Ac and
X(I) is pararell to V direction}

∆t
(
κ̂ ( p(k+1)

n )I ‖( s(k+1)
t )I‖

)
(21)

(V) Compute the error function:

Ψ(p(n+1)
c ) =

∥∥∥p(n+1)
c − p(n)

c

∥∥∥ (22)

(a) If Ψ(p(n+1)
c ) ≤ ε, the solution for the rotation (k+1 ) is reached: z(k+1) = z(n+1).

In case the applied boundary condition is the external load i -component ((Q(k+1))i), before
reaching the solution at rotation (k+1 ), the resultant loads applied on the contact zone
(Γc) have to be computed: (Q(n+1))i =

∫
Ac

(p(n+1)
c )i dA

(a.1) If |(Q(n+1))i| > |(Q(k+1))i| + ε
load

, modify ∆k(n)
o and return to (II).

(a.2) Otherwise, the solution for the rotation (k+1 ) is reached: z(k+1) = z(n+1).

(b) Otherwise, return to (III) doing p(n)
c = p(n+1)

c and ∆h(n)
w = ∆h(n+1)

w , and iterate until
convergence is reached.

After the solution at rotation (k+1 ) is reached (z(k+1)), the solution for the next rotation is
achieved evaluating: z(k) = z(k+1) and returning to (I).
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(a) (b)

(c)

Figure 1: Disc-on-disc scheme (a), solids wear profiles evolution(b) and elastic half-space boundary
elements mesh (c).

Results

The proposed methodology was applied to solve a disc-on-disc rolling contact simulation (see Figure
1a), considering wear, in 30000 cicles. The applied force was F = 300N , the discs geometric parameters
were: R11 = 32.5mm, R1 = 125mm and R2 = 32.3mm, constant rotational speed: ω = 300rev/min,
the Creep = 0.5%, the materials properties: G = 8 · 1010Pa (modulus of rigidity ) and ν = 0.25
(Poisson’s ratio), and the wear parameters: H = 2.5 · 109Pa (hardness) k = 5 · 10−3 (coefficient of
wear) kw = k/H = 2 · 10−6mm2/N .

Figure 1b shows the discs profiles evolution during the wear process, and in Figure 1c we can see the
elastic-halfspace boundary elements mesh used. Another wear simulation has been done increasing
only the creep value (Creep = 1.5%). The resulting discs profiles after 30000 rotations in both
cases (Creep = 0.5% and Creep = 1.5%), are showed in Figure 2a together with the experimental
results (Figure 2b) showed by Telliskivi in [3]. The results reveal a good enough agreement with the
experimental results.

Summary and conclusions

This work presents new methodology for wear simulation in rolling-contact 3D problems using the
BEM for computing the elastic influence coefficients, and the projection functions for rolling-contact
restrictions fulfilment. The material loss of the bodies is modelled using the Archard’s linear wear
law. The methodology is applied to simulate a disc-on-disc profile wear. The comparison with the
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(a) (b)

Figure 2: Wear depth evolution in two different creep cases: numerical results (left) and experimental
results (right).

experimental results has a good enough agreement, so the proposed methodology seems to be a
powerful numerical tool for wear computing in 3D rolling contact problems.
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Abstract. The present work deals with the problem of modelling wave propagation phenomena

within a 3-d elastodynamic halfspace. While there exist several Boundary Element formula-

tions based on the more common collocation method, the development of Symmetric Galerkin

Boundary Element Methods in this field is at the very beginning and rather challenging. On

that score the present work should be understood as a first step.

Here, the time discretization of the underlying Boundary Integral Equations (BIEs) is done via

the Convolution Quadrature Method (CQM) proposed by Lubich. After the time discretization,

a variational formulation is established resulting in a Galerkin based method in space. Moreover,

to obtain a symmetric Galerkin Boundary Element formulation the 2nd BIE is required. This

BIE involves hypersingular kernel functions which must be treated carefully in the numerical

implementation. Hence, a regularization based on integration by parts of the elastodynamic

fundamental solution is presented which, finally, results in a Boundary Element formulation

containing at least only weakly singular kernel functions.

In Boundary Element Methods semi-infinite domains are commonly approximated in space by

considering just a sufficiently large enough region. Unfortunately, applying this procedure to

the symmetric formulation implies the evaluation of additional terms on the truncated surface’s

boundary due to the regularization of the involved kernel functions.

Therefore, a methodology based on infinite elements intended to overcome this drawback will

be presented. The numerical tests done so far show that this approach might be capable of

treating semi-infinite domains also within a symmetric Galerkin scheme.

Initial boundary value problem for elastodynamics

By definition of the Lamé-Navier operator

L := −(λ + µ)∇∇ · −µ∇ · ∇ (1)

in terms of the Nabla operator ∇ and Lamé’s constants λ, µ the initial boundary value problem

for some linear elastic solid occupying the domain Ω ⊂ R
3 with its boundary Γ = ∂Ω reads as

(Lu)(x̃; t) + �
∂2

∂t2
u(x̃; t) = b(x̃; t) (x̃; t) ∈ Ω × (0,∞)

uΓ(y; t) = gD(y; t) (y; t) ∈ ΓD × (0,∞)

t(y; t) = gN(y; t) (y; t) ∈ ΓN × (0,∞) .

(2)

In (2), the unknown displacement field u(x̃; t) depends on the location x̃ ∈ Ω and the time

t ∈ (0,∞). Furthermore, uΓ and t are the boundary displacements and tractions for which the
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Dirichlet data and Neumann data, gD and gN are prescribed on the boundary parts ΓD and

ΓN , respectively. The body’s mass density is denoted by � and b(x̃; t) is a given body force per

unit volume. For simplicity this body force is assumed to be absent in the following. Finally,

homogeneous initial conditions are considered, i.e., u(x̃; 0) = 0 and ∂
∂t

u(x̃; 0) = 0 for all x̃ ∈ Ω.

Boundary integral equations. To obtain a boundary element formulation of the stated

problem, first, an appropriate boundary integral representation of the given system (2) is in-

troduced [1]

u(x̃; t) =

∫ t

0

∫
Γ

U(y − x̃; t − τ) · (Tyu)(y; τ) dsy dτ

−
∫ t

0

∫
Γ

[(TyU)(y − x̃; t − τ)]
T · u(y; τ) dsy dτ ∀ x̃ ∈ Ω,y ∈ Γ, t ∈ (0, T )

(3)

containing the fundamental solution U(y−x̃; t−τ). In (3), Ty = T (∂y,n(y)) denotes the stress

operator based on Hooke’s law

(Tyu)(y; t) = t(y; t) = σ(y; t) · n(y) (4)

where σ(y; t) is the Cauchy stress tensor and n(y) is the outward normal vector. The first

boundary integral equation is obtained by applying a limiting process Ω � x̃ → x ∈ Γ onto the

representation formula (3). Using operator notation, this boundary integral equation reads for

a sufficiently smooth boundary Γ

(V ∗ t)(x; t) = ((1
2
I + K) ∗ u)(x; t) ∀x ∈ Γ . (5)

The introduced operators are the single layer operator V , the identity operator I, and the

double layer operator K which are defined by

(V ∗ t)(x, t) =

∫ t

0

∫
Γ

U(y − x, t − τ) · t(y, τ) dsy dτ (6a)

(I ∗ u)(x, t) =

∫ t

0

∫
Γ

δ(y − x; t − τ)I · u(y; τ) dsy dτ (6b)

(K ∗ u)(x, t) = lim
ε→0

∫ t

0

∫
Γ\Bε(x)

(TyU)�(y − x, t − τ) · u(y, τ) dsy dτ . (6c)

In these expressions, Bε(x) denotes a ball of radius ε centered at the point x. Note that

the single layer operator (6a) involves a weakly singular integral and that the integration of

the double layer operator (6c) has to be understood in the sense of a Cauchy principal value.

Moreover, in the definition (6b) I denotes the identity matrix, and δ is the Delta-distribution.

To obtain a symmetric formulation, additionally the second boundary integral formula is

needed. The application of the traction operator Tx to the dynamic representation formula (3)

with a subsequent limit Ω � x̃ → x ∈ Γ yields

(D ∗ u)(x, t) = ((1
2
I − K′) ∗ t)(x, t) ∀x ∈ Γ . (7)

The newly introduced operators are the hypersingular operator D and the adjoint double layer

operator K′

(D ∗ u)(x, t) = − lim
ε→0

∫ t

0

Tx

∫
Γ\Bε(x)

(TyU)�)(y − x, t − τ) · u(y, τ) dsy dτ (8a)

(K′ ∗ t)(x, t) = lim
ε→0

∫ t

0

∫
Γ\Bε(x)

(TxU)(y − x, t − τ) · t(y, τ) dsy dτ . (8b)

The application of the hypersingular operator has to be understood in the sense of a finite part.
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Symmetric formulation. For the solution of the initial boundary value problem (2) the

symmetric formulation as proposed in [3, 11] using both boundary integral equations (5) and

(7) is considered. While the first integral equation (5) is used only on the Dirichlet part ΓD of

the boundary the second one (7) is evaluated on the Neumann part ΓN

(V ∗ t)(x; t) − (K ∗ u)(x; t) = (1
2
I ∗ gD)(x; t) (x, t) ∈ ΓD × (0,∞)

(K′ ∗ t)(x; t) + (D ∗ u)(x; t) = (1
2
I ∗ gN)(x; t) (x, t) ∈ ΓN × (0,∞) .

(9)

Further, the Cauchy data u, t are decomposed into

u = ũ + g̃D and t = t̃ + g̃N . (10)

In these decompositions, arbitrary but fixed extensions, g̃D and g̃N , of the given Dirichlet and

Neumann data, gD and gN , are introduced such that

g̃D(x; t) = gD(x; t) (x, t) ∈ ΓD × (0,∞)

g̃N(x; t) = gN(x; t) (x, t) ∈ ΓN × (0,∞)
(11)

holds. Note that the extension g̃D of the given Dirichlet datum has to be continuous due to

regularity requirements [12].

Inserting the decompositions (10) into (9) leads to the symmetric formulation for the unknown

Cauchy data ũ, t̃

V ∗ t̃ −K ∗ ũ = (1
2
I + K) ∗ g̃D − V ∗ g̃N (x, t) ∈ ΓD × (0,∞)

K′ ∗ t̃ + D ∗ ũ = (1
2
I − K′) ∗ g̃N −D ∗ g̃D (x, t) ∈ ΓN × (0,∞) .

(12)

Variational principles. Using the inner product 〈f, g〉Γ =
∫

Γ
f(x)g(x) dsx a variational

formulation is introduced to find ũ and t̃ such that

〈V ∗ t̃,w〉ΓD
− 〈K ∗ ũ,w〉ΓD

= 〈(1
2
I + K) ∗ g̃D − V ∗ g̃N ,w〉ΓD

〈K′ ∗ t̃,v〉ΓN
+ 〈D ∗ ũ,v〉ΓN

= 〈(1
2
I − K′) ∗ g̃N −D ∗ g̃D,v〉ΓN

(13)

holds for all test functions w(x) and v(x). Note, as this Galerkin scheme is used only for the

spatial integrations the test functions w(x) and v(x) exhibit no time dependency.

Temporal discretization. The time discretization of (13) can be done in several ways. Here,

the Convolution Quadrature Method (CQM) developed by Lubich [8] is chosen. Thereby, the

time convolution integrals of the form

y(t) = f ∗ g =

∫ t

0

f(t − τ)g(τ) dτ . (14)

are approximated by a quadrature rule which forms a discrete convolution

ym = y(m ∆t) ≈
m∑

k=0

ωm−k(f̂ , ∆t)g(k ∆t) . (15)

In (15), the quadrature weights ωm−k depend only on the time step size ∆t and the Laplace

transform f̂ of the function f . Confer to [10] for more details about the application of the

CQM in boundary element methods.
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Finally, applying this time stepping scheme to (13) yields a semi-discrete variational form

m∑
k=0

[〈V̂m−kt̃k,w〉ΓD
− 〈K̂m−kũk,w〉ΓD

〈K̂′
m−kt̃k,v〉ΓN

+ 〈D̂m−kũk,v〉ΓN

]
=

m∑
k=0

[〈(1
2
Î + K̂)m−kg̃Dk

− V̂m−kg̃Nk
,w〉ΓD

〈(1
2
Î − K̂′)m−kg̃Nk

− D̂m−kg̃Dk
,v〉ΓN

]
(16)

where (·)m−k denotes the weight ωm−k((·), ∆t) depending on the respective Laplace transformed

integral operator.

A Boundary Element formulation for semi-infinite domains

The typical problem statement for an elastodynamic halfspace where the domain Ω = {x̃ | x̃ ∈
R

3 ∧ x̃3 < 0} as well as the boundary Γ = {y |y ∈ R
3 ∧ y3 = 0} are unbounded reads as

((L + �
∂2

∂t2
)u)(x̃; t) = 0 (x̃, t) ∈ Ω × (0,∞)

t(y; t) = g(y; t) (y, t) ∈ Γ × (0,∞)

(17)

with homogeneous initial conditions u(x̃; 0) = 0 and ∂
∂t

u(x̃; 0) = 0 ensuring that the solution

of (17) fulfill the Sommerfeld radiation condition [5].

Since ΓD = {∅} and ΓN = Γ the semi-discrete variational form (16) reduces to

m∑
k=0

〈D̂m−kũk,v〉Γ =

m∑
k=0

〈(1
2
Î − K̂′)m−kgk,v〉Γ (18)

which is an appropriate Galerkin formulation of (17) in terms of boundary integral equations.

Regularization of the hypersingular operator. Concerning the numerical evaluation of

the bilinear form in (18) the involved hypersingularity makes a direct evaluation rather impos-

sible. Therefore, a regularization based on Stokes theorem is used to transfer the hypersingular

bilinear form to a weak one. This regularization is given in detail in [7] and based itself mainly

on the work of Han [6]. Additionally, the double layer potential is also transfered to a weak

form using the same techniques as for the hypersingular bilinear form.

Within this work it is sufficient to mention that the regularization process demands either a

closed boundary surface Γ or vanishing integral kernels at infinity. Since the involved kernels

fulfill the Sommerfeld radiation condition the last constraint is satisfied and the regularization

holds also for the elastodynamic halfspace.

Nevertheless, problems might occur on a discrete level. There, it is a common practice to

model just a truncated part of the infinite geometry. Unfortunately, the emerging truncation’s

borderline represents the surface’s boundary such that Γ is neither closed anymore nor that the

integral kernels can be assumed to vanish. Therefore, it must be ensured that the discretized

area is closed or modelling the infinite surface.

Spatial discretization. Figure 1(a) illustrates the discretization approach of an unbounded

domain. Thereby, the boundary Γ is represented in the computation by an approximation Γh

which is the union of two sets of different geometrical elements

Γh =

Nf
e⋃

�=0

τ f
� ∪

N i
e⋃

m=0

τ i
m . (19)

36 Eds: R Abascal and M H Aliabadi



In (19), τ f denotes standard linear finite elements, e.g., surface triangles, and N f
e is their total

number. Additionally, the boundary’s far-field is represented by N i
e infinite boundary elements

τ i whose configuration is depicted in Fig. 1(b). For the concept of infinite elements refer to [2]

and the references cited there.

Further, the boundary functions ũ and g are approximated by the separation of variables with

trial functions ϕi and ψj, which are defined with respect to the geometry partitioning (19), and

time dependent coefficients ui and gj

ũ(x) ≈
N∑

i=1

ui(t)ϕi(x) and g(x) ≈
M∑

j=1

gj(t)ψj(x) . (20)

In case of finite boundary elements the functions ϕi are chosen to be equivalent to those shape

functions forming the geometry approximation.

x2

x1

(a) Halfspace with infinite elements

x0

x1

z0

z1

x̂1

x̂2

(b) Infinite element

Figure 1: Discretized halfspace and infinite mapping

By introducing local coordinates x̂ = [x̂1, x̂2]
� ∈ [0, 1] × [0, 1) the mapping χτ : τ̂ → τ from

the reference element τ̂ to an infinite element τ reads as

x = χτ (x̂) = 〈φ(x̂1),

[
x0

x1

]
〉 +

x̂2

1 − x̂2

〈φ(x̂1), α

[
z0

z1

]
〉 (21)

where x0 and x1 denote the two fixed vertex nodes, and z0 and z1 represent two direction

vectors with the property 〈zk, zk〉 = 1. The scalar value α > 0 is a scaling factor. The function

φ within the dot product 〈·, ·〉 describes the approximation for the finite extent and is given by

φ(x̂1) = [1 − x̂1, x̂1]
�.

Since the integral kernels depend mostly on the distance r = |y−x| between two points y and

x it is preferable to note that for infinite elements the asymptotic behavior of the distance is

of order O((1 − x̂2)
−1). Moreover, the transformation of the integral kernels to the reference

element demands the computation of the Gram determinant which itself can be expressed via

the Jacobi matrix

Jτ i(x̂) =
[

∂x
∂x̂1

∂x
∂x̂2

]
=:

[
J1 J2

]
=

[O(r) O(r2)
]

(22)

and reads as

gτ i(x̂) =

√
det(J�

τ iJτ i) =
√

〈J1,J1〉〈J2,J2〉 − 〈J1,J2〉2 = O(r3) . (23)

For some kernel function k(x(x̂),y(ŷ)) = O(r−1) the integrand in a Galerkin scheme takes the

form

I[�, m] =

∫
τ�

∫
τm

gτ�
(x̂)gτm(ŷ) k(x(x̂),y(ŷ)) ϕ̂�(x̂)ϕ̂m(ŷ) dx̂ dŷ . (24)
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From (24), it is obvious that the trial function for an infinite element has to be of order O(r−3)

to guarantee that the integral is finite. Therefore, the trial and test functions ϕi of an infinite

element are chosen as

ϕi(x) ◦ ϕ̂(x̂) = φ(x̂1) (1 − x̂2)
3 (25)

where φ(x̂1) is identical to the function used for the geometry approximation (21).

Finally, a comment concerning the singular integrals must be made. All integral operators

used in the present work are weakly singular. They are treated completely numerical based on

quadrature rules developed by Sauter and Erichsen [4].

Numerical examples

Now, numerical results for the present Boundary Element formulation are given. The mate-

rial data represents soil with Lamé’s constants λ = µ = 1.3627 · 108 N/m2, and mass density

� = 1884 kg/m3. The discretization of the infinite domain consists of 800 regular linear triangles

and 80 infinite elements with a scaling factor of α = 1. The triangles occupy a total area of

20m × 20m. Moreover, at the mesh’s center an area of A = 2m2 is excited by a traction jump

g = [0, 0,−1]�H(t) N/m2 according to the unit step function H(t). The remaining surface is

traction free.

(a) Vertical displacements u3 (b) Radial displacements u1

Figure 2: Vertical and radial displacements at the observation point x�

Figure 2 depicts the solution for an observation point x� on the surface in 4m distance to

the center of the loading. The first and the second numerical solution vary in the chosen

time step size but reveal in general the same behavior. Compared to the analytical solution

[9] both displacement solutions exhibit oscillations for larger times which are due to artificial

reflections at the crossing of finite and infinite boundary elements. But beside these effects,

both numerical solutions show approximately the characteristics of the analytical solution.

Contrary, a computation without infinite elements titled as ’NOINF’ but with the same time

step size as the first depicted numerical solution namely ∆t = 8.5 · 10−4 s yields a defective

result for times larger than 0.034s. This is exactly the time the compression wave with the

velocity c1 =
√

λ+2µ/� = 465.8m/s has to travel from the center of loading to the truncated

boundary and back to the observation point x�. From this it can be stated that the infinite

element approach for the treatment of semi-infinite domains by symmetric Boundary Element

Methods is expedient but requires further research.
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Conclusions

A boundary element method for elastodynamics based on a Galerkin discretization in space

and on the Convolution Quadrature Method in time was presented. To obtain a symmetric

formulation, also the usage of the second boundary integral equation is required which demands

the computation of hypersingular kernel functions. Therefore, a regularization of the elastody-

namic hypersingular integral operator is used leading to a weakly singular bilinear form. Since

the regularization is based on integration by parts it is not suitable for treating problems where

the mesh of a halfspace is truncated.

To overcome this drawback the concept of infinite elements was used and adopted to the

present boundary element formulation. Unfortunately, the numerical results obtained so far

are not completely satisfactory since they feature oscillations for larger times. To reduce these

oscillations or, better, to eliminate them further investigations are essential. Nevertheless,

the infinite element approach is advantageous compared to computations without any infinite

elements as it reaches the static limit for larger times.
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Abstract. In thermoelastic problems with a non-uniform temperature rise, a domain integral 

appears in the boundary element formulation of the problem. To save the main advantage of 

boundary element method as a boundary-only technique, a method is presented to solve 

thermoelastic problems without domain discretization.  

Temperature rise function is approximated by a function with an arbitrary distribution in a Cartesian 

direction and a piecewise quadratic variation in the other Cartesian direction. The domain integrals 

in 2D displacement and stress integral equations of thermoelasticity are then exactly transformed 

into boundary by Cartesian transformation method. Two 2D thermoelastic examples are presented 

to show the efficiency of the proposed method.   

Introduction 

To solve engineering problems by boundary element method (BEM), it is sufficient to discretize 

only the boundary of the problem. This is the main attractiveness of BEM in comparison with finite 

element method (FEM). High accuracy of BEM as a semi-analytic method is another characteristic 

of the method. On the other hand, presence of body forces in elastic problems or temperature rise in 

thermoelastic problems produce some domain integrals in the displacement and stress integral 

equations. Evaluating the mentioned domain integrals by boundary-only discretization is an 

important task in BEM. Various techniques have been developed for this purpose. Danson 

presented an approach for gravitational, centrifugal and thermoelastic forces based on the Galerkin 

vector and Gauss-Green theorem [1]. A different approach was presented by Henry and Banerjee 

based on using a particular-integral approach [2]. A simple and effective technique, called Radial 

Integration Method (RIM), was developed by Gao [3, 4]. This method is based on mathematical 

operations. It can evaluate any domain integral with boundary-only discretization.

Recently, a method for exact transformation of a wide variety of BEM domain integrals into 

boundary has been presented by Hematiyan [5, 6]. In this method, domain integrals are transformed 

into boundary integrals simply by Green’s theorem in Cartesian coordinates system. It has been 

successfully employed for potential and elastostatic problems [5] and also for thermoelastic 

problems [6]. For very complicated cases where, the domain integral cannot be exactly transformed 

into the boundary, the integral can be evaluated by a meshless adaptive method [7]. The general 

form of the methods presented in [5-7] is called Cartesian Transformation Method [8].  

In this paper, the displacement integral equation of thermoelasticity is employed to develop a new 

form of stress integral equation of thermoelasticity. The temperature rise function is approximated 

by a function with an arbitrary variation in one Cartesian direction and Piecewise-quadratic 

variation in the other direction. By this form of temperature rise function, it is possible to transform 

exactly all domain integrals into boundary integrals in both displacement and stress integral 

equations. The mentioned approximation for temperature rise function is accurate enough and 

unlike approximation methods with radial basis functions, it can be carried out with no need of 

system solving and therefore it is faster.  
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Integral equations of thermoelasticity 

Temperature distribution over an isotropic material can cause a volumetric expansion. The 

relationship between the total strain 
ij
 and the stress 

ij
 in thermoelasticity can be expressed as 

ijkkijijij
G

}
1

{
2

1                                                                                                      (1) 

where, G  is shear modulus,  is Poisson’s ratio,  is temperature rise function and  is coefficient 

of linear thermal expansion. The first term in the right hand side of Eq. 1 represents the strain 

produced by actual stress, while the second term represents the thermal expansion effect. The stress-

strain relation can be expressed as 

ijkkijijij

G
G

21

)1(2
}

21
{2                                                                                        (2) 

The displacement integral equation of thermoelasticity for an isotropic material can be expressed as 

[9]

S S V

kikjijjijjij dVUkdStUdSuTuC )(),(
~

)(),()(),()()( , xzxyyxyyxxx                                            (3) 

where,

21

)1(2~ G
k (4)

S and V in Eq. 3 represent the boundary and the domain of the problem respectively. 
ijijC 5.0  for 

smooth boundaries and 
ijijC  for internal points. x  , z  and y  are respectively source point, field 

point and boundary point. 
ijU  and 

ijT  are 2D fundamental solutions and are expressed as follow [9]: 
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where
iii xzr .

Differentiating Eq. 5 with respect to jz  yields 
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The following relations are employed to derive Eq. 7: 
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Substituting Eq. 7 in Eq. 3, results in:  
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Displacement for an internal point can be calculated by considering 
ijijC  in Eq. 8. By using Eq. 

2 and the relation between strain and displacement 2/)( ,, ijjiij uu , the stress equation for an 

internal point p  can be expressed as follows: 
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As it can be seen, in order to establish stress integral equation, derivatives of Eq. 8 must be found. 

The derivatives of displacement component at an internal point can be expressed as follows: 
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In which V  is an infinitesimal circle with radius  around the singular point. After some 

mathematical and geometrical manipulations, one can show: 

S

ji

VV

p
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i

VV

ip

j

dSndV
x

dV
x

                                                                                     (12) 

Substituting r ,
jj rn ,
 and

ii zx

)()( , the last boundary integral of Eq. 12 can be written as: 
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and Eq. 11 is written as follows: 
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Finally, substituting Eq. 14 into Eq. 10, the internal stress integral equation is found as follows:  
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Transformation of domain integrals into boundary integrals by Cartesian transformation 

method

As it can be seen, two domain integrals appear in Eqs 8 and 15. The first one is weakly singular and 

the second one is strongly singular. Integrands of these integrals include the temperature rise 

function . At first, it is shown that if the temperature rise function can be expressed by a function 

with arbitrary variation in one Cartesian direction and quadratic variation in the other direction, one 

can exactly transform the domain integrals into boundary. Then, for exact transformation of a 

complicated temperature rise function, it is approximated by a function with arbitrary variation in 

one direction and piecewise quadratic in the other direction. This method of approximation is fast 

and accurate. 

A temperature rise function with arbitrary variation in y-direction and quadratic variation in x-

direction can be expressed as follows: 
2

210 )()()( xyfxyfyf                                                                                                           (16) 

The domain integrals in (8) and (15) can be written in the general form of: 
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in which A  is a constant coefficient and )(*
xh  is a singular function. One can write: 
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2,1,0)(])([ *

VV

dVhxyfI x                                                                                          (19) 

The function ),( yxF  is defined as follows: 
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Now, Eq. 19 can be expressed as: 
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Using Green's theorem one can write: 

SS
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where S  is the main boundary of the problem and S  is boundary of an infinitesimal circular 

region around singular point. As seen, the domain integral in Eq. 19 was converted to two boundary 
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integrals in Eq. 21. Since the transformation was carried out in Cartesian coordinates system, the 

method is called Cartesian transformation method (CTM) [8]. 

The 1-D integral in Eq. 20 can be calculated analytically. The singular kernel in Eq. 8 is 
2

* )(
r

r
h ix .

The integral in Eq. 20 for this singular kernel and i=1 can be expressed as follow: 

rdx
r

r
F ln

2

1
1

                                                                                                                       (22-a) 

x
r

r
rrdx

r

r
xF )(tanln

2

11

212

1
2

                                                                                         (22-b)               

xx
r

r
rrrdx

r

r
xF 1

2

2

11

21

2

2

2

12

12

3
2

1
)(tan2ln)(                                                              (22-c)               

and for 2i :

)tan(
2

1

2

2
1

r

r
dx

r

r
F                                                                                                                   (23-a) 

)(tanln
2

11

122

2
2

r

r
rrdx

r

r
xF                                                                                               (23-b)               

xr
r

r
rrrdx

r

r
xF 2

2

112

2

2

1212

22

3 )(tan)(ln2                                                                         (23-c)               

where ),( 21 represent coordinates of the source point. 

The singular kernel in the domain integral of the stress integral equation in Eq. 15 is: 
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follow: 
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In the case of 2ji , one can write 
4

2

2
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h x  and the integrals are same as Eqs 24 with a 

minus sign.  

For 1i , 2j  or 2i , 1j , one can write 
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h x  and the integrals can be expressed as 

follow: 
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The second integral in Eq. 21 vanishes for the domain integral in the displacement integral 

equation.

Using Eqs 22 and 23, the Eq. 8 can be written as
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The second integral in Eq. 21 does not vanish for the domain integral in the stress integral equation, 

but it can be evaluated analytically. 

Using relations (24) and (25), Eq. 15 is expressed as 
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For more complicated temperature rise functions, where  cannot be expressed in the form of Eq. 

16, it is approximated by a function with an arbitrary variation in one Cartesian direction and 

Piecewise-quadratic function in the other direction. In this case, temperature rise function is 

expressed as follows: 
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In Eq. 29, temperature rise function is approximated by m  sub-functions through the domain. This 

approximation is simple and fast because there is no need of system solving and considering 

internal points. By this approximation, all domain integrals appeared in the formulation are 

efficiently transformed into boundary. The geometrical description of m sub-functions is shown in 

Fig. 1. 

The domain integral (17) can be written as follows 
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The inner 1-D integrals in the first integral in Eq. 30 (over S) can be evaluated analytically. The last 

integral in Eq. 30 (over S ) is zero when )(*
xh is weakly singular (in displacement integral 
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equation) and it can be evaluate analytically for cases where )(*
xh  is strongly singular (in stress 

integral equation). 

. . . . . .

ii-1 m-1 ma a a a a a a

hi2

0 1 2

Figure 1: Approximating the temperature rise function with arbitrary variation in y direction and m
quadratic function in x direction

Examples

Two examples are presented to demonstrate the validity and accuracy of the proposed method. In 

spite of using constant boundary elements to discretize boundary of problems, the results are very 

accurate. The results have been compared with the result of finite element method with fine mesh. 

Example 1. A rectangular region with the boundary conditions shown in Fig. 2 is subjected to a 

temperature rise with the form of ))2sin(3010)(2( 2 yx . It is analyzed under plane strain 

condition with GPaE 210 , 3.0  and 
C

k 16107.11 . Because of the symmetry of the 

geometry, boundary conditions and temperature rise function with respect to y  axis, only one half 

of the problems is modeled. 128 constant boundary elements are used for discretization of the 

boundary. Since  has a quadratic variation in x direction, the corresponding domain integrals can 

be exactly transformed into boundary. The obtained results along the line 5.0x  are compared 

with results of accurate FEM. The results are shown in Fig. 3. As it can be seen, the obtained results 

are very good.

x

y

L=2 m

H
=

1
 m

Figure 2: A rectangular domain subjected to a temperature rise (Example 1) 
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Figure 3: Results of Example 1, a) Displacements, b) Normal stresses, for internal points on the line 5.0x

Example 2. A square plate with the boundary conditions shown in Fig. 4 is subjected to a 

temperature rise with the form of )))(2exp(100sin(20 yx . This problem is analyzed under 

plane stress condition with GPaE 210 , 3.0  and 
C

k 16107.11 . Each side is divided into 16 

constant boundary elements. The function  is approximated with a number of sub-functions. 

Results are obtained for two different cases with 4 and 8 sub-functions. The results are shown in 

Tables 1 and 2 and Fig. 5. Results are more accurate when  is approximated by 8 functions. 

x

y

L=1 m

H
=

1
 m

Figure 4: Geometry of a plate subjected to temperature rise (Example 2) 

Table 1: Normal stress in x direction (MPa) on the line x=0.5              

Accurate 

FEM solution 

Present method 

4 sub-functions 

Present method 

8 sub-functions y

x x Error x Error

0.25 12.46 11.89 4.6 % 12.39 0.6 % 

0.375 23.91 20.64 13.7 % 23.80 0.5 % 

0.5 -7.63 -6.84 10.3 % -7.61 0.3 % 

0.625 -22.35 -16.92 24.3 % -22.10 1.1 % 

0.75 13.09 10.32 21.2 % 13.22 1.0 % 

Table 2: Normal stress in y direction (MPa) on the line x=0.5

Accurate 

FEM solution 

Present method 

4 sub-functions 

Present method 

8 sub-functions y

y y Error y Error

0.25 8.40 9.07 8.0 % 8.57 2.1 % 

0.375 22.30 25.64 15.0 % 22.49 0.8 % 

0.5 -8.60 -8.53 0.7 % -8.53 0.7 % 

0.625 -23.03 -28.51 23.8 % -23.19 0.7 % 

0.75 14.99 17.24 15.1 % 14.85 0.9 % 
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Figure 5: Results of Example 2, a) Displacement, b) Normal stresses, for internal points on the line 5.0x ,

 is approximated by 8 sub-functions  

Conclusions

An efficient boundary element formulation for analysis of thermoelastic problems with complicated 

temperature rise function was presented. The temperature rise function was approximated with a 

function with arbitrary variation in one Cartesian direction and piecewise quadratic variation in the 

other direction. There is no need for definition of any internal point and system solving for this 

approximation. After this approximation, weakly and strongly singular domain integrals in 

displacement and stress integral equations can be exactly transformed into boundary by Cartesian 

transformation method. By presenting two 2D thermoelastic examples with complicated 

temperature rise functions the accuracy and efficiency of the proposed method was highlighted. 
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Abstract. This paper presents the analysis of active piezoelectric patches for cracked structures by 

Boundary Element Method. A two dimensional boundary integral formulation based on the 

multidomain technique is used to model cracks and to assemble the multi-layered piezoelectric 

patches to the host damaged structures. The fracture mechanics behavior of the repaired structures 

is analyzed for both perfect and imperfect interface between patches and host beams. The imperfect 

interface, representing the adhesive between two different layers, is modeled by using a “Spring 

Model” that involves linear relationships between the interface tractions, in normal and tangential 

directions, and the respective discontinuity in displacements. Numerical analyses performed on a 

cracked cantilever beam repaired by single and multilayered patches are presented. It is pointed out 

that the adhesive deeply influences the performances of the repair as highlighted by an increasing of 

the SIF’s values with respect to perfect bonding case. 

Introduction. The repair technology of cracked structures is a primary topic in the field of 

aerospace, mechanical and civil engineering [1-3]. In many practical cases the use of patch repairs, 

applied to damaged components, can extend the service lifetime of a structure. For this reason 

repair represents an efficient and cost saving alternative method to be applied in order to avoid 

immediate replacement of damaged components [4]. The most conventional repair methods involve 

metallic or composite passive patches applied to the damaged structure to reduce the stress intensity 

factors and consequently to increase the fatigue life. Although the aforementioned passive patches 

have proven to be quite effective, a new repair methodology, called “active repair”, is emerging. 

The development of active repair is deeply linked with advancement of smart materials such as 

piezoelectric composites [5]. Active repair technology is based on the converse piezoelectric effect 

according to which piezoelectric materials undergo deformation when an electric field is applied 

across them [6]. So when a piezoelectric patch is used to repair a damaged component, the strain 

induced by an applied electric field can help the structure to reduce the crack opening [7]. To 

exploit the potentiality of the active repair methodology a deeply understanding of the 

electromechanical behavior of piezoelectric materials is needed. Research on the piezoelectric 
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active repair was proposed by Wang et al [5]. They developed an analytical model for a cracked 

beam with a piezoelectric actuator layer with the aim to reduce the singularity at the crack tip by 

inducing a local moment. Two dimensional finite element analyses were performed by Liu [7] to 

study active repair for cracked structures by using multi-layered piezoelectric patches. 

In this paper a multidomain boundary integral formulation [8] is developed to analyze the active 

patches performances for both perfect and imperfect interface condition. The characterization of the 

adhesive layer between the host structure and the piezoelectric patches is approached by using a 

spring model which involves shear and peel stiffness and is based on the assumption that the 

displacement jump at the interface is proportional to tractions [9-10]. Single patch and multilayered 

patches configuration are analyzed. The modeling of the adhesive evidences a decay of the 

actuation performances for both repair configurations considered. This trend is pointed out by the 

computation of the SIFs that characterize the fracture mechanics behavior of the repaired structures. 

Basic equations and Boundary integral representation. The formulation is developed for two-

dimensional electro-elastic domains  with boundary  lying in the x1x2 plane. By assuming that 

both the mechanical and the electric responses do not vary along the 3x  direction [11], the problem 

is treated as a generalized plane strain elasticity and an in-plane electrostatic. Following the Barnett 

and Lothe’s [13] formalism for piezoelectrics, the problem is formulated in terms of generalized 

displacements 1 2 3

T
u u uU , that are mechanical displacements and electric potential, and 

generalized tractions 1 2 3

T

nt t t DT , that are mechanical tractions and the normal component of 

the electric displacement. 

By virtue of the analogy between elastic and electro-elastic governing equations, the Betti’s 

reciprocal theorem is straightforward extended to the piezoelectric problem leading to the analogous 

of the classical Somigliana identity for the electro-mechanical problem and constitutes its boundary 

integral representation [14]. By using four independent fundamental solutions associated with the 

concentrated point load directed along the three axes and with a concentrated charge, the 

generalized displacements at the generic point P0 can be expressed in terms of generalized 

displacements and generalized tractions on the boundary. In compact matrix notation, with the 

assumption of null body forces, it reads 

* * *
0P dc U T U U T 0  (1)

where the kernel U
*
 and T

*
 are the piezoelectricity fundamental solutions [8, 16] and the matrix *

c  is 

defined according to [15]. The boundary integral formulation is numerically implemented by using 

the boundary element method [17, 18], which provides a linear algebraic resolving system 

expressed in terms of generalized displacements and tractions nodal values  and P, respectively 

H GP 0  (2)
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Eqs. (2), coupled with the electromechanical boundary conditions, provide the solution of the 

problem for a single domain.  

Imperfect Interface. To take into account the presence of cracks and to join the piezoelectric 

patches to the host structure the use of the Multidomain Technique is employed. The original 

domain is divided into a suitable number of homogenous sub-regions, each one governed by 

Eqs. (2). Thus, the following relationships can be written 

1 1

   ( 1, 2, , )
M M

i i i i
ij ij ij ij

j j

i MH G P  (3) 

where M is the number of subregions considered, the superscript i indicates the quantities associated 

with the i-th subdomain, while the subscript ij relates quantities to the nodes belonging to the 

interface between the i-th and j-th subdomains, provided that for i=j the nodes belong to the 

external boundary of the i-th subdomain. In the Eqs. (3) i

ij
H and i

ij
G  denote the matrices of influence 

coefficients pertaining to the quantities i

ij
 and i

ij
P , respectively. To restore the integrity of the 

original domain, generalized continuity and equilibrium conditions are imposed at sub-regions’ 

interfaces. In particular, perfect bonding case is modeled by imposing the following conditions at 

the interface  

    and             1... 1;     1,...,i j i j
ij ij ij ij i M j i MP P  (4) 

while to model the interface bonding as imperfect, since the generalized displacement continuity 

condition is no longer valid, a generalized displacement gap ij  along the conjugated interfaces is 

taken into account and the imperfect bonding compatibility conditions can be written as 

         1,..., 1;           1,...,j i ij
ji ij i M   j i M . (5)

In the present work, the effect of the adhesive between the patch and the host structure is considered 

by using an interface Spring Model. It follows that the generalized displacement gap ij  is written 

as functions of the generalized tractions at the interfaces as 

=      1,..., 1;         1,...,ij i

ij ij
i M j i MK P . (6)

In Eqs. (6) Kij is the matrix containing the interface compliance coefficients defined as in [10]. It is 

worth noting that the present imperfect interface model does not require auxiliary interface elements 

since the compliance constants, characterizing the elastic behavior of the adhesive between different 

layers, directly enter the definition of matrices H and G.
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Numerical results.

Single Layered patch. In this section the analysis of a single-layer active piezoelectric patch 

applied on a cracked cantilever isotropic beam is presented. The crack is located at x1=L/2 and the 

patch is attached on the opposite side with respect to the damage as shown in figure 1. The patch is 

actuated with the aim to reduce the crack opening caused by the force F. Using a single patch the 

aim at issue is obtained by the elongation of the repair in x1-direction. Such a piezoelectric strain 

induces a bending moment in the host beam allowing the reduction of COD. The geometry, the load 

and the material properties of the host beam and of the piezoelectric patches are taken from Liu [7] 

and are summarized in table 1 and 2. 

      
Fig. 1: Single-layered active patch configuration.

Table 1: Geometry and load.

Geometry and Load L H h L1 a F 

0.08 m 0.02 m 0.25 H H/0.75 0.5 H 100 N/m 

Table 2: Material properties.

PZT-4 PMMA Adhesive

Elastic constants 

(GPa)

Piezoelectric 

const. (C/m2)

Dielectric

const.

(pC/Vm)

Young

Modulus

(GPa)

Poisson ratio 
Young Modulus 

(GPa)

Poisson

ratio

C11=139

C22=115

C12=74.3

C13=77.8

C44=25.6

e21=-5.2

e22=15.1

e14=12.7

 11=6447

 22=5617
E=3.3 =0.35 E=3 =0.4

The analyses are carried out to highlight the differences occurring between passive and active repair 

with respect to the damaged beam. Moreover the influence of the adhesive on the repair 

performances, expressed in terms of the reference voltage and of the SIFs increment, is 

investigated. In the case of active patch the “reference voltage” is that able to close the crack 

surfaces. Considering that for this particular load case mode I is predominant, the fracture behavior 

can be simply characterized by the KI values. The KI computed for the cracked beam without repair 

is 9004,2 Pa·m1/2  as in Liu [7]. In table 3 the KI and the reference voltages obtained for both perfect 

and imperfect bonding condition are shown. 

L

H
a

h

L1

x1

x2

L

H
a

h

L1

x1

x2

F

h
V

Poling direction
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Table 3: SIFs and reference voltages for single layer patch. 

Perfect bonding  Imperfect bonding   

 KI     Pa·m1/2 Ref. Voltage VP (Volt) KI     KI  at  VP Ref. Voltage VIMP (Volt) 

Passive patch 3569.3  3845.6   

Active patch 1524.4 1290 1529.3 (at VIMP) 2137.3 1740 

Figure 2 shows the crack opening displacement in the case of perfect bonding when the relative 

reference voltage is applied across the patch. It’s worth noting that at this voltage only the crack 

mouth is closed and the reduction of KI passing from passive to active repair is about 57%. On the 

other hand, in the case of imperfect interface, the same reduction of SIF is obtained by increasing 

the reference voltage of about 35%.

Fig. 2: 11 stress distribution-Crack Opening Displacement.

Multi-Layered patch. The multi-layered piezoelectric patch repair is obtained by stacking 5 

piezoelectric bimorphs in series configuration as shown in figure 3. The overall geometry of the 

multi-layered patch is the same as the previous case, thus the passive repair effect is almost the 

same. However the actuated multi-layered configuration is more effective from an electric point of 

view than the single layer patch since less actuating energy is needed to close the crack mouth. The 

reference voltage is about one tenth of single-layer patch due to the fact that the actuated stacked 

bimorphs directly undergo bending deformation.  

Fig. 3: Multi-layered active patch configuration.

The effect of the adhesive deeply affect the multilayered patch passive behavior. The SIF value is in 

fact about 39% higher than the perfect bonding one, while in the single-layer case the percentage 

difference between perfect and imperfect bonding condition is about 8%. The active repair 

V

h
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performances are also influenced by the presence of the adhesive. The reference voltage must be 

increased of about 42% to obtain a similar fracture mechanics behavior. 

Table 4: SIFs and reference voltages for multi-layered patch. 

Perfect bonding  Imperfect bonding   

 KI     Pa·m1/2 Ref. Voltage VP (Volt) KI     KI  at  VP Ref. Voltage VIMP (Volt) 

Passive patch 3557.5  4959.3   

Active patch 1408.2 123 1321.2 (at VIMP) 2417.6 175 

Conclusions. The performances of active patch repair bonded on a damaged cantilever beam have 

been investigated by using a multidomain boundary element approach. The adhesive has been 

modeled by using a spring interface model. Single and multi-layered repair configurations have 

been studied for both perfect or imperfect interfaces between contiguous plies. In all cases, 

numerical results have shown better performances of the actuated multi-layered patch. 
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Abstract

Some results on the analytical integration of kernels in hyperbolic problems [1] (acoustics,
elastodynamics) for 3D Boundary Element Methods are presented. Adopting polynomial shape
functions of arbitrary degree (in space and time) on flat discretizations, integrations are performed
both in space and time for Lebesgue integrals working in a local coordinate system. For singular
integrals, both a limit to the boundary as well as the finite part of Hadamard [2, 3] approach have
been pursued.

Keywords: Boundary elements, dynamics, analytical integrations, finite part of Hadamard.

1 Introduction

Modeling hyperbolic problems by means of boundary integral equations (BIEs) and approximating
their solution through boundary element methods (BEM) is firmly established in the academic com-
munity as well as in industry. Several well known yet stimulating as well as modern applications
and on going research topics can be effectively described via BIEs: to cite but a few, the analysis of
ground motion due to moving surface loads induced by high-speed trains [4], the dynamic analysis
of the interaction between structures and their surrounding soils, modeled as visco-elastic or porous
media [5], the simulation of ultrasonic nondestructive evaluation [6] and of dynamic fracture mechanics
in anisotropic media [7].

The present note aims at providing a closed form for analytical integrations involved in 3D BIEs,
what seems to be of interest for computational and theoretical purposes. Educational advantages
of analytical integrations can also be envisaged, as in [8]. In this note, reference will be made to
linear elastodynamics as a prototype of a hyperbolic problem; the boundary integral formulation
[9] of Navier’s equations of motion stems from Graffi’s [10] (see also Wheeler and Sternberg’s proof
[11]) generalization of Betti’s theorem to elastodynamics. Under the hypothesis of vanishing initial
conditions and no body forces, the boundary integral representation (BIR) of displacements in the
interior of an open domain Ω at time t reads:

u(x, t) =
∫

Γ

∫ t

0
Guu(r, t − τ)p(y, τ)dτ dΓy −

∫
Γ

∫ t

0
Gup(r, l(y), t − τ)u(y, τ)dτ dΓy , x ∈ Ω (1)

Here, r = x−y stands for the vector that joins point y to x. Identity (1) is based on Green’s functions
(also called kernels) which represent components ui of the displacement vector u in a point x due to: i)
a unit force concentrated in space (point y) and time (instant τ) and acting on the unbounded elastic
space Ω∞ in direction j (such functions are gathered in matrix Guu); ii) a unit relative displacement
concentrated in time (instant τ) and space (at a point y), crossing a surface with normal l(y), and
acting on the unbounded elastic space Ω∞ (in direction j) (gathered in matrix Gup)).
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To obtain an additional integral equation, required for the variational formulation of elastodynam-
ics BIEs [12] as well as by nowadays standard numerical techniques [13], the traction operator can be
applied to identity1 (1), thus obtaining the BIR of tractions on a surface of normal n(x) in the interior
of the domain, i.e. x ∈ Ω:

p(x, t) =
∫

Γ

∫ t

0
Gpu(r,n(x), t − τ)p(y, τ)dτ dΓy −

∫
Γ

∫ t

0
Gpp(r,n(x), l(y), t − τ)u(y, τ)dτ dΓy (2)

Such a BIR involves Green’s functions (collected in matrices Gpu and Gpp) which describe components
(pi) of the traction vector p on a surface of normal n(x) due to: i) a unit force concentrated in space
(point y) and time (instant τ) and acting on the unbounded elastic space Ω∞ in direction j; ii) a unit
relative displacement concentrated in space (at a point y), crossing a surface with normal l(y) and
acting at instant τ on the unbounded elastic space Ω∞ (in direction j).

BIEs for the linear elastic problem can be derived from BIRs (1) (thus obtaining the so-called
“displacement equation”) and (2) (so that the “traction equation” comes out) by performing the
space boundary limit2 Ω � x → x ∈ Γ. In the limit process, after integration in time, singularities of
Green’s functions are triggered off: their singularity-orders show to be equivalent to the elastostatic
case3. Assuming smooth boundaries, after imposing the fulfillment of the displacement equation on
Dirichlet boundary Γu and of the traction equation on Neumann boundary Γp, the following linear
boundary integral problem (omitting the arguments of Green’s functions for paucity of space) comes
out: ∫

Γu

∫ t

0
Guu p(y, τ)dτ dΓy − −

∫
Γp

∫ t

0
Gup u(y, τ)dτ dΓy = fu (x, t) , x ∈ Γu (3)

− −
∫

Γu

∫ t

0
Gpu p(y, τ)dτ dΓy+ =

∫
Γp

∫ t

0
Gpp u(y, τ)dτ dΓy = fp (x, t) , x ∈ Γp (4)

Vectors f i , i = u, p, that gather all data are the following:

fu (x, t) =
1
2
ū(x, t) −

∫
Γp

∫ t

0
Guup̄(y, τ)dτ dΓy + −

∫
Γu

∫ t

0
Gupū(y, τ)dτ dΓy , x ∈ Γu

fp (x, t) = −1
2
p̄(x, t) + −

∫
Γp

∫ t

0
Gpup̄(y, τ)dτ dΓy −

∫
Γu

∫ t

0
Gppū(y, τ)dτ dΓy , x ∈ Γp

Integral problem (3-4) can be written in the compact form:

L [ y ] = f (5)

with all terms defined by comparison. Unknown vector y is made of tractions (Neumann data) p on
the Dirichlet boundary Γu and displacements (Dirichlet data) u on the Neumann boundary Γp. Let
h > 0 be a parameter and let [ph(y, τ),uh(y, τ)]T =

def
yh ∈ YLh be an approximation of the unknown

vector field y, denoting with YLh a family of finite dimensional subspaces of YL such that

∀y ∈ YL , inf
yh∈YLh

||y − yh|| → 0 as h → 0 (6)

Discretization (6) allows to transform integral problem (5) into a set of algebraic equations. Several
techniques have been developed to this aim: the collocation boundary element method (CBEM) [15],

1The above introduced kernels are infinitely smooth in their domain, which is the whole space �3 with exception of
the origin (that is x �= y)

2In the traction equation (4) the boundary limit must be taken at a smooth point x with a well defined normal vector
n(x). Strong and hypersingular kernels generate free terms in the limit process such that �u

Γ(x) = �
p
Γ(x) = 1

2
1 for

smooth boundaries, whereas special cares are required for the discrete problem [14].
3Kernel Guu shows an integrable singularity (named “weak”); kernels Gup and Gpu present a strong singularity

O(r−2); kernel Gpp is usually named hypersingular, because it shows a singularity (of O(r−3)) greater than the dimension
of the integral.
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the hypersingular collocation approach (HBEM) [16], the Galerkin [17] method (GBEM), the dual
BEM [13], the convolutive variational method [12], the variational formulation in extended sense [18].
All aforementioned method require the evaluation of “integrals” of the form:

∫
Γs

∫ t

0
Grs(x,y, t − τ) χh(y, τ) dΓydτ r = u, s = u, p (7)

denoting with χh(y, τ) scalar shape functions for modeling the components of approximation yh of the
unknown vector fields along ∂Ω × [0, T ]. For CBEM and HBEM, point {x, t} in integral (7) belongs
to a selected set of collocation points x∗

i ∈ ∂Ω, t∗j ∈ [0, T ]; for other techniques, point {x, t} takes
different meanings.

2 Shape functions

The assumption of time-space variable separation is taken, namely:

χh(y, τ) = φn(y)ωk(τ) (8)

where ωk(τ) is assumed to be a polynomial in τ .

a) b)

Figure 1: a) Local ϕn
j (x) and global φn(x) shape functions. b) Local coordinate system L�. The

extension to quadrilateral or mixed triangular-quadrilateral tassellation is straightforward.

Let Γh be a triangulation of boundary Γ, Tj ⊂ Γh its generic triangle and an a generic node of
Γh. Collect in set Tn := {Tj s.t. an ∈ Tj} all triangles of Γh sharing node an (see figure 1-a). Choose
over Tj a local (lagrangian) basis ϕ := {ϕ1

j , ϕ
2
j , ..., ϕ

M(j)
j } and denote with ϕ

n(j)
j the unique element

of ϕ such that ϕ
n(j)
j (an) = 1. Define shape function φn(x) (see figure 1-a) as a piecewise continuous

function over Γh whose value is zero outside Tn, as follows:

φn ∈ C0(Γh) supp(φn) = Tn φn|Tj = ϕ
n(j)
j (9)

A suitable choice of an orthogonal cartesian coordinate system allows an effective representation
for ϕ

n(j)
j (y). Let L� ≡ {y1, y2, y3} define a local coordinate system such that: i) a vertex of Tj is the
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origin; ii) the plane y1 = 0 contains Tj ; iii) the plane y3 = 0 is orthogonal to the side of Tj opposite
to the origin. In L�, Tj is defined by:

Tj := {y ∈ R
3 s.t. y1 = 0 ; 0 ≤ y2 ≤ ȳ2 ; ay2 − y3 ≤ 0 ; by2 − y3 ≥ 0}

where a and b denote the slopes of the two sides of Tj that cross the origin (see figure 1-b). Selecting
arbitrarily one of these two sides, say y3 − a y2 = 0, denote with Hj the height of Tj , namely the
segment orthogonal to a side emanating from the vertex opposite to it - see figure 1-b. Denoting with
d = y − x, r = ||d||, shape functions can be readily expressed in terms of Hj in the form:

ϕn
j (y) = dT

3 TT
3 Λn

j T2 d2 (10)

where d2 =
{
di

2

}
i=0,1,...,m

, d3 =
{
di

3

}
i=0,1,...,m

,

{Tk}i,j =
(

i − 1
j − 1

)
x

(i−j)
k k = 2, 3 i, j = 1, 2, ....

and matrix of constants Λn
j depends on node an. For linear shape functions and with reference to the

node at the origin,

ϕn
j (y) =

[
1 − 1

ȳ2

] [
1 x2

0 1

] [
1
d2

]
(11)

Description (9) of shape functions extends straightforwardly to quadrilateral panels Qj , and represen-
tation can be made effectively in a local coordinate system L ≡ {y1, y2, y3} such that: i) barycenter
of Qj is the origin; ii) the plane y1 = 0 contains Qj ; iii) planes y2 = 0 and y3 = 0 are orthogonal to
the sides of Qj . In L , Qj is defined by:

Qj :=
{
y ∈ R

3 t.c. y1 = 0; −a ≤ y2 ≤ a; −b ≤ y3 ≤ b
}

where a and b denote half the length of the two sides of Qj . By the binomial expansion rule, it is
straightforward to get:

ϕn
j (y) = aT

hQT
2 d2 dT

3 Q3ak (12)

where ah, ak are vector of constants and

{Qk}i,j :=
(

j − 1
i − 1

)
xj−i

k k = 2, 3 i, j = 1, 2, ...

3 Main result

3.1 Analytical integration in time

Focusing on discretization (12) and exploiting a well known convolution property, integral (7) can be
recast in the form: ∑

α

ωα aT
hQT

2 Krs(x, t)Q3ak r = u, s = u,p

where:

Krs(x, t) =
∫

Qj

d2

∫ t

0
Grs(x,y, τ) (t − τ)α dτ dT

3 dΓy = K̂
rs(x, d2, d3; t)

∣∣∣d3=b−x3

d3=−b−x3

∣∣∣d2=a−x2

d2=−a−x2

(13)

Integration in time, because of the nature of Green’s functions, is given in terms of the following
outcome of distributions theory:

∫ t

0
(t − τ)α ∂k

∂τk
H(τ − β) dτ =

supΞ∏
j=inf Ξ

(α − j)sgn(j) (τ − β)α+1−k H(t − β) (14)
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where: i) H( ) is the Heaviside distribution, δ( ) = Ḣ( ) is the Dirac distribution; ii) β > 0 holds
r

cT
or r

cL
, with cL (cT ) the dilatational (shear) wave speed; iii) k ∈ Z can be negative, in this case

indicating a primitive of order |k| of H( ); iv) Ξ ⊂ Z is the set of numbers between 0 and k − 1
including both of them: for instance, k = 2 ⇒ Ξ = {0, 1}, k = 1 ⇒ Ξ = {0}, k = 0 ⇒ Ξ = {−1, 0},
k = −1 ⇒ Ξ = {−2,−1, 0}; v) function sgn : Z → −1, 0, 1 is defined as:

sgn(j) =

⎧⎨
⎩

−1 if j < 0
0 if j = 0
1 if j > 0

3.2 Analytical integration in space

In view of Green’s functions contributions, terms of the following kind must be dealt with in order to
evaluate Krs(x, t): ∫ a−x2

−a−x2

∫ b−x3

−b−x3

dk
3

r2m+1
dd3 k, m ∈ N 0

The identity:
x2k

α2 + x2
= (−1)k α2k

α2 + x2
+

k∑
j=1

(
k
j

)
(−1)k−j(α2 + x2)j−1(α2)k−j (15)

which comes out from the binomial expansion rule, permits to obtain the following recursive relation-
ship, that seems to be useful for analytical integrations:

dk
3

r2m+1
= (−α2)�k

d
k[2]

3

r2m+1
+

�k∑
j=1

(
k̂
j

)
(−1)�k−j

j−1∑
h=0

(
j − 1

h

)
α2(�k−1−h) d

2h+k[2]

3

r2m−1
k, m ∈ N 0 (16)

where α2 = d2
1 + d2

2 is the squared projection of the distance on the plane d3 = 0. Here and in the rest
of the paper k̂ = k ÷ 2 stands for the integer division, whereas k[2] = k − 2k̂ is its remainder. Making
use of formula (16) and reference to [19] for details, K̂

rs(x, d2, d3; t) can be reduced to the sum of a
set of basic integrals and its final expression, reads:

K̂
rs = L

rs
2 log(d2 +r)+L

rs
3 log(d3 +r)+A

rs arctanh
d3

r
+I

rs Ir−3
()+R

rs r+P
rs +S

rs 1
r

+H
rs 1

r3
(17)

where: i) Ir−3
(x, d2, d3) is the Lebesgue integral of function 1

r3 over Qj , discussed in details in [20]; ii)
L

rs
2 , Lrs

3 , Ars , Irs , Rrs , Prs , Srs , Hrs are polynomial matrices of the same order of K
rs whose expression

can be found in [19] for constant and linear shape functions in time and space.

4 Concluding Remarks

Analytical integrations have been performed for both the singular and the regular part of K̂
rs(x, d2, d3; t):

for paucity of space, discussion on singularity issues has been here omitted and the reader is referred to
[19] for details. The proposed outcomes are exhaustive for the collocation approach as well as for the
post-process reconstruction of primal and dual fields (temperature and flux, displacement and stress).
It seems to be of interest for the dual, the Galerkin, and the variational technique as well, because
it firmly distinguishes the weakly singular terms relevant to the outer integral and the singular terms
in the outer integration process. Besides accuracy and computational efficiency, the availability of
closed form (17) entails the possibility of analytical manipulations - see e.g. [21] - which are hardly
possible with alternative approaches. Obtained results may have influence on extremely modern and
stimulating applications, e.g. [22] but need to be extended in order to comply with very promising
techniques for time marching schemes [23] to which hypothesis (8) does not apply.
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Abstract. In the present paper, a penny-shape interface crack at the interface of two dissimilar 

materials subjected to uniform far-field tensile loads is analysed, using an axi-symmetric 

formulation of the Boundary Element Method, considering the possibility of frictional contact 

between crack faces. A weak formulation is used to impose frictional contact conditions. In order to 

improve the accuracy of the results a three-step solution scheme has been employed, in which the 

mesh is successively refined in the vicinity of the extreme of the previously estimated contact zone. 

Numerical results are presented for the singularity order of the asymptotic solution, the contact 

length and the Stress Intensity Factor as a function of the friction coefficient and the bi-material 

elastic properties. 

Introduction 

A numerical study of the classical problem of a penny-shaped crack at the interface of two 

dissimilar isotropic materials, subjected to uniform far-field tensile loads, is presented here. The 

possibility of frictional contact between crack faces is considered using an axi-symmetric 

formulation of the Boundary Element Method (BEM) applied to frictional contact problems [1,2].  

The problem under study is a classical Interfacial Fracture Mechanics, since it resembles the 

initiation of a small interface crack inside a bi-material interface. Interesting analytical or semi-

analytical solutions of this problem can be found in the literature [2-4], either using the Williams’ 

open model [5], which assumes traction free crack faces [2,3], or the Comninou’s frictionless 

contact model [6], which assumes the existence of a near-tip frictionless contact zone [2,4]. The 

small-scale contact conditions [7] are not assumed a priori in the present study. Therefore, the 

possibility of contact between crack faces must be considered in the analysis. According to 

Comninou [8], the presence of friction in the near-tip contact zone changes the asymptotic 

behaviour of the near-tip elastic solution, decreasing the singularity order of the stresses. This 

decrease depends upon a bi-material elastic constant and the friction coefficient between crack 

faces.  

The objective of this paper is to show that an excellent accuracy can be obtained with BEM in 

the solution of this receding frictional contact problem, and to elucidate the influence of the friction 

coefficient and the bi-material elastic constant over the asymptotic behaviour of near-tip 

displacements and stresses. In particular, the analysis has been focused on the numerical evaluation 

of the near-tip contact length, and the singularity order and the Stress Intensity Factor (S.I.F.) which 

characterize the near-tip elastic solution. 

Overview of the BEM formulation 

The employed BEM formulation for the frictional elastic contact between two axi-symmetric solids 

will be briefly described in this section. The radial sections of the contacting solids will be denoted 

as kΩ , with BAk ,= , and the corresponding radial sections of their boundaries will be denoted as 
kΓ . The boundary of each solid will be considered as divided into two distinct zones: k

OΓ , where 
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there is no possibility of contact, and k

IΓ  where contact is developed, i.e. the bi-material interface. 

In order to solve the collocation and contact equations described in the following by means of the 

BEM, boundaries kΓ  of the solids have been discretized by a set of continuous linear elements k

tS , 

with kTt ,...,1= , in which displacements and tractions are assumed to have a linear evolution. 

A xi-symmetric Boundary Integral Equation (ABIE) for displacements components. Using 

the abovementioned elements, the discretized ABIE of the displacements in each of the solids takes 

the form (the superscript k  denoting the solid has been removed for simplicity, and two different 

situations have to be considered depending on whether the collocation point lies outside the 

symmetry axis or not) [1,2]: 

[ ]∑∑
= =

−=
T

t i

titititti uAtOBuC
1

2

1

,,,,* )()()()( αβαγαγβααβα zzzz , with Γ∈z , 0>rz , (1) 

[ ]∑∑
= =

−=
T

t i

titi

z

titti

zzzz uAtOBuC
1

2

1

,,,,* )ˆ(ˆ)ˆ(ˆ)ˆ()ˆ(ˆ
ααγαγα zzzz , with Γ∈ẑ , 0ˆ =rz ,  

where, tiu ,

α  refer to radial and axial components of the displacements at both nodes of each element, 

with zr,, =βα , and tit ,

γ  refer to the normal and tangential components of the tractions, with 

sn,=γ . kk

n nO αα =  and kk

s sO αα =  are the components of the a rotation matrix from intrinsic to global 

co-ordinates. Closed form expressions of the free term components can be found in [2]. Integration 

constants are defined as: 

∫ −
=

)(

*, )(),()(
z

yyzz
ε βαβα
tt SS

t

i

t

ti dSNTfpA  ,  ∫=
tS

t

i

tz

ti

z dSNTA )(),ˆ(ˆ)ˆ(ˆ *, yyzz αα , (2) 

∫ −→
=

)(

*

0

, )(),(lim)(
z

yyzz
ε βαεβα
tt SS

t

i

t

ti dSNUB  ,  ∫=
tS

t

i

tz

ti

z dSNUB )(),ˆ(ˆ)ˆ(ˆ *, yyzz αα ,  

in which fp  refer to the Hadamard’s finite part of the strongly singular integrals [9]. )( yi

tN , with 

tS∈y , refer to the linear form functions ( 2,1=i  respectively denotes if the form function 

corresponds to the initial or the end node of element tS ). ),(* yzβαU  and ),(* yzβαT  are the 

components of the fundamental solutions of displacements and tractions for a unit ring load, which 

are expressed in terms of the complete elliptic integrals of the first and second kind [10]. Finally, 

)()( zz εε
B∩= tt SS  is the portion of the original element which lies inside an excluding circular 

vanishing zone )(zε
B  defined around the collocation point. 

To carry out the numerical solution of this particular problem, a very strong near-tip refinement 

of the mesh has been carried out. Therefore, when the collocation point belongs to the integration 

element, an accurate integration scheme has to be employed for the evaluation of the integration 

constants defined in (2). As the components of the axi-symmetric fundamental solution kernels are 

highly complicated functions, written in terms of the complete elliptic integrals of the first and 

second kind, the analytical evaluation of the singular integration constants seems to be nearly 

impossible. Therefore, a semi-analytic integration scheme has been employed in these cases. 

When the integration point tends to the collocation point, the singular terms of the axi-symmetric 

fundamental solution kernels have been identified [2], yielding the following behaviour: 

),()ln(),()ln(),(* yzszyz RBW UUUU βαβαβαβα ηηη ++=  ,  ),ˆ(ˆ),ˆ(ˆ * yzyz R

zz UU αα =  (3) 

),()ln(),,()ln(),(),(),( 1* yznsznznsyz RBWS TTTTT βαβαβαβαβα ηηηη +++= −  ,  1* ),(ˆ),ˆ(ˆ −= ηαα nsyz S

zz TT , 

where s  and n  are the unit vectors respectively tangent and normal to the integration element, 

|| zy −=η , and the functions ),( yzRU βα , ),ˆ(ˆ yzR

zU α  and ),( yzRTβα  have a regular behaviour in the 

vicinity of the  collocation point. 
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Using this procedure the strongly singular terms 1),( −ηβα nsST  and 1),( −ηβα nsST  and the weakly 

singular terms )ln(ηβα
WU  and )ln(),( ηβα nzWT  are integrated analytically. The regular terms 

),( yzRU βα , ),ˆ(ˆ yzR

zU α  and ),( yzRTβα  are integrated numerically, as they are highly complicated non-

explicit functions. However, due to their regular behaviour, they can be numerically integrated with 

a high accuracy. Finally, terms )ln(),( ηηβα szBU  and )ln(),,( ηηβα nszBT  are bounded terms with 

infinite slope at the collocation point. Those terms could either be integrated analytically or 

numerically. It has been checked that the numerical integration of these terms yield low accuracy 

results if a strong refinement of the mesh is carried out. Therefore, they have been analytically 

integrated in the present BEM formulation. Closed form expression of the analytical integrals of all 

the non regular terms can be found in [2]. 

Weak formulation of contact conditions. The equilibrium and compatibility conditions along 

the contact zone between AΩ  and BΩ  have been imposed in a weak manner, derived from the 

Principle of Virtual Work [1,2,11]. 

In this way, interface stresses are defined as the tractions along A

IΓ . Equilibrium at all points y  

belonging to the opposite boundary, which means 0)()( =+ ytyt AB , is guaranteed by the fulfilment 

of the following integral equation extended to B

IΓ  (i.e. the interface boundary of BΩ ): 

0)()]()([ =−∫ B
I

B

Ir

BAB dyutt
Γ

ψ
γγγ Γyyy , with sn,=γ , (4) 

for any virtual field of compatible displacements )( yu ψB . 

Displacements along the interface are defined by the displacements at B

IΓ . Compatibility at all 

points y  belonging to the opposite boundary: )()()( yuyuyδ BAA −= , with )( yδA  being the 

relative displacements between opposite points of the interface, is guaranteed by the fulfilment of 

the following integral equation extended to A

IΓ  (i.e. the interface boundary of AΩ ): 

0)]()()([)( =−+∫ A
I

A

Ir

ABAA dyuut
Γ γγγ

ψ
γ Γδ yyyy , with sn,=γ , (5) 

for any virtual tractions field in equilibrium )( yt ψA . 

Using the same elements and linear form functions described in the previous section to discretize 

equations (4,5), and imposing the fulfilment of both equations for any discretized virtual fields, 

yields a system of equations which can be straightforwardly coupled with the collocation system of 

equations, since the same displacements and tractions unknowns are employed in both [2].  

Description of the problem 

A centred penny-shaped crack at the interface of two sufficiently large cylinders of different 

materials (denoted A and B) has been studied. Only the radial section of the problem, in cylindrical 

co-ordinates ),( zr , has been modelled, with the geometry and boundary conditions shown in Fig. 1, 

where mm1=a  and ahb 100== . A tensile load MPa10 =σ  has been applied at both ends. 

Material properties of the upper cylinder are defined by the Young modulus MPa1=AE  and the 

Poisson ratio 3.0=Aν , while material properties of the lower cylinder are varied according to: 

=AB EE / kAB =νν / , with 10 ≤≤ k . Bi-material elastic properties will be characterized by the β  

mismatch parameter, the ε  parameter and the harmonic mean of the Young moduli ∗E : 

)1()1(

)1()1(
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∗
 (6) 

where )22/( KKK E νµ +=  is the shear modulus of material BAK ,=  and KK νκ 43−= . 
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Figure 1: Definition of the problem: (a) geometry; (b) near-tip notation. 

The initial BEM mesh was created employing the following set of rules: a maximum element 

length equal to a02.0  along the crack faces, a maximum element length equal to a2  along the 

interface and the external boundaries, equal lengths of every element adjacent to each corner, and a 

minimum element length equal to a1210−  at both sides of the crack tip. Where a mesh refinement is 

required, a constant 13:10 ratio has been kept between the lengths of adjacent elements. Using this 

mesh, the bi-material elastic parameter and the friction coefficient were parametrically varied in the 

range 5.00 ≤≤ β  and 10 ≤≤ µ . As the near-tip contact length, Cρ , is dramatically reduced with 

β , accurate solution of the problem was only possible in the range 5.03.0 ≤≤ β , which results in, 
48 10·3.1/10·7.8 −− ≤≤ aCρ . Results obtained with the initial mesh showed that the near-tip contact 

length increases slightly with friction coefficient. To obtain a higher accuracy a different mesh 

refinement was made for each of the β  values employed, using 30 elements of constant length in 

the region where the extremes of contact zones were obtained for 10 ≤≤ µ . Finally, a third 

refinement was made, using a distinct mesh for each distinct values of β  and µ , dividing by 10 the 

element length in the vicinity of the extreme of the corresponding contact zone. 

Numerical results 

According to the asymptotic solution presented by Comninou [8], when 0→ρ , normal stresses 
+)(ρσ yy  ahead of the crack tip are bounded, while shear stresses +)(ρσ xy  ahead of the crack tip and 

contact stresses −)(ρσ yy  and −)(ρσ xy  are singular: 

λπρρσ −+ = )2()( IIxy K  ,  λπρλπβρσ −− −= )2()sen()( IIyy K  ,  λπρλπρσ −− = )2()cos()( IIxy K  , (7) 

with IIK  being the S.I.F. and the singularity order λ  given by 1)()tan( −= µβλπ . 

Relative opening −)(ρ∆ yu  is null for Cρρ ≤ , and near-tip relative sliding −)(ρ∆ xu  is given by 

)1(
2

)2(
)1(2

)sen(1
)( λπρ

λπ
λπβ

ρ∆ −
∗

−

−

−
= IIx K
E

u  . (8) 

Near-tip contact length. The extent of the near-tip contact zone given by the BEM solution is 

located within the element containing the last node in contact and the first separated node. As 

shown in Fig. 2(a), a finer mesh in that zone increases the precision in the results. 
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BEM results obtained for the near-tip contact length are shown in Fig. 2 (a) as a function of µ , 

for 5.0=β , and in Fig. 2(b) as a function of β , for several µ  values. As can be seen, the near-tip 

contact length slightly increases with µ  in an almost linear way. 
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Figure 2: Near-tip contact length: (a) as a function of µ ; (b) as a function of β . 

Accuracy in the evaluation of the singularity order. The singularity order λ  can be obtained 

from the near-tip BEM solution of any of the magnitudes defined in (7) and (8). As λ  is the only 

value which has been analytically determined for this problem, it has been evaluated numerically to 

show the excellent accuracy that can be obtained with the BEM formulation employed. Obviously, a 

BEM evaluation of λ  from the contact stresses −)(ρσ yy  and −)(ρσ xy  is not possible since the size 

of the contact zone is very small in all cases. Therefore, the first term of their asymptotic solutions 

becomes dominant at distances smaller than the smallest elements used at the crack tip. 

Nevertheless, the first term of the asymptotic solution of −)(ρ∆ xu  is dominant up to a610~ −ρ  and 

the first term of the asymptotic solution of +)(ρσ xy  is dominant up to a810~ −ρ . 

BEM results obtained for the singularity order λ  (using least square fit of the −)(ρ∆ xu  results in 

the region 67 10/10 −− << aρ , and of the +)(ρσ xy  results in the region 89 10/10 −− << aρ ) are shown 

in Fig. 3(a), as a function of β  for several µ  values. Relative errors are shown in Fig. 3(b). 

As can be seen, accuracy in the evaluation of relative sliding −)(ρ∆ xu  is higher, the 

corresponding error in λ  being below 1% in all cases. Although better results are obtained for the 

5.0=β  case, in which the larger near-tip contact length is obtained, the decrease of accuracy in the 

rest of the cases is not significant, taking into account that the contact length is reduced several 

orders of magnitude, as can be seen in Fig 2(a). 
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Figure 3: Singularity order: (a) λ  evaluated from BEM results; (a) relative error. 

Stress Intensity Factor. As the near-tip BEM solution of −)(ρ∆ xu  is the most accurate, S.I.F. 

has been calculated from equation (8), averaging in the range 67 10/10 −− << aρ . Results are shown 

in Fig. 4 as a function of β  for several µ  values. As can be seen, IIK  increases with µ  in all cases. 

Advances in Boundary Element Techniques IX 65



 
 

 

It has to be noticed that the values of IIK  corresponding to different values of µ  can not be directly 

compared, as the change in µ  implies a change in λ  and consequently in IIK  units. 
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Figure 4: Stress Intensity Factor evaluated from BEM results. 

Concluding remarks 

The problem of a penny-shape interface crack at the interface of two dissimilar materials subjected 

to uniform far-field tensile loads has been analyzed, using an axi-symmetric formulation of the 

Boundary Element Method, considering the possibility of frictional contact between crack faces 

with a weak formulation of contact conditions. 

The excellent accuracy of the numerical results has been checked evaluating the error obtained in 

the near-tip singularity order. 

Numerical results show an increase of the near-tip contact length Cρ  and the Stress Intensity 

Factor IIK  due to the friction between crack faces. Numerical results of Cρ  and IIK  are presented 

for a wide range of values of the bi-material parameter β  and the friction coefficient µ . 
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Abstract. The method of localized Lagrange multipliers can be used to interconnect regions with nonmatching 

meshes [1,2]. This technique has been successfully applied to connect BEM and FEM regions in elastostatics and 

contact problems [3,4]. In this work, a BEM-FEM partitioned formulation based on localized Lagrange 

multipliers is developed for antiplane time-harmonic elastodynamics. A discrete surface or frame is placed 

between the subdomains to approximate the interface displacements. This frame is connected to each substructure 

by using localized Lagrange multipliers collocated at the interface nodes as shown in Fig 1. 

Fig 1. Sketch of nonmatching BE and FE subdomains connected by a frame through localized Lagrange 

multipliers. Blue: frame nodes. White: interface nodes (i.e. attached to a frame). Red: interior nodes.

The numerical implementation is firstly tested by solving a benchmark problem of known analytical solution, the 

plate under uniform traction. In addition, the formulation is used in an application from the field mechanical 

engineering: reflection of guided SH waves at the edge of a plate [5, 6].  

Introduction

Let us assume two subdomains, 
BEM

 and
FEM

, connected by a common interface int . The first subdomain 

will be studied with BEM and the second with FEM, and let us assume nonmatching meshes at the interface, as 

illustrated in Fig 1. The method of localized Lagrange multipliers will be used. Instead of formulating the problem 

considering a direct interaction between those subdomains, we will introduce an auxiliary surface or frame

between them and consider the coupling in terms of interaction of the two regions with this new surface. 

Variational formulation of the coupled system 

The virtual work variation of the total system,  is composed by the energy of the FE substructure, 
FEM

,

of the BEM structure, 
BEM

 and of the interface frame, 
frame

, and it can be written as [3] 

FEM frame BEM
 (1) 
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The virtual work for the interface frame, 
frame

, enforces the displacement continuity between the subdomains 

and the frame at their interface int  in a weak sense, with the following expression 

int int

int int

frame

bi i bi fi i fiv u d v u d  (2) 

where localized Lagrange multipliers and boundary displacements are introduced in the BE side, ,bi biu , and 

FE side, ,fi fiu , respectively, and the frame displacements are denoted with vi.

Discrete equations 

BEM region. The displacement formulation of the direct BEM (DBEM) with time-harmonic full- space antiplane 

Green’s function [7] is used. The starting point to obtain this formulation is Somigliana’s identity 

, , , · , , , · , , , ·ij bj ij bj ij bj ij jc u T u d U t d U b dx x x x x x x (3)

where , ,ijU x  and , ,ijT x  are the displacements and tractions in the i-th direction at point x when a 

unit time-harmonic antiplane load of frequency  is applied in j-th direction at point  inside an infinite domain, 

bjt  are the components of the boundary tractions, bju  are the components of the boundary displacements, jb  are 

the body loads, ijc  is the local tensor at point , with / 2ij ijc  for smooth boundary points and 

ij ijc  for internal points. Expressions for the fundamental solution can be found in [7].  

The boundaries are discretized with continuous quadratic elements, which are used to interpolate the 

displacements and tractions at any boundary point from their corresponding nodal values with the following 

expressions

;b b b b b bu tN u N t  (4) 

where ub and tb are vectors containing the BE nodal displacements and tractions, respectively, and bN  is the BE 

shape functions approximation matrix. By substituting these expressions in eq (3) and applying the boundary 

conditions, we obtain the following system of equations 

b bH u G t b  (5) 

where H( ) and G( ) are the integrals over the boundary of the tractions and displacements of the fundamental 

solution, respectively, and vector b contains the contributions of all boundary conditions. 

A complementary virtual work for the BEM region can be defined as in [3], to enforce eq (5)  
BEM T

cvw b b bt H u G t b  (6) 

The BEM also contributes to the virtual work through the work done by BE tractions acting on the BE-frame 

interface when there is a virtual displacement. This additional term, 
BEM

int , has the following expression 

int int

int int int

BEM T T T

bi bi b b b b b b bu t d du N N t u M t  (7) 

where Mb is a matrix that transforms boundary tractions into consistent nodal forces at the BE-frame interface [5]. 

Therefore,
BEM BEM BEM

cvw int (8)

FEM region. The FEM region is discretized with isoparametric elements. The displacement field at any point 

is expressed in terms of the nodal values, fu , through the use of shape functions 

f f fu N u  (9) 

where uf is a vector containing the FE nodal displacements and fN  is the FE shape functions approximation 

matrix and uf. Using this approximation, the virtual work of the FEM region in this time-harmonic case can be 

written in its usual form 
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2FEM T

f f fu K M u f  (10) 

where K and M are the FE stiffness and mass matrices, respectively, both are symmetric, positive definite, and 

frequency independent, and ff is a nodal force vector. 

Absorbing boundaries for guided waves in plates. An infinite plate can be discretized across the thickness 

with layer elements. A semi-analytical FE interpolation of the plate displacements can be written as  

, , expp p pu x y t y i kx tN u  (11) 

where x is the propagation direction (parallel to the plate), y is the direction normal to the plate, pN  is the finite 

element interpolation matrix in the y direction, pu  is a vector containing the plate nodal displacements, k is the 

wavenumber in x direction. By application of the principle of virtual work and boundary conditions, the following 

quadratic eigensystem in k is obtained [5]  
2 2

a ak A G M u f  (12) 

where A, G and M are symmetric, positive definite, and frequency independent matrices. Its eigenvectors 
( )

 at 

any frequency are FE approximations to the SH guided modes in the plate. Once calculated, these modes can be 

used to express the scattered displacements in a semi-infinite plate as a normal mode expansion. This expansion, 

particularized at the edge of the plate, located at x=0, can be written as 

( ) ( ) ( )

1 1

;
G G

I I

a a a a iku u f f A  (13) 

where  are mode participation factors, G is the total number of FE nodes, 
( )k  is the -th eigenvalue, 

I

au  and 

I

af  are the displacements and forces produced by an incident guided mode impinging from the far field onto the 

edge. By eliminating the mode participation factors in eq (13), we obtain the following  

ˆI I

a a a a a af f S u u Su f  (14) 

where S is the dynamic stiffness matrix of the semi-infinite plate, ua and fa are vectors with the nodal 

displacements and forces at the edge of the plate, 
I

au  and 
I

af  are the displacements and forces produced by an 

incident guided mode impinging from the far field onto the edge. The virtual work of this FE absorbing boundary 

conditions can be written as 

ˆabsorb T

a a au Su f  (15) 

This expression is completely analogous to eq (10), by simply replacing 
2

S K M  and ˆ
a ff f . Therefore, 

in the following we will include this term in 
FEM

 and its variables in ub, in order to simplify the notation. 

Hence, the FEM region will also include absorbing boundaries. 

The frame. The displacements in any point of the frame are interpolated using isoparametric finite elements 

vv N v  (16) 

where vN  is the frame interpolation matrix and v  is a vector containing the frame nodal displacements. 

The localized multipliers are modeled as concentrated forces, that is, the interpolation functions for multipliers are 

Dirac’s delta functions 

· ; ·fi fi bi bif b
i i

 (17) 

where , ,pi p f b  is the frame coordinate of the i-th interfacial node belonging to a substructure and the 

summations extend over all interfacial nodes. Substituting eq (17) in eq (2) gives 
frame T T

b b b f f fC v u C v u  (18) 

with the following definition  

int

int·p pi v v pi

i i

dC N N  (19) 
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meaning that Cp, with p=f, b, can be obtained by simple evaluation and summation of the frame shape functions at 

the interfacial node locations. 

The coupled system. Substitution of eq (6), (7) (10) and (18) into eq (1), followed by the application of the chain 

rule in (18) and some reordering of terms, yields the following expression for the total energy variation 

2

T T T

b b b b b b b b b b

T T T T T

f f f f f f f f f b b

t H u G t b u M t C v u

u K M u f C v u v C C
 (20) 

By enforcing that the virtual work must be zero for all possible virtual displacements, 0 , we get the system 

of equations for the frame-coupled system 

2

BEM equations

t -  relation

BE-frame continuity

FEM equations

FE-frame continuity

Frame equilibrium

b

bb b b

b b

f

ff

T T

b f

G H 0 0 0 0 t

M 0 I 0 0 0 u

0 I 0 0 0 C

u0 0 0 K M I 0

0 0 0 I 0 C

v0 0 C 0 C 0

b

0

0

f

0

0

(21)

which is non-symmetrical due to the contribution of the BE substructure. 

Numerical results 

Layer under uniform antiplane shear. An infinite linearly elastic layer of constant thickness, h, fixed at its base 

and loaded with a uniform time-harmonic antiplane shear on its top surface, is considered. The analytical solution 

for this problem, assuming no damping is present, is the following 

sin
; ; ; 2 1 , with 

cos 2

s sz
z s s n

s s s

k y cp
u y k c n n

k k h c h
 (22) 

where sc  is the speed of shear waves in the material, µ is the shear modulus,  is the density,  is the excitation 

frequency, ks the wavenumber of shear waves at that frequency and n  the nth natural frequency.  
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Fig 2. (a) Sketch of the layer problem and partitioned formulation used to solve it. (b) Plot of the actual 

meshes used. Circles: FE nodes. Stars: BE nodes. Squares: frame nodes. 
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A square domain with symmetry boundary conditions on its vertical sides (x=0, x=h) is used for the computations. 

Its upper half, / 0.5,1y h , is discretized with quadratic BEM elements of uniform length, LBE=h/10. Its lower 

half, / 0,0.5y h , is discretized with linear quadrilateral FEM elements of the same shape and size (squares 

with side LFE=h/10). The frame, located at y=h/2, is discretized with a uniform mesh of 1D linear elements, with 

an element size Lframe=h/10. The meshes are plotted in Fig 2. Notice that the BE and FE domains have different 

order of interpolation and nonmatching nodes. 

The numerical results obtained are plotted in Fig 3 for frequencies going well above the 2nd natural frequency, 

2 . An excellent agreement with the exact solution is found. Although the results are plotted in a dimensionless 

manner, the following numerical parameters were used for the calculations: h=1m, pz=1kPa, µ=1kPa, =1t/m3,

cs=1m/s. 
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Fig 3. Comparison of the numerical results with the exact solution. Left: Displacement at the top surface of 

the layer, zu y h , normalized with its static value, , /z est zu y h p , versus dimensionless 

frequency. Right: vibration pattern of the layer for three different values of the dimensionless frequency, 

1/ 0.5,1.5, 4 .

Reflection of guided SH waves at the edge of semi-infinite plates. A single guided SH mode impinges onto 

the free edge of a semi-infinite homogeneous plate of constant thickness d=2h. A portion of the plate near the 

edge will be discretized with BEM or FEM, and an FE absorbing boundary condition will be used to take into 

account the radiation of energy towards infinity through the plate. Dimensionless frequencies in the range 

/ 2sh c , where up to four propagating guided SH modes exist, are studied. 

Four different solution strategies, depicted in Fig 4, half of which use localized Lagrangian multipliers, will be 

applied. Our goal is to determine if the frame introduces some artificial reflection or perturbation in the numerical 

results, in comparison to direct coupling techniques that were previously applied [5,6]. In order to allow 

comparisons at the same level of discretization error, meshes with matching nodes at the interfaces will be used in 

all cases. All regions will be discretized with uniform meshes: quadratic BE elements, LBE=h/5; linear 

quadrilateral FE elements, LFE=h/10 (side length of the square FE elements); linear frame elements, Lframe=h/10.

In all the cases the FE absorbing boundary is derived with a quadratic FE discretization in the y direction, and it is 

directly coupled to a BE region. 

When a single guided SH mode impinges onto the free edge of a semi-infinite homogeneous plate of constant 

thickness d=2h, it gets reflected back without any mode conversion [6]. All the numerical results show no mode 

conversion. In addition, the maximum error in the balance of energy flux (i.e. difference between the incident and 

scattered energy fluxes) is presented in Table 1, which can be used as a measure of the quality of the numerical 

results. By comparison between (a) and (b), and also between (c) and (d), it can be concluded that the frame does 

not introduce any additional errors, beyond those due to discretization. 
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Fig 4. Sketch of the four solution strategies applied to solve the SH guided wave reflection problem. (a) FE 

absorbing boundary directly coupled to BEM region with a=h/5. (b) Same as (a), but with an additional FE 

region coupled with a frame. (c) Same as (a), but with an additional BEM region directly coupled to the first 

one. (d). Same as (c), but the 2nd BEM region is connected through a frame. 

Error in energy flux balance: 1 ·100
refl

inc

E

E
, in %. Incident

mode 
BEM (a) BEM-frame-FEM (b) BEM-BEM (c) BEM-frame-BEM (d) 

SH0 0.029 0.029 0.022 0.022 

SH1 0.049 0.049 0.052 0.052 

SH2 0.102 0.102 0.194 0.194 

SH3 0.680 0.680 1.293 1.293 

Table 1. Reflection of guided SH waves at the free edge of a semi-infinite plate. Numerical results for 

several solution strategies. 

Summary 

A BEM-FEM coupling scheme for antiplane time-harmonic elastodynamics based on connecting substructures to 

an interface frame using localized Lagrange multipliers has been presented. This method has been successfully 

applied to solve a structural vibration problem and a guided wave scattering problem.  
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Abstract. This work presents a unified formulation for the combination of the Finite Element Method 

(FEM) with the Boundary Element Method (BEM) in quasi-static 3D frictional contact problems. 

Resolution methods for the contact problem between non-matching meshes have traditionally been 

based on a direct coupling of the contacting solids, a strategy that generates strongly coupled systems 

that require a deep knowledge of the discretization characteristics at each side of the interface and 

complicates the process of mixing different numerical techniques. Our proposal is to approximate the 

interface variables in a new surface, or contact frame, inserted between the FEM and BEM meshes and 

connected to the contacting substructures using localized Lagrange multipliers (LLMs) collocated at the 

mesh-interface nodes. This methodology provides a partitioned formulation which preserves software 

modularity and facilitates the connection of non-matching FEM and BEM meshes. 

Introduction; the contact frame 

Let us consider two solids in contact and denote their domains  and  with a common interface C .

To formulate the contact problem, instead of considering the direct interaction between these two bodies 

during the contact process, we will insert a deforming non-physical surface called contact frame  with 

C  and reformulate the contact problem in terms of interaction of the solids with this auxiliary 

surface using LLMs collocated on each side of the frame.  

Figure 1. Abstract representation of two solids in contact with a frame and their discrete 

approximation using different numerical methods. 

The contact forces acting on the frame are represented in the exploded view of Fig. (1) where the LLMs 

connecting the solid  with the frame are named using the vector quantity 
1 2

( , , )t

n t t  and the 

multipliers connecting solid  are named 
1 2

( , , )t
n t t . These forces are expressed using two 
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locally orthonormal base systems attached to the frame; 1 2[ , , ]B n a a  used to describe  and 

1 2[ , , ]B n a a  used for . These frame local systems are defined in the following way; 1a  and 2a  are 

the orthogonal vectors contained in the frame tangent plane at the considered point and vector n points 

towards solid . The barred base system B  at the same position will be defined in opposite direction to 

B.

A key approach of the present localized formulation is to treat the non-matching contact interfaces by 

the method of LLMs using either the BEM or the FEM to model the contacting solids. 

Variational formulation 

The variational functional in the FEM-FEM contact case represents the total energy of the system and is 

composed by the energy of the two substructures plus the interface constraint functional associated with 

the contact phenomena 

body1 body2 int
 (1) 

where the contact interface potential int  groups contributions from both sides int
ii  and 

will be derived in this section. To do that, let us decompose each one of the two interface functionals 

into two terms 

i k c

i k c
 (2) 

the first one is related with the kinematic positioning of the frame, that is enforced in a weak sense using 

the variational form 

k
c

Bt x y k d c

 (3) 

and the second one represents the virtual work of the contact forces; a contribution to the weak form that 

can be expressed, using the frictional cone projection operator ( )P  (see  [2]), in the following way 

c
c

P r k d c

 (4) 

equation that added to (3) and substituted back in (2) provides the expression for the total variation of 

the interface potential at the non barred side 

i
c

Bt x y k u v B

v, Q x y k P r d c
 (5) 

with t I ne a I .

Discrete equations 

The discrete contact problem will be defined in terms of contact pairs, i.e. couples formed by a boundary 

node and its associated frame element. Those contact pairs are established before starting each time step, 

calculating for every potentially contacting boundary node its nearest frame element and projecting 

geometrically on it, see Fig. 2.  
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Figure 2. Each contact pair is constituted by a hitting boundary node p and its closest frame element. 

The frame displacements 1 2( , )v  and its average distance to the solids 1 2( , )k  are interpolated using 

isoparametric finite elements in the following form 

v 1, 2 N 1, 2

v1

:

vnf

, k 1, 2 N 1, 2

k1

:

knf

 (6) 

where nf is the number of nodes in the frame element, and N is the shape functions approximation 

matrix. 

The choice for multipliers discretization is to model them as concentrated forces, that is, support 

functions are Dirac's delta functions 

1, 2 p p  (7) 

with 1 2( , )  and p  the frame coordinates of the node projection, Fig. 2. This definition of the 

contact forces will reduce integrations over the contact zone to summations over the contact pairs, i.e. 

c

1, 2 f 1, 2 d c

p 1

np

p f
p

 (8) 

with np the total number of contact pairs. Eq. (8) is useful in order to maintain the contact interface 

generic, leading to modular coupling software since the frame needs to know very little information 

about the contacting solids. 

    To manage the discrete variables we have to introduce the substructural interface nodal indicator ,

the well known boolean finite element assembling operator defined in the following way 

up upu , p p

vp vpv , kp kpk
 (9) 

where p is used to extract the variable associated with a boundary node p from the global vector of 

unknowns  with =u,v,k..
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BEM-FEM contact 

Modularity of the preceding formulation becomes clear when it is extended to make possible a 

combination of contacting solids modeled using either the FEM or the BEM. For simplicity and without 

any loss of generality, we focus on the case where the elastic equations of the first solid in contact are 

obtained using the BEM and the second solid is modeled using the FEM. In a previous work by the 

authors [1] it was shown that in coupled elastostatic problems without contact conditions, the variational 

functional of a BE solid body  to be combined with a variational form like (1) can be expressed by 

adding two terms: a complementary virtual work associated with the the BE elastic equations BEM  and 

an extra term to transform the boundary tractions into forces lump , i.e. 1body BEM lump . The 

first term, associated with the BEM elastic equations, can be written 
BEM tt Hu Gt b  (10) 

where vectors t and u contain the solid boundary tractions and displacements respectively, H and G are 

the BEM system matrices obtained when assembling elemental contributions and vector b is a known 

function of the boundary conditions. Those boundary tractions are in equilibrium with the Lagrange 

multipliers localized in the contact zone applying an energy equivalence principle that produces the 

following term 
lump ut Mt E  (11) 

with a lumping matrix used to transform tractions into equivalent forces given by 

M
e 1

ne

te
t Me te

 (12) 

where ne is the number of boundary elements situated at the interface, te is the boolean assembling 

operator used to extract the variables associated with a boundary element e from the global vector of 

unknowns and 

Me
e

NTNd e
 (13) 

is the elemental lumping matrix for an element e with boundary e . Finally and because not all the 

boundary nodes belong to the contact zone, a boolean matrix E is used to associate the LLMs with their 

corresponding global nodes. 

    Substituting these two terms into the total variational equation, the functional variation is obtained for 

the BEM-FEM coupling case 

BF tt Hu Gt b ut Mt E t f

t g
t

g vt q q kt p p
 (14) 

where it should be noted that this new expression does not represent the variation of a potential energy 

functional.

    The stationary of the BEM-FEM variational equation 0BF  is obtained when solving for a new 

group of unknowns ( , , , , , , )z u u t v k  the following B-differentiable system 

FBF z

h

f

m

g

g

q q

p p

0

 (15) 
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with definitions for the first and third equations given by 
h Hu Gt b , m Mt E  (16) 

where h represents the BE elastic equations and m the lumping procedure from tractions to forces. 

So carrying out the stationary conditions of eq. (15) we find the following equilibrium equation set 

H 0 G 0 0 0 0

0 K 0 0 B Lv 0

0 0 M E 0 Lv 0

Bt 0 0 0 0 Lb Nk

0 B
t

0 0 0 Lb Nk

Lv
t Lv

t
0 Lb

t Lb
t

Dv Dv 0

0 0 0 P P 0 Pk Pk

u

t

v

k

h

f

m

g

g

q q

p p
 (17) 

a non-symmetrical and strictly non-differenciable system representing the partitioned equations of 

motion for the frame-based BEM-FEM contact problem that is solved using the Generalized Newton 

Method with Line Search (GNMLS). 

Note that the BEM-BEM contact formulation is straightforward using the same approach. 

Application 

In this example we study the case of a stopped tire connected to an infinitely rigid wheel that presents a 

controlled vertical displacement, imposed on its center axis, making the tire to interact with the ground 

surface. This problem is usually solved considering the road as an infinitely rigid surface, a good 

approximation when the stiffness ratio between the tire and the road is small and that liberates the 

analyst from the necessity of modeling a complete half space domain with its associated computational 

cost.

The analysis of the solids is taken under the hypotheses of small deformations and linear elastic behavior 

of the materials, with constitutive parameters for the tire Et=10, t=0.3 and for the soil Es=1, s=0.3. A 

comparable stiffness of the materials makes unacceptable substituting the soil by a rigid plane and this is 

the reason why the BE method is used to approximate the half space while the tire is modelled using the 

FEM. In the contact region a static friction coefficient of µ=0.25 is supposed to simulate the frictional 

contact conditions. 

Fig. 3 shows the displacement contours obtained in the boundary of the solids when a vertical 

displacement of 0.2 is imposed on the wheel. It is also represented the relative error of the solution 

obtained by the GNMLS algorithm with the iteration number, presenting a quadratical convergence rate 

to the solution and reaching a relative error H(zk)/H(z1) of 10  after only six iterations of the GNLMS 

algorithm. 

Conclusions

A unified formulation combining the BEM and FEM in 3D frictional contact problems using LLMs to 

connect different substructures to an adaptative contact frame is presented. The contact conditions are 

imposed mathematically using projection functions and the contact frame is allowed to move freely 

between the substructures maintaining the contact zone as an unknown. The GNMLS is applied to solve 

the non-smooth system of equations representing the equations of motion. 

    The algorithm and introduced formulations prove to be very robust and efficient when solving 3D 

non-matching contact problems even when presenting strong material heterogeneities and BEM-FEM 

transitions trough the contact zone. Suggested methodology greatly simplifies the procedure to solve this 

Advances in Boundary Element Techniques IX 77



kind of problems, minimizing the geometrical knowledge of the contacting substructures needed to 

formulate the contact interface behavior. 

Figure 3. Displacement fields on the road and the tire when a vertical rigid body displacement is 

imposed on the wheel. 
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Abstract. This communication presents a three-dimensional Boundary Element – Finite Element 

coupling model for the dynamic analysis of soil-pile-structure interaction in the frequency domain. 

The soil is modelled by the Boundary Element Method (BEM) and one-dimensional Finite 

Elements are used to model the piles as Bernoulli beams, whose heads can be linked by rigid pile 

caps. One or more superstructures can also be considered as piled shear building models, so that 

dynamic SSI problems can be addressed. Some structure-soil-structure interaction analyses are 

presented. It is shown that the presence of neighbouring structures with similar fundamental periods 

modifies the dynamic behaviour of buildings founded on soft to medium soils. 

Introduction

The study of soil-structure interaction (SSI) has received considerable attention during the last 

decades [1, 2, 3, 4]. More recent [5] is the study of site-city interaction (SCI), focused on the 

influence of the presence of a densely urbanized area on the seismic response of zones placed inside 

or outside the city. SSI, site effects and structure-soil-structure interaction phenomena are the basic 

components of SCI. However, structure-soil-structure interaction, by itself, has received little 

attention, and even less work has been reported on the interaction between piled structures. 

A three-dimensional BEM-FEM coupling model for the dynamic analysis of pile groups [6, 7] 

has been developed by the authors. The soil is modelled by the Boundary Element Method (BEM) 

[8] as a continuum, semi-infinite, isotropic, zoned homogeneous, linear, viscoelastic medium. The 

pile-soil interface tractions arising from the pile-soil interaction are regarded, from the integral 

equation point of view, as internal body forces. One-dimensional Finite Elements are used to model 

the piles as Bernoulli beams, whose heads can be linked by rigid pile caps. The code can take into 

account layered soils of generic stratigraphy and topography, including deposits and inclusions, and 

generic harmonic loads and incident seismic waves can be considered. Shear multi-storey piled 

structures can also be included in the model. Thus, the model can be used to obtain dynamic 

impedances and interaction factors of piled foundations and, under linear assumptions, the dynamic 

behaviour of complex soil-pile-structure systems can be studied rigorously with an affordable 

number of degrees of freedom. 

This code has been used to study the structure-soil-structure interaction problem. Some results 

are presented here to show how the proximity of structures with similar fundamental periods 

modifies the dynamic behaviour of buildings and piles.  
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Problem Definition 

All results presented herein correspond to one-storey shear buildings on a 3×3 fixed-head pile 

group embedded on a viscoelastic half-space. The geometric properties of building and piles are 

depicted in Fig. 1, where b = foundation halfwidth, L and d = length and sectional diameter of piles, 

s = centre-to-centre spacing between adjacent piles, h = structure effective height, m = structure 

effective mass, and mo and Io = cap mass and moment of inertia. The mechanical and geometrical 

properties of the piles and soil are defined by the following parameters: s/d = 5, pile/soil modulus 

ratio Ep/Es = 1000, ratio between soil and pile densities s/ p = 0.7, piles aspect ratio L/d = 15, soil 

damping coefficient s = 0.05 and Poisson ratio s = 0.4. The structure is defined by: aspect ratio h/b

= 2, 3 and 4; structure/soil mass ratio m/4 b
2
h = 0.20; foundation/structure mass ratio mo/m = 0.25; 

foundation mass moment of inertia Io = 20m; structural damping  = 0.05; and structure/soil 

stiffness ratio h/T·cs = 0.3, T being the fixed-base structure fundamental period and cs the soil shear 

wave velocity. All figures are plotted against the dimensionless frequency ao = d/cs, being  the 

circular frequency.

sd

x

y

L

h

U
m

m ,Io o

2b

Fig. 1. Soil-pile-structure system. 

Results

Fig. 2 presents the harmonic response spectra for structures of aspect ratio h/b 2 and 4 subject to 

vertically-incident SH waves, considered alone or in groups of three as depicted in the figure, with 

the slenderest structure in the middle and two other structures symmetrically placed at both sides. 

Two different separations between middle points of adjacent structures have been considered, as 

well as two different alignments: one along the same direction of the free field shaking due to the 

SH incident wave (the y axis) and another one along its perpendicular. The results are presented in 

terms of the spectral horizontal deformation 
2
u/(

2
uff), where  is the fundamental frequency of 

the fixed-base structure, u is the amplitude of the horizontal displacement of the top mass along the 

y axis relative to the foundation displacement and excluding rotations (i.e. the structural horizontal 

deformation), and uff is the amplitude of the free-field motion at the ground surface. It is worth 

noting here how the SSI effect becomes apparent in these cases, as the fixed-base dimensionless 

fundamental frequency of h/b 2 and 4 structures are 0.188 and 0.094 respectively, while the 

flexible-base fundamental frequencies are 0.155 and 0.074. However, the interaction between 

structures of non-similar fundamental frequencies exists but is negligible. 

Fig. 3 presents the harmonic response spectra for structures of aspect ratio h/b 2, 3 and 4 subject 

to vertically-incident SH waves, considered alone or in groups of three identical structures with two 

different alignments as above, where it is shown that the interaction between structures of similar 
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Fig. 2. Interaction between structures of non-similar fundamental frequencies in terms of their 

harmonic response spectra for different configurations. 

fundamental frequencies highly modifies their dynamic response. In this case, the separation 

between adjacent structures is defined by the number of wave lengths between middle points of 

adjacent structures at the flexible-base structure fundamental frequency. Although problems with 

the same number of wave lengths between adjacent structures are not equivalent because the 

foundation is the same while the aspect ratio changes, it is shown that the same trend occurs in 

these cases. For instance, all plots on the left correspond to a distance of half a wave length for 

structures with different aspect ratios, and in all cases the response of the structures aligned 

according to the incident wave shaking direction is amplified while the response of structures 

aligned on the x axis decrease. When the distance corresponds to a quarter of wave length all 

responses decrease, but when it corresponds to three quarters, all responses increase. A different 

phenomenon that takes place when two or more similar structures interact is that a shifting in the 

flexible-base fundamental frequency of the system occurs, and it is different according to the 

distance, the structural characteristics and the direction of alignment. 

The torsional motion of a symmetric structure alone (as that depicted in Fig. 1) to a vertically-

incident SH wave acting along the y axis is null. However, the interaction between structures 

aligned along the x axis induces torsional motions. Fig. 4 presents the torsional motion of two

structures of aspect ratios 2 and 4, and also, the torsional response of the lateral structure of the 

configuration of three different structures depicted in Fig. 2, with separations 4b. The torsional 
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stiffness of the structures has been assumed to be very high, so that floor and cap present similar 

motions. It can be seen that the interaction exists and is even larger in the case of three buildings. 
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Fig. 3. Interaction between structures of identical fundamental frequencies in terms of their 

harmonic response spectra for different configurations. 

Finally, the influence of the interaction between structures on the pile forces is illustrated in Fig. 

5, where the shear forces on central and corner piles heads of the central structure foundation are 

shown for one h/b = 4 structure standing alone and three identical h/b = 4 structures separated 6b.

The shear forces are normalized by the static horizontal stiffness of a single pile. In this case, the 

importance of the interaction becomes apparent, as the amplitude of the shear forces increases up to 

55% when the existence of other structures is taken into account. 
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Fig. 4. Torsional motion due to interaction between adjacent structures. 
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Fig. 5. Influence of the interaction between structures on the pile heads shear forces. Three 

identical h/b = 4 structures separated 6b.

Conclusions

A BEM-FEM coupling model for the dynamic analysis of pile groups have been used to study the 

influence of neighbouring structures on the dynamic response of one-storey piled shear buildings 

subject to vertically-incident SH waves, through a direct approach. The structures have been 

considered to be founded on a viscoelastic half-space and several parameters such as aspect ratio 

and distance between adjacent structures have been taken into account. 

The interaction between structures with non-similar fundamental periods have been found to be 

negligible, except for the fact that it induces torsional motions that may be significant on the 

dynamic behaviour of buildings. On the contrary, the dynamic response of the structures is 

modified when other structures with similar fundamental frequencies exist in its vicinity, both in 
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amplitude and with respect to the system fundamental frequencies. However, the interaction is only 

significant at frequencies around resonance. Similar effects are observed in [5]. It is worth noting 

that the amplitude of the peak structural horizontal deformation can either increase or decrease in 

the presence of similar buildings, depending on the aspect ratios, the separation between adjacent 

buildings, the flexible-base fundamental frequency of the structures and the direction of alignment 

of the structures with respect to the seismic waves. Also, another variable of great importance from 

the engineering point of view, the maximum forces at the pile heads, has been shown to be highly 

influenced by the interaction between neighbouring structures. 

These are just preliminary studies aimed at evaluating whether or not the dynamic response of a 

structure founded on soft to medium soils is modified by the presence of neighbouring structures. It 

has been found that the influence exists and can be of importance, so further studies will be made in 

order to investigate how parameters such as stratigraphy, foundation configuration, number and 

distribution of buildings, structural characteristics or type and angle of the incident waves modify 

the interaction phenomena. The response of the structures subject to recorded earthquake motions 

will also be investigating making use of the Fast Fourier Transform. 

Acknowledgements

This work was supported by the Ministry of Education and Science of Spain through research 

project BIA2007-67612-C02-01 and co-financed by the European Fund of Regional Development. 

L.A. Padrón is recipient of the FPU fellowship AP-2004-4858 from the Ministry of Education and 

Science of Spain. The authors would like to thank for this support. 

References

[1] J. Bielak, Dynamic behaviour of structures with embedded foundations, Earthquake Eng Struct 

Dyn, 3, 259-274 (1975) 

[2] J. Avilés and L.E. Pérez-Rocha, Effects of foundation embedment during building-soil 

interaction, Earthquake Eng Struct Dyn, 27, 1523-1540 (1998)

[3] J.P. Stewart, R.B. Seed and G.L. Fenves, Seismic soil-structure interaction in buildings. I: 

Analytical methods, J Geotech Eng, ASCE, 125 (1), 26-37 (1999) 

[4] J.P. Stewart, R.B. Seed and G.L. Fenves, Seismic soil-structure interaction in buildings. II: 

Empirical results, J Geotech Eng, ASCE, 125 (1), 38-48 (1999) 

[5] P.Y. Bard, P. Guéguen, J.L. Chazelas, M. Kham and J.F. Semblat, Seismic hazard in urban 

environments: Can man modify the hazard?, in Proc. of 3ed Congreso Nacional de Ingeniería 

Sísmica, Juan-Bautista Martínez-Guevara (Eds), CIMNE, Barcelona, 2007.  

[6] L.A. Padrón, J.J. Aznárez and O. Maeso, BEM-FEM coupling model for the dynamic analysis of 

piles and pile groups, Engineering Analysis Boundary Elements, 31, 473-484, (2007) 

[7] L.A. Padrón, J.J. Aznárez and O. Maeso, Dynamic analysis of piled foundation in stratified soils 

by a BEM-FEM model, Soil Dynamics and Earthquake Engineering, In Press.

[8] J. Domínguez, 'Boundary elements in dynamics', CMP and Elsevier Applied Science, 

Southampton-New York, (1993). 

84 Eds: R Abascal and M H Aliabadi



BEM-FEM coupling with non-conforming interfaces for static and
dynamic problems
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Abstract. The coupling of boundary and finite element methods allows for the optimal use of

both methods. Especially in dynamics, the boundary element method represents well subdo-

mains of infinite extent. Complex local phenomena, such as non-linearities, are handled easily

by finite element methods. In addition, it is advantageous if the local mesh sizes can be chosen

independently. On the one hand, this allows for a greater flexibility in the mesh generation,

and, on the other hand, such non-conforming interface discretizations can be required in order

to obey the stability criteria of the respective discretization methods.

In this work, a coupling strategy is presented which uses either finite or boundary element dis-

cretizations on the subdomain level for static or dynamic problems. Therefore, local Dirichlet-

to-Neumann maps are realized by either method and for each time step which allow for a

method-independent formulation. The interface conditions are then incorporated by means of

Lagrange multipliers such that non-conforming interface discretizations can be handled. Results

are given for examples from elastostatics and elastodynamics.

Basic equations

Elastodynamics and -statics. The dynamics of a linear elastic solid which occupies the

domain Ω with boundary Γ are governed by the initial boundary value problem [1]

(∂2
t u)(x, t) − c2

1∇ (∇ · u(x, t)) + c2
2∇× (∇× u(x, t)) = 0 (x, t) ∈ Ω × (0,∞)

uΓ(y, t) = gD(y, t) (y, t) ∈ ΓD × (0,∞)

t(y, t) = gN(y, t) (y, t) ∈ ΓN × (0,∞) ,

(1)

where u(x, t) denotes the displacement field depending on the position x and the time t. Fur-

thermore, uΓ and t are the boundary displacements and tractions for which the Dirichlet and

Neumann data, gD and gN , are prescribed on the boundary parts ΓD and ΓN , respectively. In

Eq. (1), c2
1 = (λ + 2µ)/ρ and c2

2 = µ/ρ refer to the velocities of the pressure and shear waves,

respectively, where λ and µ are the Lamé parameters of an isotropic linear elastic solid and ρ
is the mass density. For simplicity, no body forces are considered and, furthermore, vanishing

initial conditions are assumed, i.e., u(x, 0) = 0 and (∂tu)(x, 0) = 0 for all x ∈ Ω.

The initial boundary value problem (1) is reduced to the elliptic boundary value problem of

linear elastostatics by removing any dependence on the time variable t

−(λ + 2µ)∇ (∇ · u(x)) + µ∇× (∇× u(x)) = 0 x ∈ Ω

uΓ(y) = gD(y) y ∈ ΓD

t(y) = gN(y) y ∈ ΓN .

(2)
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Variational principles. The introduced finite element method is based on the variational

principle [3] which states that

∫
Ω

ρü · v dx +

∫
Ω

σ(u) : ε(v) dx =

∫
ΓN

gN · vΓ ds (3)

has to hold for a suitable set of test functions v and for all times 0 < t < ∞. Similarly, in the

elastostatic case, one has to find u such that

∫
Ω

σ(u) : ε(v) dx =

∫
ΓN

gN · vΓ ds (4)

for any admissible v.

Boundary integral equations. The boundary integral equations of elastodynamics are de-

rived from the dynamic representation formula [1]

u(x̃, t) =

∫ t

0

∫
Γ

U∗(x̃ − y, t − τ)t(y, τ) dsy dτ −
∫ t

0

∫
Γ

T∗(x̃ − y, t − τ)uΓ(y, τ) dsy dτ , (5)

where U∗ is the fundamental solution of the elastodynamic equation as in Eq. (1) and T∗ is

the corresponding traction term. In Eq. (5), the point x̃ is located strictly inside Ω. The limit

Ω � x̃ → x ∈ Ω yields the boundary integral equation in operator form [2]

(Vt ∗ t)(x, t) = CuΓ(x, t) + (Kt ∗ uΓ)(x, t) (x, t) ∈ Γ × (0,∞) , (6)

where the asterisk denotes the temporal convolution (g ∗ h)(t) =
∫ t

0
g(t − τ)h(τ) dτ . In this

expression, the following operators are used

(Vt ∗ t)(x, t) =

∫ t

0

∫
Γ

U∗(x − y, t − τ)t(y, τ) dsy dτ

(Kt ∗ uΓ)(x, t) = lim
ε→0

∫ t

0

∫
Γε

T∗(x − y, t − τ)uΓ(y, τ) dsy dτ

(CuΓ)(x, t) = uΓ(x, t) + lim
ε→0

∫
γε

T∗(x − y, 0)uΓ(x, t) dsy .

(7)

In these definitions, the abbreviations Γε = Γ \ Bε(x) and γε = Ω ∩ ∂Bε(x) have been used,

where Bε(x) is a ball of radius ε centered at x and ∂Bε(x) its surface.

Similarly, the definition of the static boundary integral operators [9]

(Vt)(x) =

∫
Γ

U∗(x − y)t(y) dsy and (KuΓ)(x) = lim
ε→0

∫
Γε

T∗(x − y)uΓ(y) dsy (8)

with C equivalently to Eq. (7) and the fundamental solution U∗ and its tractions kernel T∗ of

the elastostatic equation yields the elastostatic boundary integral equation

(Vt)(x) = CuΓ(x) + (KuΓ)(x) x ∈ Γ . (9)
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Discretization methods

Finite element method. The finite element method considered here is simply a discretiza-

tion of the variational principles (3) and (4) corresponding to the elastodynamic and elastostatic

(initial) boundary value problems (1) and (2). Therefore, the domain Ω is approximated by

Ωh which is the union of simple geometric elements. These allow for the approximation of the

displacement field

uh(x, t) =

I∑
i=1

ui(t)ϕi(x) (10)

where the time dependence of the coefficients ui is removed in the static case. The system of

linear equations for elastostatics reads [8]

(
AII AIΓ

AΓI AΓΓ

) (
uI

uΓ

)
=

(
fI
fΓ

)
. (11)

This system has already been partitioned into degrees of freedom strictly belonging to the

interior of Ωh (index I) and degrees of freedom belonging to the boundary Γh = ∂Ωh (index Γ).

In dynamics, exactly the same system can obtained by applying a time integration method, e.g.

the Newmark method, the system of ordinary differential equations obtained from the spatial

discretization of the corresponding variational principle. Now, a Dirichlet-to-Neumann map is

formulated after elimination of interior degrees of freedom uI

SfeuΓ = gfe , (12)

where Sfe = AΓΓ−AΓIA
−1
II AIΓ is simply the Schur complement [8] of the matrix A of Eq. (11). The

fore term is computed by gfe = fΓ−AΓIA
−1
II fI. The extension to dynamics is then straightforward

and has the same structure for every time point tn.

Boundary element method. At first the boundary Γ is replaced by a geometry approxi-

mation Γh composed of simple surface elements upon which the shape functions ϕi and ψj are

defined such that approximations for the boundary displacements uΓ and the surface tractions t
are formulated

uΓ,h(y, t) =

I∑
i=1

ϕi(y)ui(t) and th(y, t) =

J∑
j=1

ψ(y)tj(t) . (13)

A system of convolution equations is obtained by inserting the approximation (13) into the

time-dependent boundary integral equation (6) and evaluating the result at a certain set of

collocation points x∗
k ∈ Γ

(Vt ∗ t)(t) = Cu(t) + (Kt ∗ u)(t) . (14)

Here, Vt, Kt, and C are the spatial discretizations of the operators Vt, Kt, and C as defined in

Eq. (7). Using a temporal discretization scheme, the convolution (14) results in the equation

for the time point tn = n∆t

n∑
ν=1

Vνtn−ν = Cun +

n∑
ν=1

Kνun−ν . (15)
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Here, the convolution quadrature method [5] is used but a classical time domain boundary

element method is also feasible, see [6] for more details and comparisons of these approaches. In

order to obtain a linear system of equations, the prescribed boundary conditions are employed.

The given Dirichlet datum is assumed to be fulfilled directly, whereas the prescribed Neumann

datum enters as a side condition. This yields the saddle point problem [7](
V0 −K̃N,0

B

) (
tn
un

)
=

(
fD,n

fN,n

)
−

n∑
ν=1

(
Vν −KN,ν

) (
tn−ν

un−ν

)
. (16)

The matrix blocks Vν and KN,ν refer to the fully discretized operators Vt and Kt, where the latter

is only applied to the unknown displacements on the Neumann boundary ΓN . Furthermore,

K̃N,0 contains the matrix CN , i.e., the discretization of the operator C applied to the unknown

displacements too. The mass matrix B is simply the L2-product of the shape functions ϕi and

ψj according to the approximation (13) and is responsible for the statement of the Neumann

boundary condition in a weighted sense. The force terms fD,n and fN,n contain the prescribed

boundary conditions gD and gN , respectively, for the time point tn. Note that the sum on

the right hand side of Eq. (16) contains the solution history of the boundary tractions and

displacements up to the considered time point. The elastostatic counterpart is described by

the system of equations(
V −K̃N

B

) (
t
u

)
=

(
fD
fN

)
. (17)

Both systems of linear equations (16) and (17) can be used to express Dirichlet-to-Neumann

maps by solving the first equation for the unknown tn (or just t) and inserting the result into

the second equation

Sbeun = gbe,n . (18)

Here, Sbe represents a boundary element discretization of the Steklov-Poincaré operator and is

simply obtained by computing Sbe = BV−1
0 K̃N,0 and similarly in the static case. The right hand

side term gbe,n represents a condensation of the given data and contains in the dynamic case

the solution history.

Coupling algorithm

The domain Ω is partitioned into N non-overlapping subdomains, Ω = ∪N
r=1Ω

(r), each of which

possibly having a Dirichlet and Neumann boundary part, Γ
(r)
D and Γ

(r)
N . The interfaces of the

partitions are denoted by Γ(rp) for boundary shared by Ω(r) and Ω(p) and the union of all

interfaces is the skeleton Γs. On each subdomain Ω(r) the (initial) boundary value problem (1)

or (2) is stated locally and in addition the interface conditions

u
(r)
Γ = u

(p)
Γ and t(r) + t(p) = 0 on Γ(rp) , (19)

are posed for all interfaces Γ(rp) of connected subdomains. These pointwise conditions are

introduced into the equations by means of a Lagrange multiplier field λ yielding the variational

principle [8]∫
Γ(r)

(
S(r)u

(r)
Γ

)
· v(r)

Γ ds +
∑

p

∫
Γ(rp)

λ ·
(
v

(r)
Γ − v

(p)
Γ

)
ds =

∫
Γ(r)

g(r) · v(r)
Γ ds

∑
p

∫
Γ(rp)

µ ·
(
u

(r)
Γ − u

(p)
Γ

)
ds = 0 .

(20)
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Here, S denotes the Steklov-Poincaré operator for which discretizations are given in Eqs. (12)

and (18). The term g is the corresponding boundary force term. The sums in Eq. (20) are over

all subdomains connected to the considered subdomain Ω(r). The functions vΓ and µ are the

test functions corresponding to the boundary displacements uΓ and the Lagrange multiplier

field λ, respectively. The latter is now approximated by

λh(y, t) =

L∑
�=1

λ�(t)χ�(y) . (21)

Using the discretized Dirichlet-to-Neumann maps (12) and (18) and the above approxima-

tion (21), the global system of equations obtained by discretization of the variational princi-

ple (20) has the form [4]

⎛
⎜⎜⎜⎜⎜⎜⎝

S(1) C(1)�

S(2) C(2)�

. . .
...

S(N) C(N)�

C(1) C(2) · · · C(N) 0

⎞
⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

u(1)

u(2)

...

u(N)

λ

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

g(1)

g(2)

...

g(N)

0

⎞
⎟⎟⎟⎟⎟⎠

. (22)

The matrices C(r) in the system (22) are L2-products on the skeleton Γs of the shape functions

ϕi (either boundary element or finite element shape functions) and the functions χ�. The system

has exactly the same structure, if applied to a dynamic problem. Then, the left hand side stays

the same throughout the computation (under the assumption of and equi-distant time grid)

and the unknowns are the coefficients of the boundary displacements u
(r)
n for the time point tn.

Of course, in the dynamic calculation the right hand side changes throughout the calculation.

The discretization of the Lagrange multiplier field λ refers only to one side of the interface.

Therefore, the interface discretizations do not have to be matching in the sense of spatially

coincident nodes or equal polynomial discretization orders. Confer [10] for the analysis of the

mortar method and [8] for nonconforming coupling of finite and boundary element discretiza-

tions.

Numerical examples

Dynamic load on a rod. A benchmark for the dynamic analysis is an elastic rod which is

fixed at one end and subjected to a unit step load in axial direction at the other end. The model

of such a problem is given in Fig. 1(a). This model is represented by a three-dimensional body

of dimensions 3 m× 1 m× 1 m which is subdivided into three unit cubes. The discretization of

the model is shown in Fig. 1(b), where the first and third cube are discretized by 192 linear

triangular boundary elements of size h = 1/4 m and the middle cube is discretized by either 8

or 125 hexahedral trilinear finite elements of sizes h = 1/2 m or h = 1/5 m, respectively. The

different finite element discretizations are referred to as fine and coarse when considering the

numerical outcome. The material has parameters λ = 0, µ = 1.06·1011 N/m2, and ρ = 7 850 kg/m3.

The time step of the temporal discretization is ∆t = 10−6 s such that the ratio (c1∆t)/h has

approximately the value 0.2.

In Fig. 2, the results of the coupled solution of this problem are shown together with the

analytical solution. The axial displacements are considered along the center line of the rod on

the loaded surface (point A) and on the interfaces (points B and C). The surface tractions in
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u(t) = 0 F(t) = F0H(t)e1

x1

x3

•C •B •A

(a) Model of the problem and observa-
tion points

(b) Coupled boundary and finite element
discretization

Figure 1: Model and discretization of an elastic rod subjected to a unit stop load.
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(b) Tractions

Figure 2: Coupled boundary and finite element solution for the three-dimensional rod — dis-

placements at points A, B, and C and traction at point D against time.

axial direction are plotted for the fixed left surface. The displacement results are very close

to the analytical solution for both finite element discretizations. The traction solution has the

typical overshoots at the jumps of the piecewise constant analytical solution.

Soil-structure interaction. A typical example for the benefit of combining boundary and

finite element discretizations is soil-structure interaction, where the unbounded soil is handled

by a boundary element discretization and the finite-sized structure by a finite element method.

Consider the foundation on a soil halfspace as shown in Fig. 3(a). The material parameters of

the foundation are λ = 9.72 · 109 N/m2, µ = 1.46 · 1010 N/m2, and ρ = 2400 kg/m3 and the soil has

parameters λ = µ = 1.36 N/m2 and ρ = 1884 kg/m3. The foundation is discretized by 216 trilinear

hexahedral finite elements of length h = 1/6 m and the surface of the soil is discretized by 320

linear boundary elements of size h = 1/4 m. Note that the chosen interface discretizations are

nonconforming. The top of the foundation is subjected to a vertical load of magnitude 1 N/m2.

In the dynamic case this load varies as a unit step function in time. The temporal discretization

consists of 400 time steps of size ∆t = 1.5 s.

The results of the static and dynamic analyses are depicted in figure 3(b) for the vertical

displacements of the top and the bottom of the foundation and a third point located on the

surface of the soil at 4 m distance from the center of the interface. The disturbance due to

the suddenly applied load travel through the foundation and the soil and reach the observation

points at different times. Clearly, the dynamic responses quickly converge to the static solution

due to the geometric damping of the unbounded elastic halfspace. Moreover, no spurious
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Figure 3: Dynamic and static analysis of indiviual footing on an elastic halfspace.

reflections of the waves occur as it would happen in the case of a standard finite element

method.
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Abstract. In this paper, an efficient method is presented for evaluation of domain integrals with 

boundary-only discretization. The method employs Green's theorem in Cartesian coordinate system 

to transform domain integrals into boundary integrals. Since the transformation is carried out in the 

Cartesian coordinate system, the method is called Cartesian Transformation Method (CTM). Here, 

emphasis is made on domain integrals with integrands that are defined by irregularly spaced data. 

The CTM seems to be the simplest method for evaluation of domain integrals with boundary-only 

discretization. Three examples including a 3D problem are presented to show the efficiency of the 

method. 

Introduction 

A regular domain integral in general form can be expressed as follows: 

dgI )(x                                                 (1) 

where x is a point in the domain . The function g may have an explicit mathematical expression 

or it may be defined by scattered data over a grid in a domain and on its boundary. 

In formulations of boundary element method (BEM), domain integrals have a form like the 

following integral: 

dhfI )()( *

1 x,x (2)

where f, *h ,  and x are respectively forcing function, singular kernel, source point, and field point. 

The singular kernel *h  has an explicit mathematical expression, but the function f in Eq. 2 may 

have an explicit mathematical expression or it may be defined by scattered data over a grid. The 

function *h  is singular at x  and the order of its singularity is different in various problems. 

in Eq. 2 represents the main domain of the problem and  is an infinitesimal region (circle for 2D 

and sphere for 3D) around the singular point .

A method for treatment of domain integrals in BEM, which is widely used by investigators, is Dual 

Reciprocity Method (DRM) [1]. In this method, the forcing function is approximated by a series of 

prescribed basis functions. Then the domain integral is transformed into boundary by employing 

particular solutions. Prescribed basis functions must be defined in a way that one can find 

corresponding particular solutions. This restriction may introduce some errors in the results 

especially for complicated problems. 

Another method for the evaluation of domain integrals with boundary-only discretization is the 

Radial Integration Method (RIM) [2]. In this method the integrand is expressed in a radial form and 

the domain integral is transformed into a double integral consisting of a boundary integral and a 

radial integral.

If integrand of a domain integral has an analytical integral with respect to only one of Cartesian 

coordinates, the domain integral can be transformed exactly into a boundary integral. This rule has 
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been described in [3] and has been used for exact transformation of a wide variety of domain 

integrals into boundary in BEM formulation of potential and elastostatics problems. When the 

integrand of the domain integral has no analytical integral with respect to any direction, additional 

numerical integration must be carried out. Recently Hematiyan presented an adaptive meshless 

method for evaluation of very complicated domain integrals without domain discretization [4]. In 

the method presented in [4] it is supposed that the integrand of the domain integral has an explicit 

mathematical expression. 

In the present paper, emphasis is made on domain integrals with integrands that are defined by 

irregularly spaced data over a grid. These kinds of integrands are generated in meshless methods 

such as element free Galerkin method [5] or in BEM formulation of nonlinear, transient or 

inhomogeneous problems. Moving least squares (MLS) method [6], is used for interpolation at 

internal points. A method similar to that, which has been used in [3, 4] is employed for 

transforming domain integrals into boundary. This general and robust method for evaluation of 

domain integrals with boundary-only discretization is called Cartesian Transformation Method 

(CTM).

The Cartesian Transformation Method (CTM) 

Green's theorem has been previously used by many researchers for transformation of some domain 

integrals into boundary, but here it is employed for a more general use. The method to be presented 

here is robust and very simple. Since all manipulations and transformations are carried out in the 

global Cartesian coordinate system, it is called Cartesian transformation method. 

The Green's theorem in general form for a 2D or 3D domain can be expressed as follows [7]: 

dnud
x

u
i

i

)(
)(

x
x

                                                                                                            (3) 

where  and  are respectively, the domain and boundary of a simply or multiply connected 2D 

or 3D region and in  are components of boundary unit normal vector.  

Suppose that the following integral is to be computed: 

dgI )(x                                                                                                                           (4) 

The function iG  is defined as follows: 

ii dxgG )()( xx i=1, 2 or 3                         (5) 

Using Eq. 3 and the definintion in Eq. 5, and since

g
x

G

i

i ,    (no sum on i) 

one can write: 

dnGI ii )(x ,      i=1, 2 or 3       (no sum on i)                                            (6) 

which is a boundary integral. As seen, if the integral of the integrand g (Eq. 5) with respect to only 

one of coordinates, i.e. ix , can be found analytically, the domain integral in Eq. 4 is transformed 

exactly into a boundary integral. It has been shown that this is the case for a wide variety of domain 

integrals in BEM [3]. For cases where the integral in Eq. 5 cannot be found analytically, one can 

evaluate it numerically by the following relation.  
ix

a
ii dxgG )()( xx i=1, 2 or 3                        (7) 

where a is an arbitrary constant. The method can be used efficiently for simply or multiply 

connected domains with very complicated boundaries. Suppose that the integral in Eq. 4 over the 

2D domain shown in Fig. 1 is to be computed. It can be evaluated by the following relations: 

dnGI 11 )(x               (8) 
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1

11 )()(
x

a
dxgG xx                                                                                                                        (9) 

A point ),( 21 XXx  on the boundary  is shown in the Fig. 1. The constant a is selected in a way 

that ax1  locates in the left side of the domain. A horizontal ray (integration ray) is considered 

from ax1  to point x. The ray intersects with the boundaries of the domain t times and the ray is 

divided into t different parts, alternatively inside and outside the original domain. Considering the 

mentioned fact, one can write the integral in Eq. 9 as follows: 

),(...),(),(

),()(

121121121

1211

1

4

3

2

1

1

t

t

a

a

a

a

a

a

X

a

dxXxgdxXxgdxXxg

dxXxgG x

                                        (10) 

By this procedure, there is no need to evaluate the boundary integral in Eq. 8 over the internal 

boundaries of a multiply connected region. 

1X

:x 21(X  , X  )

x = a =1 t
x = a1 t-1x = a1 4

x = a1 3

x = a1 2

x = a1 1

x = a1

Figure 1: Intersection of an integration ray to boundary

Regular domain integrals with integrands that are defined by irregularly spaced data over a 

grid

Suppose that the integral in Eq. 4 is to be evaluated by CTM and the function g has been defined by 

a number of irregularly spaced data over a grid within the domain and on its boundary. These kinds 

of integrals appear in some meshless methods such as element free Galerkin method. To evaluate 

the domain integral by CTM it is required to compute the value of g in some internal points, which 

are not located at defined data. For this purpose, one must employ an interpolation method. Here the 

moving least squares (MLS) approximation is used. 

In MLS, the function )(xg is approximated by: 
n

i

ii
h gg

1

)()( xx                                         (11) 

where ig  is nodal parameter of function g(x) at node i and )(xi  is the shape function 

corresponding to node i and is obtained by: 

i
T

m

j
jiji p BAxPxBxAxx

1

1

1 )()()()()(                           (12) 

where )(xjp  are monomials and m is the number of monomials used in construction of P(x).

In Eq. 12, A(x) and B(x) are expressed as follow: 
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n
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i
T

iw
1

)()()( xPxPxxxA                                                   (13) 

)(...,),(),()( 2211 nnwww xPxxxPxxxPxxxB                                    (14) 

where n is total number of nodes in support domain of point x and )( iw xx is value of the weight 

function at point x, associated with node i. One of the most common weight functions, used in EFG 

method is the quartic-spline function; it is given by: 

10

13861
)(

432

r

rrrr
w ixx ,                                                                                  (15) 

where mii ddr  with |||| iid xx . dmi is the dimension of support domain of node i.

Singular domain integrals with forcing functions that are defined by irregularly spaced data 

over a grid 

In some BEM formulations of nonlinear or transient problems, some singular domain integrals with 

forcing functions that are defined by irregularly spaced data appear. Also in problems with body 

forces, which are defined by scattered data, these kinds of integrals appear. These domain integrals 

can be expressed in the general form of Eq. 2, where the singular kernel *h has a mathematical 

expression but the forcing function f, is defined by irregularly spaced data over a grid within 

domain and on boundary. For evaluation of the domain integral in Eq. 2 without internal 

discretization, first it is regularized as follows: 

dhfdhffI )()()()()( **
x,x,x                           (16) 

The first domain integral in Eq. 16 is evaluated by CTM without internal cells and the second 

integral is transformed exactly into a boundary integral by CTM. )(f  and )(xf  are evaluated by 

MLS method. According to Eqs 8 and 9, the first integral in Eq. 16 can be expressed as follows: 

dnGdnGI 11111 )()( xx                      (17) 

where,
1

1
*

1 )()()()(
x

a
dxhffG x,xx          (18) 

The above integral can be evaluated by a numerical method such as composite Gauss quadrature or 

Simpson method. The size of integration intervals may be selected with the same order of grid size.  

It can be shown that the second integral in Eq. 17 vanishes.

Similarly, the second integral in Eq. 16 can be written as follows 

dnHdnHdhI 1111
*

2 )()()( xxx,                                                                (19) 

where,
1

1
*

1 )()(
x

a
dxhH x,x                                                                                                                (20) 

The integral in Eq. 20 can be evaluated analytically for a wide variety of problems [3]. The second 

integral in Eq. 19 vanishes for cases where function *h is weakly singular and can be evaluated 

analytically for cases with higher order of singularity [3]. 
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Examples

Several 2D and 3D examples are presented to show the accuracy and efficiency of the present 

method.  

Example 1: Regular 3D domain integrals 

In this example integrals of three different regular functions over one fourth of a cylinder with unit 

radius and unit height are computed by CTM. Functions are considered as follow: 

222)( zyxg x )sin()( 22 yxzg x )sin(
1.0

1
)(

22
z

yx
g x

Each function is discretized by coarse and fine grids and corresponding integrals are evaluated by 

CTM. The obtained results are compared with exact solutions. Discretization of domain with coarse 

and fine grids and boundary elements are shown in Figs 2 and 3. The obtained results in comparison 

with exact solutions are given in Table 1. As seen, the results are satisfactory. 

(a)                                                                     (b) 

Figure 2: Coarse discretization, (a) discretization of boundary with 126 quadratic boundary 

elements, (b) discretization of integrand with 670 points 

(a)                                                                     (b) 

Figure 3: Fine discretization, (a) discretization of boundary with 320 quadratic boundary elements, 

(b) discretization of integrand with 2076 points 

Table 1: Results of Example 1 

Integrand

)(xg

Discretization

of )(xg

Value of 

integral, 

Present, (CTM) 

Error

Value of 

integral, 

Exact

Coarse 0.6540 0.08% 222)( zyxg x
Fine 0.6545 0.00% 

0.6545

Coarse 0.2504 0.16% 
)sin()( 22 yxzg x

Fine 0.2501 0.04% 
0.2500

Coarse 0.7592 0.13% 
)sin(

1.0

1
)(

22
z

yx
g x

Fine 0.7594 0.11% 
0.7602
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Example 2: Singular 2D domain integrals 

In this example the integral 

dhfI )()( * xx

for two different forcing functions f  and singular kernels *h  is computed. Domain  is a 11

square with )0,0(),( yx  at its lower left corner. The boundary of the domain is discretized by only 

4 linear boundary elements. The following functions are considered as forcing functions: 

25)6sin()( xxyyf x
2

1.0

1
)exp()6cos()( x

y
xyyf x

These forcing functions are used in discretized form over a coarse and a fine grid (Fig.4). The 

corresponding singular kernels are: 

)
1

ln()(*

r
h x ,

2

1* )(
r

r
h x

where r is Euclidean distance from source point to field point and 1r  is the distance in the x-

direction. Source point is located at (0.25,0.25). 

 (a)                                                                     (b) 

Figure 4: Grid for discretization of integrand in Example 2, (a) Coarse, (b) Fine 

Obtained results are given in Table 2. The results are compared with accurate solutions, which are 

obtained using original forcing functions with no discretization [3]. As seen, the obtained results are 

in a good agreement with accurate solutions. 

Table 2: Results of Example 2 

Forcing function 

)(xf

Singular

kernel

)(xh

Discretization 

of )(xf
Present

(CTM)
Error

Accurate

solution

[3]

Coarse 0.48378 0.6% 25)6sin( xxyy )
1

ln(
r Fine 0.48090 0.002% 

0.48088

Coarse 2.3712 0.6% 2

1.0

1
)exp()6cos( x

y
xyy

2

1

r

r

Fine 2.3585 0.03% 
2.3578

Example 3: An element free Galerkin (EFG) method example 

In this example, a linear elastic problem is analyzed by EFG method. The problem domain is shown 

in Fig 5. In this problem, a tapered cantilever beam is considered. A uniform pressure is applied at 

the upper edge of the beam. Domain integrals of the EFG method [5] are evaluated both by Gauss 
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quadrature method with background mesh (BM) and by CTM. In evaluation of the integrals, 4-point 

Gauss method is utilized. This problem is also analyzed by FEM with a fine mesh. The results of 

EFG and finite element analysis are compared.  

                                 (a)                                                                     (b) 

Figure 5: Domain of Example 3, (a) Geometry and boundary conditions, (b) Grid

The results of the analyses are shown in Fig 6. The problem is analyzed by two different 

background meshes (4×2 and 8×4) and equivalent interval sizes of CTM. Horizontal and 

vertical displacements of the beam along its upper edge are illustrated in Fig. 6. As can be 

easily observed, the results of EFG by CTM in comparison with conventional EFG by 

background mesh are in better agreement with the results of accurate FEM solution. As the 

background mesh and intervals size of CTM are made fine, the results obtained by CTM 

and background mesh converge together. It should be noted that by CTM, integrals are 

evaluated faster and more accurately, meaning that with a coarse interval size of CTM, 

acceptable results can be obtained. 

             (a)      (b) 

Figure 6: Comparison of results obtained by CTM and background mesh (BM), (a) Horizontal 

displacement of the beam, (b) Vertical displacement of the beam 

In order to better understand the advantage of CTM in choosing integration points over the 

conventional Gauss quadrature method with background mesh, integration points of each method 

are depicted in Fig. 7. In Fig. 7-a, integration points of CTM are shown. Note that in CTM no 

integration point falls outside the domain. Fig. 7-b corresponds to background mesh; in this figure 

the dots represent the integration pints that are located inside the domain and the cross signs 

represent the integration points which are located outside the domain. In this figure, the background 

mesh is also shown.  

Using CTM for evaluation of domain integrals in EFG results in a truly element free Galerkin 

method. 
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       (a)       (b) 

Figure 7: Integration points of background mesh and CTM, (a) Integration pints of CTM 

(b) Integration points of background mesh 

Conclusions

The Cartesian transformation method (CTM) for evaluation of regular and singular domain 

integrals with boundary-only discretization was presented. The method is useful for BEM and other 

mesh reduction methods such as EFG. Unlike DRM and RIM, which are organized in polar 

coordinate system, in CTM all computations are carried out simply in global Cartesian coordinate 

system. This characteristic makes CTM a very simple method. Similar to RIM there is no need for 

particular solutions in CTM. By CTM a wider range of domain integrals can be exactly transformed 

into boundary integrals. By presenting some examples, it was shown that the results obtained by 

CTM are in an excellent agreement with accurate solutions. 
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Abstract. Noise barriers are widely used for environmental protection, for example, close to high 

traffic roads near population nucleus in order to reduce the noise impact. In this paper, shape 

optimum design of noise barriers is carried out using BEM for modeling and genetic algorithms for 

optimization. The sound pressure level is calculated being known: the source position, the receptor 

position, the barrier shape, the acoustical admittances of the surfaces and the sound frequency. The 

model assumes an infinite, coherent line source of sound, parallel to an infinite noise barrier of 

uniform cross section and surface covering along its length. In these conditions the model is two-

dimensional. The multiobjective optimum design is carried out in frequency domain. The first 

objective function to minimize is related with the insertion loss (IL, the difference between the 

sound level in the receptor with and without barrier, respectively) values differences at selected 

frequencies of the spectra between a reference IL and the searched design. The second objective 

function to minimize is the effective height of each barrier design. Geometric configurations for the 

barrier design are studied, including Y shaped barriers. In all cases, the proposed approach handled 

in this work leads to shape barrier solution designs, automatically generated without direct human 

intervention and with high noise attenuation quality corresponding to each effective height. 

Introduction

Automatically generated optimum designs are possible by using coupled evolutionary 

computation with accurate numerical modeling. Many applications in the computational mechanics 

field, both with mono- and multi- objectives have been solved by the previous methodology [1, 2]. 

In this paper, a multiobjective optimum noise barrier shape design problem is solved.  First, the 

sound pressure calculation using BEM is described. Then, the optimum design methodology 

handled is exposed, followed by the results and conclusions.

Sound pressure calculation using BEM 

The integral equation for a boundary point i, to be solved numerically by BEM, can be written as: 

b

dppk
n

p
ppc boii

*
*

*
i  (1) 

where:

p: acoustic pressure field on the barrier surface ( b) of generic admittance b.

p
*
: half-space fundamental solution. Acoustic pressure field due to a source at collocation point i

over a plane with admittance g (ground surface). This fundamental solution only requires the 

discretization of the barrier boundary ( b).

Without loss of generality, in this paper all the surfaces of the barrier and ground are assumed to be 

perfectly reflecting. ( b =0 and g=0).
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ci: the local free term at collocation point i: ci =  / 2  , where is the angle subtended by the 

tangents to the boundary at this point in radians. ci = 0.5 for smooth boundaries. 

po
*
: half-space fundamental solution at the problem source due to collocation at point i.

k = /c is the wavenumber (c: sound wave velocity, : angular frequency) and i the imaginary unit.  

The numerical solution of Eq. 1 is possible after a discretization process. A system of equations is 

obtained from this process and lead to values of acoustic pressure over the barrier boundary. The 

BEM code in this paper uses quadratic elements with three nodal points. The acoustic pressure 

along this boundary element can be written in terms of their three nodal values as follows: 

jjjj pppp 332211  (2) 

where the interpolation functions, in homogeneous coordinate , are: 

1
2

1
111

2

1
321  (3) 

The integral representation (Eq. 2), after discretization of the barrier boundary into NE quadratic 

elements, can be written as: 

j
k

NE

j k

ji
kj

ji
koii pgkhppc

1

3

1

* i  (4)   

where:

jj

jk
ji

kjk
ji

k dpgd
n

p
h *

*

;  (5) 

are the integrals along generic element j. These integrals can be calculated using a standard Gauss 

quadrature (see [3]). A system of equations in matrix form is obtained by applying the discretized 

equations at each node in the boundary successively, and follows: 

*i oPPGH k  (6) 

where H, G are square matrixes (N×N) and P, Po
*
 are (N×1) vectors. The BEM computer code used 

in this work was validated by carrying out comparisons with the results obtained by other authors in 

the literature [4, 5, 6]. A detailed description is available in [7]. 

Figure 1 shows a two-dimensional configuration for scalar wave propagation problems in the 

frequency domain.   

Fig. 1: Problem topology representation 
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Methodology

The simultaneous minimization of two conflicting objectives corresponding to a noise barrier 

design is performed in this paper. First, a fitness function related with the increase of the acoustic 

attenuation of the barrier. Concretely, the first fitness function which has to be minimized is: 

NFreq

j

R
jj ILILFF

2
1  (7) 

where:

ILj : insertion loss in the third octave band centre frequency for the Y-barrier profile evaluated 

ILj
R
 : insertion loss reference curve in the third octave band centre frequency . 

The optimum monocriteria design using this first fitness function was previously described in 

Greiner et al. [8]. It solves an inverse problem, where the objective IL curve at certain frequencies 

is known (IL
R
) and it allows searching for the corresponding barrier design whose IL curve fits IL

R
.

In [8] was shown the capability to increase a certain percentage the acoustic efficiency of a certain 

Y-shape barrier taken as original design, where the shape designs corresponding to 15 and 30% 

improved IL values corresponding to five different frequencies (63, 125, 250, 500 and 1000 Hz) 

were obtained. The Y-barrier shape is modeled using the two extreme points of the arms and their 

join point. The x coordinate of the extreme points is supposed fixed in the extremes of the barrier (b 

in Fig. 1), where only y-coordinate varies. The join point has variable x- and y-coordinates. So, four 

variables are required to define each shape. Here b = 1 m, d = 10 m, r = 50 m and, in any case, h  3 

m. For more details, see [8]. The initial Y-shape reference is represented in Fig 4 (left), and their IL 

values with 30% improvement (here IL
R
) are shown in Table 1. The best design obtained 

corresponds to Design 1 (Fig. 4 and Table 1). 

The second fitness function to be minimized is the noise barrier design effective height. The 

higher its value, the better the noise attenuation capacity of the barrier, and therefore, the easier to 

fit the searched reference curve. On the contrary, the lower its value, the better environmental 

impact produced by the barrier.  

Here, a multiobjective optimization noise barrier design with evolutionary algorithms is 

introduced. Concretely, the procedure searches for the barrier shape design which most fits IL
R
 for 

each effective height value. 

With this geometry and for a given source position, the boundary element program calculates the 

acoustic pressure at the receiver position. Only the barrier surface is discretized, since the 

fundamental solution used satisfies the boundary conditions along the ground surface. A maximum 

element length not bigger than / 4 (being  the wavelength) is necessary to obtain an appropriate 

accurate solution. With the acoustic pressure, the IL corresponding to each frequency is obtained. 

Results

Sixteen independent runs of the evolutionary algorithm (NSGA-II [9]) were executed. A population 

size of 100 individuals and uniform crossover were used with Gray codification with two different 

mutation rates: 1.5% and 3% (half of the cases each). A total of 400 generations were run. All the 

final fronts of each run are represented in Fig. 2 (red points), where the best accumulated solution 

designs are highlighted with blue circles. Focusing the attention in the upper left corner of the 

figure, corresponding to the solutions which most fit IL
R
, Fig 3. has been depicted. It contains the 

thirty best barrier designs which most fit IL
R
 for effective height values between 3m and 2.46 m. 

The detailed numerical values of both fitness functions as well as the IL values of the selected 

frequencies are shown in Table 1 (designs 1, 7, 8, 10, 15, 20, 25, 30).  The shape designs are 

represented in the center and right parts of Fig. 4. From the acoustical point of view, those 
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automatically obtained designs belong to the same type (two long arms covering the total height of 

the design and being the right quasi-vertical), which adapt to its maximum effective height.  

Fig. 2: Final designs corresponding to the sixteen independent runs (red points). The non-

dominated points (blue circles) are the best accumulated designs.  

(x-axis represents fitness function 1 and y-axis represents the effective height in meters) 

Fig. 3: Top left zoom of Fig. 1, where the engineering interest designs are located. They are 

numbered in the figure.   

(x-axis represents fitness function 1 and y-axis represents the effective height in meters) 
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Fig. 4: Noise barrier shape designs: Reference shape (left figure); Designs 1 to 7 (center figure); 

Designs 1, 7, 8, 10, 15, 20, 25 and 30 (right figure) 

(x-axis represents width and y-axis represents height, both in meters) 

Frequenc
y

[Hz]
IL

R
Design

1
Design

7
Design

8
Design

10
Design

15
Design

20
Design

25
Design

30

63 -5.165 -5,459 -5,058 -5,811 -5,511 -5,82 -5,822 -5,552 -5,596 

125 -9.078 -8,908 -8,911 -8,550 -8,39 -8,160 -7,971 -7,699 -7,3887 

250 -11.609 -11,512 -11,731 -10,46 -10,54 -10,300 -10,150 -9,802 -9,657 

500 -14.364 -13,109 -12,814 -13,155 -12,93 -13,014 -12,901 -12,654 -12,327 

1000 -20.995 -20,490 -20,283 -21,197 -20,947 -20,994 -21,078 -22,017 -21,042 

FF1-Value --- 1.955 2.9639 3.5137 3.7958 4.8118 5.9329 9.2855 10.9991

Effective
Height [m] --- 2.9891 2.9019 2.6949 2.5968 2.5641 2.5314 2.4879 2.4622 

Table 1: IL values corresponding to the frequencies considered in the optimization process of 

reference and several obtained designs 

In order to deepen the acoustical analysis, the broadband IL corresponding to a standard road 

traffic noise spectrum (see [7]) has been evaluated for the obtained designs. The results of the first 

ten designs are represented in Fig 5. 

Conclusions

The multiobjective optimum shape design of noise barriers has been successfully performed 

considering simultaneous minimization of the barrier effective height and the optimization of the 

noise attenuation in terms of IL considering an optimum IL
R
 curve at certain frequencies. The 

obtained designs are robust and acoustically speaking efficient. The exposed procedure 
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-evolutionary algorithm as optimizer and boundary element method as modeling- is useful and 

computationally affordable. As future work, other barrier shape topologies will be compared.   

Fig 5: Standard road traffic noise spectrum IL values of several designs vs. their effective height 
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Abstract. The present work aims to analyze the elastic solid properties of three dimensional fields with
random particle dispersions. In other words, its required to calculate the changes in the response (displacements
and stresses) of a three dimensional domain due to the present of a small flaw (inclusion). To do this, the concept
of the Topological Derivative (TD) is introduced, which is calculated using Boundary Integral Equations. This
work determines the rank of applicability of the TD for this kind of problems, analyzing mainly the limit values
of the size of the particles, as well as the density of these ones.

Also, in this investigation, a procedure for calculating the effect of the interaction among several defects
is done. Then, a problem containing multiple cavities is replaced by a sequence of problems for a single cavity
with boundary tractions adjusted iteratively to account for the cavity interactions.

Introduction

The idea of Topological Sensitivity was first introduced by Eschenauer et al. (1994) [1] (called bubble method),
for compliance minimization in two dimensional elastostatic problems, and was later generalized and exploited
for shape inverse problem by Sokolowski and coworkers [2](Sokolowski and Zochowski, 1998; Jackowska-
Strumilo et al., 1999, Lewinski and Sokolowski, 1997) for circular and non-circular flaws. Garreau et al.
(2001) [3] developed the idea for a general arbitrary-shaped flaw in the context of elastostatics, as well.

In the identification of defects important investigation works can be cited like the use of Boundary
Integral Equations to calculate the Topological Sensitivities by Gallego and Rus [4] also works by M. Bonnet
[5].

The Topological Derivative gives the sensitivity of a cost function defined in the domain of a boundary-
value problem when a small hole is introduced in the domain [6]. More specifically, the idea is to make a
perturbation on the domain Ω by subtracting a ball of radius ε, denoted by Bε. In Sokolowski and Zochowski [7]
a method to calculate the Topological Derivative via Shape Sensitivity Analysis was presented. Nevertheless,
this method provides correct results only for homogeneous Neumann boundary conditions imposed on ∂Bε.
More recently, Novotny et al. [8] formally established the relationship between the Topological Derivative and
Shape Sensitivity Analysis. This relationship provides an alternative way to compute the Topological Derivative
using Shape Sensitivity Analysis results. Moreover, this new approach, which we will refer as the Topological-
Shape Sensitivity Method, can be applied to any cost function and to any type of boundary condition on ∂Bε.
Therefore, this method is more general than others found in the literature .

Problem statement and solution method

The following equation [9] is the starting point of this work where its numerical treatment for three dimensional
regions is presented.

ci
lk ui

k +

∫
Γ

p∗lk uk dΓ =

∫
Γ

u∗

lk pk dΓ (1)
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in vector notation becomes

ci ui +

∫
Γ

p∗ u dΓ =

∫
Γ

u∗ p dΓ (2)

The firt step to solve the above equation is the discretization of the boundary Γ into elements, over which the
displacement u and traction p are written in terms of their nodal values. Once the boundary has been discretized
to NE elements, the respective values are substituted into eq (1) to obtain:

ci ui +

NE∑
j=1

{∫
Γj

p∗ Φ dΓ

}
uj =

NE∑
j=1

{∫
Γj

u∗ Φ dΓ

}
pj (3)

where Γj indicates the surface of the j element. The above equation can be written as:

ci ui +

N∑
m=1

∧

H
im

um =

NE∑
j=1

Gij pj (4)

the matrices H and G are

Gij =

∫
Γj

u∗Φ dΓ (5)

H ij =
∑

t

∫
Γt

p∗φk dΓ (6)

The system of equations for all the i nodes on the boundary can be written in a matrix form as

H U = G P (7)

There are 3N unknowns in the system (one per node and direction). Passing all the unknowns to the left-hand
side by moving columns of H and G from one side to another, one obtains a 3N unknowns system,

A X = F (8)

where X is the vector of unknowns and F is obtained by multiplying columns of H or G by the known values
of uk or pk.

Internal points

Once the system of equations is solved and all the values of u and p on the boundary are known, the value of u
at any internal point i can be obtained from the following equation

ui =

∫
Γ

u∗p dΓ −

∫
Γ

p∗ u dΓ (9)

with ci = I , and the above equation can be written as follows:

ui =

NE∑
j=1

Gijpj
−

N∑
m=1

H imum (10)

The stresses at internal points can be computed by differentiation of the internal point displacement compo-
nents:

ui
l =

∫
Γ

u∗

lk pk dΓ −

∫
Γ

p∗lk uk dΓ (11)
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and substitution of the displacement derivatives into the stress strain relations. Thus, the integral representation
of the internal stresses is obtained from

σi
mn =

∫
Γ

D∗

mn p dΓ −

∫
Γ

S∗

mn udΓ (12)

where D∗ and S∗ are third order tensors obtained by differentiation of u∗

lk .
The above equation can be discretized to yield [9]

σi
mn =

NE∑
j=1

Dij
mn pj

−

N∑
m=1

Sij
mn um (13)

Where

Dij
mn =

∫
Γj

D∗

mn Φ dΓ (14)

Sij
mn =

∫
Γj

S∗

mn Φ dΓ (15)

The derivations to obtain the stresses at internal points where calculated and find to be as follows:

Dkij =
1

8π(1 − υ)r2
[(1 − 2υ)(δikr,j + δjkr,i − δijr,k) + 3r,i r,j r,k] (16)

Skij =
µ

4π(1 − υ)r3

{
3

∂r

∂n
[(1 − 2υ) δij r,k + υ(δikr,j + δjkr,i) − 5r,i r,j r,k] (17)

+3υ(ni r,j r,k + nj r,j r,k) + (1 − 2υ)(3nkr,r r,j + njδik + niδjk)

−(1 − 4υ)nkδij

}

Topological Derivative

The presence of a stress free cavity centered at point z whose boundary is Γz , which surrounds the domain Ωz

in a homogeneous domain Ω whose exterior boundary is Γ makes that the basic boundary eq (1) changes to
: [4]

ck
i (y) ũk (y) +

∫
Γ

[pk
i (x; y)ũk(x) − ui

k(x; y)p̃k(x)]dΓ(x) +

∫
Γz

pi
k(x; y)ũk(x)dΓ(x) = 0 (18)

The tilde over the variables denotes that their values are modified due to the appearance of the infinitesimal
flaw.
Considering p̃k(x) = 0 along Γz , and that the displacements on the flaw’s boundary can be split as ũk(x) =
u0

k + δūk(x) that is equal to the rigid solid displacement (u0
k) plus a movemet relative to the center due to the

local state of stresses (δūk(x)). The integration along the boundary of the cavity Γz is transformed to
∫
Γz

pi
k(x; y)ũk(x)dΓ(x) = u0

k

∫
Γz

pi
k(x; y)dΓ(x) +

∫
Γz

δūk(x)pi
k(x; y)dΓ(x) (19)

and since the fundamental solution stresses along a close path are self equilibrated
∫
Γz

pi
k(x; y)ũk(x)dΓ(x) =

∫
Γz

δūk(x)pi
k(x; y)dΓ(x) (20)
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The first order stresses at any point inside Ω/Ωz far from the flaw location are equal to those from the primary
state σij(x) and therefore the displacement δūk(x) along the vanishing flaw are equal to those due to a uniform
remote stress field in an infinite plate. Then:

δūk(x) = δũ∞

k (x) + h.o.t. (21)

Where h.o.t stands for higher order terms, and δũ∞

k (x) represents the solution of the infinitesimal flaw problem
due to the stresses σij(z), the integral along the flaw boundary turns therefore to:

∫
Γz

pi
k(x; y)ũk(x)dΓ(x) = σi

jk(z; y)

∫
Γz

nj δu∞

k (x)dΓ(x) + h.o.t (22)

Subtracting the BIE of the damage state from the non damage state BIE one reaches to the following

ck
i (y) δuk(y) +

∫
Γ

[
pk

i (x; y) δuk(x) − ui
k(x; y) δpk(x)

]
dΓ(x)

= −σi
jk(z; y)

∫
Γz

nj(x) δu∞

k (x) dΓ(x)
(23)

where δuk(y) and δqk(y) are the topological sensitivities of the displacements and tractions on the boundary,
due to the appearance of an infinitesimal arbitrarily shape flaw at z. The above equation is called the Topological
Sensitivity Boundary Integral Equation.

The term
∫
Γz

nj(x) δu∞

k dΓ(x) was approximated by Guzina and Bonnet [10] and Lure [11].

Simplifying one can reach to the following:

Ijk = −

4πa3

3µ
[CA σ

∞(z)
kj − CB σ∞

ii δjk] (24)

Where the value of CA and CB depend only upon the Poisson’s ratio

CA =
15

2

[
(1 − ν)

(7 − 5ν)

]
CB =

3

4

[
(1 − ν)(1 + 5ν)

(7 − 5ν)(1 + ν)

]
(25)

Numerical Results

Example I : Cube under prescribed uniform traction with a central cavity:
A 6m x 6m x 6m cubic domain is subjected to a uniform traction p = 100 N/m2 on the upper face. The lower
face has a prescribed potential u = 0 and the lateral faces a prescribed flux of q = 0. The domain has the
following material properties having shear modulus µ = 106 N/m2 , density ρ = 100 kg/m3and Poisson’s ratio
ν = 0.25. The boundary mesh of the problem, consist of 216 quadratic elements ((866) nodes). Its required
to obtain the response of this cubic domain when a cavity is placed at its center x = 3m; y = 3m; z = 3m.
The problem was solved using both of the direct formulation ’total problem’ and using the DTOP program.
Comparisons of the results obtained from both formulations are done for different values of the cavity’s radius,
the values selected are r = 0.1, 0.2, 0.3, 0.5 and 0.9. Fig.1 shows the computed value of the displacement at
the mid-point of the upper face (x = 3.; y = 3.; z = 6.) versus the volume of the sphere for the radius above
mentioned. Results are of the total problem and using the DTOP.
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Figure 1: Displ. of TOTAL and DTOP of the upper mid-face node

Example II: Cube under uniform traction applied to three faces having a cavity at (4., 5., 4.5)
The same cubic geometry and boundary conditions of Example I are used, also the material properties and
discretizations are identic. The applied loads are as follow: a uniform traction p = 100 N/m2 on the upper
face, a uniform traction of p = −10 N/m2 on the right face (parallel to the y direction) and a uniform traction
of p = 30 N/m2 on the front face of the cube (parallel to the x direction). Fig.2 shows a comparison of the
value of stresses at a critical node (x = 3.; y = 4.; z = 0.)on the lower face of the example II cube, for different
values of cavity radius, using the TD and resolving the total problem. The next result shown in Fig.3 shows
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Figure 2: Stresses of TOTAL and DTOP for a lower face node (3., 4., 0.)

a comparison of the value of stresses at the node (x = 0.; y = 2.; z = 4.), a back face node, also for the
mentioned values of cavity radius, using the TD and resolving the total problem
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Figure 3: Stresses of TOTAL and DTOP for a back side node (0., 2., 4.)
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Abstract In this paper the two-dimensional dual boundary element method (DBEM) for the static analysis of 

non-shear reinforced concrete beams is applied. The concrete model is built upon the cohesive crack 

approach along with a nonlinear non-iterative technique called “event-to-event” technique.  The present 

variant of the nonlinear numerical procedure put some restrictions on the model development, such as 

continuity of process of discrete crack growth and necessity of converting the constitutive law curves in a 

multi-linear form. In this respect a suitable modification of the dual boundary integral equations is developed 

and implemented in the computer code. The longitudinal steel-concrete interaction is taken into account by 

employing a simple modification of a bond slip model, known from the literature. A number of numerical 

examples are solved, analyzed and compared with known results from experimental studies in order to reveal 

the specific features of the theory and to evaluate the potential of the numerical method, nonlinear technique 

and constitutive modeling employed.  

Introduction The mechanical behaviour of lightly reinforced concrete (R/C) structural components is very 

much affected by the formation of tensile cracks during loading [1-4]. It is observed in the experiments that 

in some cases the ultimate loading capacity of these components is determined by a fracture mechanism, 

induced by the formation and propagation of a single crack. Therefore, in order to handle adequately the 

post-critical behaviour of R/C member it is important to develop a reliable numerical method capable to 

describe the crack development in the plain concrete matrix with the steel reinforcement embedded in it     

[5- 8]. The problem becomes quite challenging as far as concrete members with minimum reinforcement are 

considered [4, 5]. In this paper R/C members are defined as “lightly” reinforced when the reinforcement ratio 

  is between 0 - 0.5 %, opposite to “normally” or “strongly” reinforced, as commented in book [2]. The 

main point is that the lightly reinforced beams are brittle structures and they are considered to be fracture 

sensitive, susceptible to theoretical analysis by means of the nonlinear fracture mechanics [4].  

A dual boundary element method employing linear boundary elements is applied for analysis of 

reinforced concrete beams [4]. A single vertical tensile crack is assumed to develop at the middle cross 

section of a symmetrical 3 point bending beam. The cohesive crack approach due to Hillerborg [9] is 

implemented in order to account for the concrete nonlinearity in the tensile zone. The steel force is smeared 

over an appropriate number of boundary elements as tractions at the corresponding nodes. The nonlinear 

solution algorithm, accounting for the physical nonlinearity of the material is called “event-to-event” 

nonlinear algorithm and it is presented and described in detail by Parvanova [4]. The bond slip constitutive 

model is taken from paper [8] and implemented in the software code with a suitable modification. Some 

limitations concerning the shape of the used constitutive relationships are commented in the following 

sections.

A number of experimental test reported in the literature are reproduced in the paper in order to illustrate 

the feasibility of the developed methodology.  

1. The dual boundary element method 

The development of the DBEM using a discontinuous double-node linear boundary element is given in [4] 

and [10], so due to space limitation the details will be omitted. According to the fictitious crack model the 

fracture zone is replaced by cohesive forces which depend on the crack opening displacement. In fact, both 

the displacements and tractions of the nodes in the fracture zone are unknown parameters and their discrete 

values cannot be found via the boundary conditions. A relationship between tractions t and crack opening 

displacements cru   is presented in a general form by the equation crt k u , where k is a constant (usually 
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it is a known stiffness coefficient) and could be either positive or negative. A new modification of the dual 

boundary integral equations then follows – details are given in reference [4]. 

2. The constitutive modelling 

In this paragraph we shall briefly describe the constitutive models for concrete, steel, bond slip interaction 

model and finally - the combined (steel plus concrete) model for the crack points belonging to both 

materials. We emphasize on the common feature of the all constitutive models: they all have multi-linear 

shape which is a strong requirement of the developed analytical and numerical methodology [4]. 

Concrete modeling: The fracture process zone of concrete is represented by means of the cohesive (or 

fictitious) crack model [9]. The cohesive crack opens when the normal stress reaches the tensile strength ft of

the concrete and descending branch of the constitutive relationship follows. With that end in view three 

different softening laws are adopted: single, double and three straight lines approximation – see details in [4]; 

Reinforcement steel modeling: A simple bilinear approximation is accepted for the steel stress-strain law - 

elastic-perfectly plastic with yield stress y. Plasticity in the reinforcement bar is taken into account during 

the process of deformation; 

Bond slip modeling: The idea of present bond slip model is taken from paper [8] which is built upon the 

results from the experimental work presented in [7]. As a basis the elastic-perfectly plastic steel relationship 

is employed, however when the bond slip model is added a final multi-linear (with four lines) constitutive 

law is obtained – see [4] for details; 

Combined model: The combined constitutive model concerns the boundary nodal points on the crack faces 

which are common for both materials - steel and concrete. It is shown in Fig. 1(a) where the three cases are 

indicated: concrete, reinforcement and the combine relationship. The later is simply received as a sum of 

concrete (linear) and reinforcement (four lines) approximations. The concrete contribution is clearly seen 

over the steel hardening multi-linear stress-elongation relationship. 

 Fig. 1(b) presents the corresponding picture of the boundary nodes on both crack faces. The distribution 

of cohesive forces is shown for few nodal points of the crack having different status. In the same figure the 

following notations are used: cru is the crack opening displacement which in this model is assumed to be 

equal to steel elongation ;rw  is the length of the boundary element over which the steel stress resultant Fr

is distributed as equivalent traction; b is the beam thickness.  

3. The non-iterative “event-to-event” technique  

A graphical presentation of the nonlinear “event-to-event” approach is given in Fig. 2(a). For simplicity a bi-

linear constitutive model is chosen, so the shown points should be considered as “state” points where the 

current incremental solution begins or stops. In the context of the suggested name an “event” is happening 

when a particular “state” point reaches a corner point of the constitutive model – that is the point where the 

slope k gets another value. It should be pointed out that the movement of the state points is always from left 

to right, which implies the assumption that the crack always grows. The crack begins to propagate (to open) 

when the normal stress at the mathematical crack tip exceeds the maximum tensile strength of the material. 

Fig. 1 (a) Concrete plus steel combined constitutive model; (b) Mixed modelling on the crack faces. 
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The crack propagation can be controlled incrementally by increasing the crack length as a monotonic 

increasing function. In such a case it is arrived to the somehow reverse problem - the global unknowns of the 

problem are the load for the given new crack length increment and the calculated traction at the nodal points. 

 The present incremental procedure works like that: at the beginning there is no loading, the state point is 

in the undamaged zone and the traction is zero. In the first sub-step of the first step a reference load with unit 

value is applied and the system behaves linear elastic. As a result the traction becomes smaller or larger than 

the tensile strength tf , see the state point (1) in Fig. 2. Having this solution available, using a simple linear 

approximation, we can obtain the necessary increment of load (called calculated load) in order to get traction 

equal to the tensile strength. Then in the second sub-step of the first step the calculated load is applied and 

the state point gets into position [1] of Fig. 2. The first “event” is happening and the current results are saved. 

After that the considered state point falls into the fracture zone, so the relationship between traction and 

opening displacement is already 1

i it k u - note that the slope value is (-k1).  In the first sub-step of the 

second step the reference unit load is applied again and the new state point is (2), as shown in Fig.2. The 

necessary load increment can be obtained so that the considered state point reaches the new corner position 

[2]. As the state point position [2] is again in the fracture zone, for the next step the stress-displacement law 

is 2 ,i it k u  using the new slope (-k2). The obtained results are added to these from the first step and 

saved again. The above procedure is repeated and the state point is consecutively in the position (3) and [3] 

respectively. The results are accumulated and saved at the end of each step. Finally the point into 

consideration falls in the real crack zone (position (4)) and it is traction free. 

 Practically, many nodal points from the boundary elements located to the crack faces, are in the 

undamaged or fracture zones, so the above checking procedure must be performed for every single point. 

The smallest calculated load is taken as authoritative. Therefore, this load is applied at the end of each step 

and only one state point is located at a corner point of the constitutive graphics. The crack growing procedure 

continues until the whole crack path, obtained by the user in advance, becomes traction free or alternatively 

until the steel yielding capacity is reached. 

4. Numerical results and comparisons 

The aim of numerical simulations is to validate the present nonlinear DBEM solution and implemented 

constitutive models against some experimental results given in [7]. The R/C beam geometry, loading and 

boundary conditions, concrete and steel wires mechanical properties are identical for all numerical 

simulations - they are given in Fig. 3 with the respective tables. The only parameter to be varied is the beam 

height D, which shall be given for each different case. 

It is worth analyzing a typical load-deflection curve for a beam height D=300 mm. The section OA in 

Fig. 4(a) is linear and it corresponds to elastic behavior of both materials: concrete and steel. Then it is 

followed by a nonlinear zone AB which is due to crack opening development. The peak point B is considered 

to be the load carrying capacity of the R/C beam. It is reached when a critical combination of few parameters 

is formed. After the peak B a softening branch BC is coming next due to growing of the fracture zone. The 

crack growth is in general sewed up by the reinforcement, on the other hand a softening process is happening 

owe to steel pullout and slip included in the model. It is presumed that at point C the concrete contribution is 

Fig. 2 Graphical representation of the nonlinear “event-to-event” solution algorithm with “reference” and 

“calculated” state points: (a) cru bi-linear model; (b) Fictitious crack model and respective state points.
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spent and from this moment on an eventual hardening is happening because of the ascending branches of the 

steel constitutive model. The hardening ends at point D at which the reinforcement yields. The shape of BCD

curve considerably depends on the value of the bond shear strength c . Load-Crack Mouth Opening 

Displacement (CMOD) relationship is plotted in Fig. 4(b).

 The respective variation of the stress profile in the central cross-section for the representative points A, 

B, C and D is given in Fig. 5. It is interesting to analyze the evolution of the steel stresses during the 

development of the nonlinear process. In the second picture the tractions of the nodal points at the 

reinforcement level reach the tensile strength of the concrete. From this moment on the bond slip model is 

activated and the combined constitutive law is into action. It is also instructive to observe the “movement” of 

the nodal crack points (see Fig. 4(c)) over the constitutive graphics for certain representative states, which 

are plotted in Fig. 6. In the final state D the crack is almost traction free and the steel yields.  

 The results for the second example are given in Figs. 7 and 8. The beam height in this case is D=150 mm

and the left graphic of Fig. 7 corresponds to R/C beams with ribbed steel bars, whereas the right one draws 

the results for smooth reinforcement. Obviously the curves get within the envelope of experimental data 

from the multiply tests [8], especially as far as the peak load is concerned.  

 The aim of the numerical simulation presented in Fig. 8 is to check whether the method is capable to 

handle the “snap-back” phenomena reported in some experiments. For this purpose the value of the fracture 

energy has been changed from Gf=62.5 N/mm for upper case to Gf=42.5 N/mm. Again the load-deflection 

(Fig. 8(a)) and load-CMOD (Fig. 8(b)) curves are plotted along with a larger picture (Fig. 8(c)) reproducing 
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the snap-back. It is clear from the figure that the driving parameter (crack extension respectively CMOD) 

always grows. 

 A static analysis of the nonlinear behaviour of lightly reinforced concrete beams is the subject of this 

paper. The bond slip model, proposed in [8], was modified and implemented in a software code based on the 

two-dimensional dual boundary element method. A nonlinear numerical procedure was developed without 

iterations which requires multi-linear constitutive diagrams for the boundary crack points. By means of such 

a multi-linear diagram any real nonlinear law could be satisfactorily approximated.  

Based on the above numerical simulations, analysis and the experimental validation a conclusion could 

be drawn that this variant the dual boundary element method, the non-iterative nonlinear procedure and the 

developed constitutive modelling constitute a good, accurate and reliable numerical tool for analysis of 

reinforced concrete beams with non-shear reinforcement.  
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Abstract. The numerical evaluation of the Green’s functions (fundamental solutions) in BEM stress analysis of 

3D anisotropic elastic solids has been a subject of much discussion over the years because of the relatively large 

amount of computations required if they are in their basic form in terms of a contour integral. The ability to 

reduce and express them as explicitly as possible will offer significant cost savings computationally.  In this 

paper, a formulation for the explicit solution of Green’s displacements is investigated. An attractive feature of 

this solution is that it has the final form of an algebraic expression in terms of the Stroh eigenvalues and remains 

valid for the degenerate cases of when there are repeated roots.  The computation for Green’s strains/stresses is 

carried out using a simple Lagrange interpolation scheme. The formulation and numerical algorithm for 

obtaining the Green’s displacements and its derivatives have been implemented into a FORTRAN code. Two 

examples, one involving a degenerate case of transversely isotropy, and another involving general material 

anisotropy, are presented to illustrate the veracity of the approach. 

Introduction

A necessary item in the formulation of the direct boundary element method (BEM) is the availability of the 

fundamental solution (Green’s function) to the governing differential equation for the physical problem.  An 

efficient scheme to evaluate this Green function and its derivatives is important for the development of a robust 

and successful BEM formulation for the stress analysis of 3D, generally anisotropic elastic solids.  In isotropic 

elasticity, the fundamental solution and its derivatives can be expressed in relatively simple explicit forms which 

can be efficiently evaluated numerically. This is also true for 2D anisotropic elasticity.  However, the same 

cannot be said for 3D anisotropic elasticity. 

The Green’s function for the displacement field in a 3D generally anisotropic elastic medium due to a unit 

point load was derived by Lifschitz and Rozentsweig [1].  It was expressed as a line integral around a unit circle 

with the integrand containing the Christoffel matrix defined in terms of the elastic material constants.  The 

evaluation of this integral into simpler explicit analytical forms, as well as the development of efficient 

algorithms for its accurate and stable numerical evaluation have eluded researchers for several decades, see, e.g., 

[2]-[4], although simplifications to special cases of anisotropy have been met with some success. Employing the 

Radon transform and the calculus of residues, Wang [5] derived an explicit algebraic expression for the 

displacement Green’s function in three-dimensional general anisotropy and presented a strategy for determining 

its derivatives. No numerical results were obtained by Wang [5], however; instead his work was implemented by 

Tonon, et al [6] in a BEM formulation.  It is assumed in these works that the roots of the sextic equation (Stroh’s 

eigenvalues) are distinct.

An alternative explicit solution of the Green’s function for the displacements in a 3D anisotropic body has 

also been derived by Ting and Lee [7] using the Fourier transform. It is simpler in form to that obtained by Wang 

[5] and is expressed primarily in terms of Stroh’s eigenvalues and remains valid even in the degenerate cases of 

equal eigenvalues.  The issues involved with the numerical evaluation of this Green’s function solution and its 

derivatives, to the authors’ knowledge, have not been reported in the literature, and are the focus of the present 

paper.  In this paper, the Green’s displacements are computed using the formulations proposed by Ting and Lee 

[7], and their derivatives are obtained by simple Lagrange interpolation which leads to a central difference 

scheme. Comparison of the results obtained using these procedures with other numerical solutions for two 

example cases are then presented.   
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Green’s function for general anisotropic materials 

The boundary integral equation (BIE), which relates the nodal displacements uj and tractions tj at the 

boundary S of the homogeneous elastic domain, is written in indicial notation as  

( ) ( ) ( ) ( ) ( ) ( )UT ijij i i i ij

S S

 P  P  +  Q  P , Q   dS =  Q  P , Q   dS C u u t                               (1) 

where the value of ( )ij PC  depends upon the local geometry of S at the source point P; ( )ij P , QU U(x), and 

( )T ij P , Q  represent the fundamental solutions of displacements and tractions, respectively, in the xi-direction at 

the field point Q due to a unit load in the xj-direction at P in a homogeneous infinite plane.  The focus of this 

paper is to numerically evaluate the Green’s functions - ( )U ij P , Q  and its derivatives, , ( )U ij l P , Q , since 

( )T ij P , Q  can be directly calculated from the strain components; the comma index denotes patial differentiation.   

A brief review of the derivation of the explicit forms of the Green’s displacements proposed by Ting and Lee [7] 

is first given here. 

In 3D, the Green’s displacements for the infinite space can be expressed as  

s
r

-1 *

2 s

1
U(x)= Q (n ) d  ,

8
                                                            (2) 

where r is the radial distance between the source point at the origin and the field point at x=(x1, x2, x3).  In Eq. (2), 

the integral is taken around the unit circle 
* =1n  on the oblique plane normal to x; the components of Q , Qik ,

are expressed in terms of the stiffness matrix Cijks as 
* * *

sQ ( )=ik ijks jC n nn                                                                       (3) 

where the unit vector 
*

n on the oblique plane can be represented in terms of an arbitrary parameter  by 
* =  cos +  sin ,n n m                                                            (4) 

In Eq. (4), the vectors , , /rn m x  form a right-handed triad.  As shown schematically in Fig. 1, the general 

form of n and m can be expressed as 

(cos cos , cos sin , sin ), 

( sin , cos , 0).

n

m
                         (5) 

Equation (3) can thus be rewritten as 

Q ( ) ( cos sin )( cos sin )ik ijks j j s sy = C n +m n +m      (6)  

By defining the following three tensors, 

Qik ijks j s ik ijks j s ik ijks j s=C n n , R =C n m , T =C m m ,    (7)

Equation (6) can be rewritten into a simple form, 
1

2( ) cos ( )pQ =  ,                                           (8) 

where p = tan  and ( )p  is given by 

          ( ) ( )T 2p = +p + +pQ R R T .                                        (9)

             

By letting V=

T+R R , equation (9) may also be rewritten as 

( ) 2p = +p +pQ V T .                                                                   (10) 

The vanishing of the determinant, | ( )p |, would lead to a sextic equation in p.  By defining a matrix, H[x},

which depends only on the direction of x, as 

11
( )

/2
-

- /2
=  dH x Q ,                                                                (11) 

the Green’s displacements can be  expressed as 

Fig. 1: Definition of the unit vectors n, m

r

x1

x2

x3 m

n
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1
( ) [ ]

4 r
U x = H x .                                                                             (12) 

The six roots of the sextic equation are the Stroh eigenvalues; they must be complex to yield positive strain 

energy [7] and they appear as three pairs of complex conjugates.  It has been proved [8] that the sextic equation 

is not tractable analytically.  The computational effort to find these roots numerically is, however,  not heavy as 

compared with the numerical burden of performing the integration of Eq. (9).    

For an oblique plane, [ ]H x  remains symmetric and positive definite and so is the Green’s function 

( )U x .  BY writing the complex roots as 

i 0 ( 1, 2, 3)v v v vp = + , > , =   ,                                                         (13) 

where both v  are real, [ ]H x  can be expressed as 

3

1 1 1 2 2

ˆ ( )1
[ ] t

t= t t t+ t t+ t t+ t t+

p
=

p -p p -p p -p p -p
H x

T
,                                      (14) 

in which the subscript t follows the cyclic rule t=(t-3) if t>3, and ˆ is the adjoint of , being a polynomial in p of 

degree four.  Equation (14) provides an explicit expression of the Barnett-Lothe tensor [ ]H x , and hence the 

Green’s function ( )U x , in terms of the Stroh eigenvalues pv for general anisotropic elastic materials.  It is 

evident that the expression for [ ]H x as in Eq. (14) cannot be valid for the degenerate cases when there are 

repeated roots, i.e. when 1t t+p =p  or 2t t+p =p .  Ting and Lee [7] resolved this problem by rewriting [ ]H x  as 

4
( )

0

1 ˆ[ ] n

n

n=

=  qH x
T

,                                                             (15) 

where nq  is given by 

3

2

11 2 3 1 2

23
1 2

2

11 2 3 1 2

1
Re for 0, 1, 2,

2

1
Re for  3, 4,

2

n

t
n

t= t t+ t t+

n-

t t t
n n

t= t t+ t t+

p-
-       n= 

p -p p -p

p p p
q = -       n=

p -p p -p
                         (16) 

In Eq. (16), Re{} represents the operation of taking real part, and is the Kronecker delta defined as usual.  By 

basic algebraic arrangements, 
( )ˆ n

ij , components of 
( )ˆ n

, may be expressed as  

( ) ( ) ( )

(i 1)( j 1)(i 2)( j 2) (i 1)( j 2)(i 2)( j 1)
ˆ , ( , 1, 2, 3)n n n

ij i j ,                           (17) 

where the subscript follows the cyclic rule as described before, and the 4th-order tensor 
(n)

is given by 
(4)

(3)

(2)

(1)

(0)

T T ,

V T T V ,

T Q T Q V V ,

V Q V Q ,

Q Q .

pqrs pq rs

pqrs pq rs pq rs

pqrs pq rs rs pq pq rs

pqrs pq rs rs pq

pqrs pq rs

+

                                                                (18) 

The computations involved in Eqs. (15)-(18) are relatively straightforward and easy to be programmed in a 

computer code.   

 In BEM formulations, it is necessary to compute the corresponding stresses ij when the unit load is 

applied in the direction of xl.  This is carried out using 

,l lC                                                                                                      (19a) 

where
T

11 22 33 23 13 12, , , , , ,l l
                                                     (19b) 
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T

11 22 33 23 13 12, , , 2 , 2 , 2 ,l l
                                                   (19c) 

( ) U U / 2ij l il,j jl,i .                                                                               (19d) 

A relatively simple way to obtain ,Uij l is by a simple Lagrange interpolation scheme which results in a finite 

difference equation as [6] : 

,

U ( ) U ( )
U ( ) , ( 1, 2, 3),

2

ij l ij l

ij l l=
h

x x
x                                             (20)  

where l  represents an increment of h in the abscissas direction of xl.  In the present work, the step size as 

recommended in [6],
610h r , is employed.  This interpolation is capable of yielding accurate results for the 

derivatives with an error order O(h2).  To illustrate the validity and accuracy of the above formulation and 

algorithm, two numerical examples are presented next. 

Numerical examples 

 The first example involves the degenerate case of transverse isotropy as has been treated in [6], for 

which analytical solutions are available for the Green’s displacements and stresses [9].  Consider a transversely 

isotropic, linearly elastic solid with its isotropic plane parallel to the x1-x2 plane and having the these material 

properties:
7 2 7 2

7 2

20 10  (N/m ) 4 10  (N/m )

0.25 0.25 1.6 10  (N/m )

E= ,   E = ,   

= ,   = ,   G = ,                                         (21)  

where

andE  E : represent the Young’s moduli in the plane of transverse isotropy and in the direction normal to it, 

respectively. 

and : represent the Poisson’s ratios characterizing the later strain response in the plane of transverse 

isotropy to a stress acting parallel and normal to it, respectively. 

G : represents the shear modulus in planes normal to the plane of symmetry.  

Accordingly, the stiffness matrix C is [6]  

88    72    40     0     0     0

        88    40     0     0     0

                24     0     0     0

     sym.            16    0     0

                               16    0

                      

 = C

                8

7 210  (N/m ).                                            (22) 

The source point, where a unit load (1 N) is applied, is placed at the origin and a field point located at x = (-1, 0.8, 

1.5) (m) is considered.   The Green’s displacements computed using the above formulation and the closed-form 

solution of [9] are listed in Table 1; the corresponding computed Green’s stresses are shown in Table 2.  

Table 1: Comparison of the Green’s displacements- Example 1 

(i,j) ijG  (present algorithm) 

10-10 (m) 

ijG (closed-form solution [9]) 

10-10 (m) 

Error %

(1,1) 2.8127404834 2.8127406201 4.87E-6 

(1,2) -0.5897686915 -0.5897686584 5.61E-6 

(1,3) -0.8915142618 -0.8915142588 3.37E-7 

(2,2) 2.5473447532 2.5473447238 1.15E-6 

(2,3) 0.7132113160 0.7132114071 1.28E-5 

(3,3) 4.1965508792 4.1965510002 2.88E-6 
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Table 2: Comparison of the Green’s stresses- Example 1 

(i,j) l  (present algorithm) 

10-2 (N/m2)

l  (closed-form solution [9]) 

10-2 (N/m2)

Error %

(1,1) 0.1406003504 0.1406140034 9.71E-3 

(1,2) -0.6061582393 -0.6061594080 1.87E-4 

(1,3) -0.7182432535 -0.7182406182 3.65E-4 

(2,2) -0.2048588290 -0.2048501374 4.24E-3 

(2,3) 1.0538501210 1.0538525268 2.26E-4 

(l=1)

(3,3) 0.5309695195 0.5309746490 9.65E-4 

(1,1) -0.0415743069 -0.0415717811 6.08E-3

(1,2) 0.5008838349 0.5008843960 1.19E-4

(1,3) 1.0538493011 1.0538525263 3.05E-4

(2,2) 0.0929606921 0.0929606880 0.08E-4

(2,3) -0.2440074880 -0.2440069803 2.08E-4

(l=2)

(3,3) -0.4247809389 -0.4247797192 2.88E-4
(1,1) 1.1122945491 1.1122950360 0.43E-4 

(1,2) -0.2094440111 -0.2094421788 8.75E-4 

(1,3) 0.6679945057 0.6679991466 6.96E-4 

(2,2) 1.0180457709 1.0180460556 0.23E-4 

(2,3) -0.5343965016 -0.5343993173 5.24E-4 

(l=3)

(3,3) -1.0020006486 -1.0019987199 2.02E-4 

For the second example, consider the same material constants as in the first example but with rotations 

of the material axes. As a result of successive rotations of the x2-axis and x3-axis respectively by 450 and 1500

counterclockwise, the elastic matrix is shown below; it has the features of general anisotropy: 

71.5   54.5    38.0   -11.0     -12.124355653     - 6.0621778265

         83.5    50.0     -5.0     -15.588457268     - 4.3301270189

                  64.0     -8.0     -13.856406461    -10.392304845
 = C

4

     sym.                   11.0     -1.7320508076       1.7320508076

                                           9.0          -1.0

                                                        

              

7 210  (N/m )

    10.5

.
               (23) 

In the rotated coordinate system, the source point has new coordinates (1.9309310892, 0.1910631535, 

0.3535533906). The analytical solution for this generally anisotropic case can now be obtained by coordinate 

transformation of the closed-form solution of [9].  The Green’s displacements and stresses computed by the 

present algorithm and the closed-form solutions are tabulated in Table 3 and Table 4, respectively.  From these 

tables, it can be seen that the numerical solutions obtained by the present algorithm are indeed in excellent 

agreement with the closed-form solutions [9]. 

Table 3: Comparison of the Green’s displacements- Example 2

(i,j) ijG  (present algorithm) 

10-10 (m) 

ijG (closed-form solution [9]) 

10-10 (m) 

Error %

(1,1) 4.7318653092 4.7318653090 3.42E-9 

(1,2) 0.3398875079 0.3398875079 2.17E-8 

(1,3) 0.6428510739 0.6428510739 1.98E-9 

(2,2) 2.2116394839 2.2116394837 7.82E-9 

(2,3) 0.2703596584 0.2703596583 1.42E-8 

(3,3) 2.6131315514 2.6131315513 2.85E-9 
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Table 4: Comparison of the Green’s stresses- Example 2 

(I,j) l  (present algorithm) 

10-2 (N/m2)

l  (closed-form solution [9]) 

10-2 (N/m2)

Error %

(1,1) -2.0218036487 -2.0218036624 6.77E-7 

(1,2) -0.5036077370 -0.5036077299 1.41E-6 

(1,3) -0.9596786167 -0.9596786151 1.64E-7 

(2,2) 1.1528828009 1.1528827897 9.73E-7 

(2,3) -0.0631731680 -0.0631731651 4.52E-6 

(l=1)

(3,3) 1.0873734471 1.0873734317 1.41E-6 

(1,1) 0.4471925715 0.4471925984 6.01E-6 

(1,2) 0.0951357949 0.0951357928 2.17E-6 

(1,3) -0.4673364944 -0.4673365035 1.96E-6 

(2,2) 0.4299261505 0.4299261891 8.98E-6 

(2,3) 0.2557893240 0.2557893218 8.67E-7 

(l=2)

(3,3) -0.3198405997 -0.3198405717 8.75E-6 
(1,1) 0.9558228971 0.9558228968 3.48E-8 
(1,2) -0.4476686361 -0.4476686348 2.86E-7 
(1,3) -0.6018816517 -0.6018816532 2.48E-7 
(2,2) -0.0688423846 -0.0688423816 4.30E-6 
(2,3) -0.1765151922 -0.1765151891 1.74E-6 

(l=3)

(3,3) 0.2409119981 0.2409119964 7.05E-7 

Conclusions
 In this paper, an explicit formulation for the 3D anisotropic Green’s displacements is investigated.  
Except for the numerical procedure to determine the Stroh’s eigenvalues, the formulations to obtain the 
displacement components are very straightforward indeed.  It has the added advantage that it remains valid for 
the degenerate cases of repeated eigenvalues.  To compute the Green’s stresses, a simple interpolation scheme is 
employed.  The algorithm to compute the Green’s functions has been built into a FORTRAN computer code.  
The veracity of this formulation and the numerical algorithm has been demonstrated by two numerical examples 
with closed form solutions, showing excellent accuracy. Work is currently under way to implement this in a 
BEM code. 
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Abstract. In this communication, the inverse identification problem of a single ellipsoid cavity is consid-
ered. The identification of the 3D parametrized cavity (center coordinates and diameters) is done by solving
an optimization problem. The cost function consists on two terms: i) the misfit between the experimental mea-
surements for the ’real’ cavity and the measurements taken for the ’trial’ cavity; ii) a-priori information in terms
of the cavity volume. The gradient computations are done via the Adjoint Variable Method.

The experimental data are generated through the same forward problem solver. The effect of noise on
such numerical solution is considered by a random perturbation given to the nodal numerical displacements,
given as ’experimental’ data. This approach is usual in the inverse problem literature, and it is a first step in
order to check the convergence properties of the problem (although the ’inverse crime’ is considered also). The
noise level is tested, in order to check the noise percentage admissible for this inverse identificaction problem.
Through numerical tests, the noise levels and convergence properties are discussed, comparing the conclusions
with other existing results published in the literature.

Introduction

The identification of deffects (in this context, ellipsoid cavities) inner in a 3D viscoelastic solid is mathemat-
ically treated as an optimization problem. The solid in this case is a single layer, a three-dimensional solid
limited by two parallel planes. The identification of a parametrized cavity requires a cost function. Such func-
tion is built, for a trial position of the cavity, througn the misfit between the experimental data measurements
at selected points, and the one obtained solving the forward problem for the trial position of the cavity. The
Boundary Element Method (BEM) is a good method to solve each forward problem. At each optimization
step, only the position of an inner boundary should be re-meshed. The re-meshing cost is low in BEM. Also,
choosing the adequate Green function, mesh is necessary only in selected surfaces. In the context of this work,
the Green function for the layer domain in time-harmonics dynamics has been choosen: thus, only cavity mesh
is required, because no other surfaces (patches or supports) are considered.

One of the most important stages in the optimization process is the computation of the gradients of
the cost function respect to parameters. The computing of such gradient might be done analytic (2D works by
Gallego and Rus [1–3]). The analytic computation of gradients shows advantages, in terms of precision and
direct differentiation of any parameter required, but some problemes are presented: first, for each parameter
derived it is required to solve one problem; second, a Green function must be derived, but in some cases, like the
one presented here (layer solution) it is a difficult task. An alternative semi-analitical technique is the gradient
computation via the Adjoint Variable Approach (AVA) [4–6, 8]. The gradient computation of the cost function
respect to any set of parameters is solved by a convolution integral over the deffect surface. Only one problem
has to be solved, the one called ’The Adjoint Problem’. Due to the particular Green’s function used in this
work, this second technique has been used.

Experimental data are subjected to random noise. Testing random noise sensitivity is an important task
to check the convergence of the inversion method. In this paper, the experimental data are simulated by solving
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the forward problem for the ’real’ cavity position. The noise generation is based on such measurements, and
it is defined through a Normal distribution. The use of the AVM to solve the gradients and the experimental
errors are discussed in this paper.

Formulation

Figure 1 shows the 3D layer domain Ω, thickness h. A 6 degrees of freedom’s cavity is considered (3 center
coordinates and 3 radii). Let Γ be the cavity boundary. In reference to the cartesian basis {O; x1, x2, x3}, it is
defined the region Ω = {(x1, x2, x3)|0 ≤ x3 ≤ h}. At certain points xf corresponding to the upper layer, a set
of time-harmonics sources are considered.

f(x) =
NS∑
m=1

Pie
iωtδ(x − xf ) (1)

n

o

xm

λ, µ, ρ

h

Γ

Peiωt

x1

x3

Ω

xf

Figure 1: Ellipsoid cavity in a single layer domain. Sources and measurement points

The material is elastic, isotropic (λ, µ) and density ρ. The time-harmonic response includes damping,
through the daming rates ξα y ξβ and the complex-valued material modules λ = λ∗ y µ = µ∗, corresponding
principle [7].

λ∗ + 2µ∗ = (λ + 2µ) [1 + 2iξα(ω)] , ξα ≥ 0
µ∗ = µ [1 + 2iξβ(ω)] , ξβ ≥ 0

The boundary conditions for the upper and lower surfaces of Ω are t = 0 (traction-free). The layer is
infinite in directions x1,x2; thus, the radiation boundary condition is applied at these directions. At the cavity
surface Γ traction-free condition is imposed (t = 0). See at figure (1) the outward normal n in Γ.

Direct Problem

The forward problem is the computation of dispacements u at Γ. This problem is numerically solved by the
Boundary Element Method, including an specific Green function for the layer [9]. The only domain to mesh is
the ellipsoid’s surface. The solution of the forward problem produces vector U; in matrix form,

HU = F (2)

126 Eds: R Abascal and M H Aliabadi



Inverse Problem

Once the forward problem is solved, it is possible to compute the displacements um at the measurement points
xm, for a fixed ellipsoid position. For the ’true’ cavity (real position), the experimental measurements are ue.
Considering the measurement differences, and includig the a-priori information (volume cavity V ref ) it is build
the object function J (Γ).

J (Γ) =
Q

2

NEP∑
n=1

(um − ue) · (um − ue) +
G

2

(
V − V ref

)2
(3)

with NEP the number of experimental points in xm where response is measured. Parameters Q and G are
coeficients used to weight the a-priori data, and the global cost function.

The position and shape of Γ depends on d design parameters; thus, a parameter vector p = (p1, p2, . . . pd)
is defined. After the computation of J (Γ), an optimization algorithm is defined in order to find the position
and shape of Γ which minimizes J (Γ). The minimization algorithm is based on a Quasi-Newton method. It
requires the computation of the first derivative of the cost function respect to design parameters. In order to
compute ∂J /∂pd the direct differentiation is a tool useful for specific Green’s functions. In the context of the
present work, the semi-analitical integration done by the Adjoint Variable Method has been choosen, becase of
the complexities of the Green’s function for the layer, in terms of an inverse Hankel Transform.

The Adjoint Variable Method for gradient computations

The Adjoint Variable Method is used to compute the gradient of the cost function. The first step of the method
consists on the adjoint problem definition, once the forward problem is solved. The structure of the adjoint
problem is analogous to the direct problem, but:

• The original excitation sources are cancelled. Instead of that, a set of point sources f̃ are defined at the
measurement points xm. The intensity of each source is equal to the difference between the measured
and computed displacements (the conjugate complex number). Thus,

f̃(x) = Q
NEP∑
m=1

(um − ue) δ(x − xe) (4)

• The boundary conditions of the adjoint problem have the same type than the forward problem, but they
are homogeneous. For this case t = 0 in Γ.

The adjoint problem is solved by the BEM. A matrix system is obtained,

HŨ = F̃ (5)

In this sistem, H is the same matrix used in the forward problem; the only computation required is vector F̃.
The solution of the adjoint problem is a displacement field ũ. The gradient of the functional J is computed via
the following integral in Γ,

∂J
∂pd

= Re

{ ∫
Γ

[
ρω2 u · ũ − 2λµ

λ + 2µ
divSudivSũ − µ

(∇Su + ∇T
Su

)
: ∇T

S ũ

+µ (∇Su · n) · (∇T
S ũ · n) ]

θd
n dΓ

}
+ G

(
V − V dato

) ∂V

∂pd
(6)

with θd
n the normal transformation velocity, for parameter d.

The design parameter vector for cavity Γ is p = (c1, c2, c3, a, b, c). The volume V can be computed fom axis,
as

V =
4

3
π a b c
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Thus, the volume variations respecto to parameters are obtained as a closed-form formula, for each

step. The transformation velocity vector in the normal direction is θd
n ≡ n · θ

d
(d = 1, . . . 6); it has the

following representation,

θd
n =

(
n1, n2, n3,

x1 − c1

a
,
x2 − c2

b
,
x3 − c3

c

)
(7)

To compute the gradient of the object function, in a boundary element mesh, the integral shown in
Eq (6) is done. For an isoparametric BEM formulation, it is required the computation of the surface gradients
of shape functions. In ref [8] the most relevant practical aspects of the implementation are shown, which have
been followed in the present work.

Experimental measurement noise

In order to check the convergence properties of the inverse algorithm, it is required to check the sensitivity of
the algorithm respect to noise in experimental measurement. One common techinque consists on applying a
random noise to the ’true’ experimental observed measurements, at each component, a follows

ue,noise
i = ue

i (1 + ϕ) (8)

where ϕ is a random variable uniformly distributed over the interval [−η, η]. Values of η tested in this study
cover range from η=0.03 to η=0.40. A set of numerical benchmarks, varying several aspects (numbers of
experimental points, sources, a-priori data) gives an interesting result for this layer domain. Noise levels up
to 40 % gives convergence. Convergence is better when a-priori information is considered, and when more
measurement points are considered. This particular layer problem seems to be better for convergence due to
the layer configuration (reflection waves at the lower layer).

Numerical results

A numerical example has been chosen in order to show the three main aspects of this research: i) the gradient
computation based on the Adjoint Variable Method; ii) the use of the layer Green’s function; iii) the noise
effects on measurements. A layer thickness h = 6 has been considered. µ = 1 + 0.2i (damping is considered),
ν = 0.3. The angular frequency is ω = 1. An spherical cavity has been considered, centered at (0, 0, 3), and
diameter d = 2.2. A 2-parameter inverse identification problem is solved. Parameters are: x1 central coordinate
(c1), and the cavity diameter d (thus, a=b=c=d).

x1
32

Measurement points

Sources

3

x2

2

Figure 2: Sources and receivers, at x3 = 0
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Figure 2 shows the arrays of sources and experimental points. Sources are located at x3 = 0, in a 3x3
array, centered at x1 = 0, x2 = 0, a total of 16 points (4x4 array). Each source is a point-load pointing to the
x3 direction, with time-harmonic excitation frequency ω = 1. Receivers take displacement measurements um

at points xm, distributed in a 2x2 array, centered at x1 = 0, x2 = 0, 9 receivers.
A first step consists on defining the expermiental data, and the polluted random-noised data from this

first measurement vector. The forward problem is solved, considering the true cavity position, and ue is ob-
tained by post-processing. Other ue,noise are generated from this one, considering different noise levels.

The solution of the Inverse Problem requires a first guess point; in this case, (c1, d) = (−1, 1.8); close
parameters to the true cavity, (c1 = 0, d = 2.2). The inverse computation has been solved with MATLAB
Optimization Toolbox. The BFGS Quasi-Newton algorithm has been choosen. In order to take into account the
tolerances based on absolute values, an specific cost function has been defined,

J =
W

urms

NPE∑
n=1

(um − ue) · (um − ue) (9)

with urms the RMS value for displacements obtained at the first mesh and W a weight coefficient, in this case
W = 1E8. The experimental data (volume information) is instroduced in a second stage.

Table 1 shows the evolution of parameters when no a-priori nor random noise are considered. A fast
convergence is observed. The final solution (−0.0004, 2.1992) is close to the real one (0, 2.2),

Iteration number c1 d J
0 -1.0E0 1.8000 5.88E6
1 0.0E0 2.2606 1.79E3
2 -4.0E-4 2.2551 1.51E3
3 5.7E-3 2.1822 3.84E2
4 1.3E-3 2.2079 4.69E1
5 4.0E-4 2.2018 2.96E0
6 -4.0E-4 2.1992 1.30E0

Table 1: Numerical values of parameters and cost function

From this solution, convergence is tested when: i) Noise is considered, up to 40 %; ii) A-priori infor-
mation is considered. In this test, as in other tests, convergence properties are similar to the one tested in [8], but
in general, better convergence is obtained, maybe due to the reflection waves given by the lower layer and some
love-waves. More tests are performed in order to check the sensitivity respect to the frequency considered.
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[5] M. Bonnet, T. Burczyński and M. Nowakowski, Sensitivity analysis for shape perturbation of cavity or
internal crack using BIE and adjoint variable approach. International Journal of Solids and Structures,
39, 2365–2385 (2002).

[6] M. Bonnet. BIE and material differentiation applied to the formulation of obstacle inverse problems. Eng.
Anal. with Bound. Elem., 15, 121–136 (1995)

[7] R. M. Christensen, Theory of viscoelasticity, Academic Press, New York (1971).

[8] S. Nintcheu Fata, B. B. Guzina y M. Bonnet. Computational framework for the BIE solution to inverse
scattering problems in elastodynamics. Computational Mechanics, 32, 370–380, (2003).

[9] A. Martínez-Castro y R. Gallego. Three-dimensional Green’s function for time-harmonic dynamics in a
viscoelastic layer. International Journal of Solids and Structures, 44, 4541–4558 (2007)

130 Eds: R Abascal and M H Aliabadi



Computation of stresses on the boundary of laminate composites

plates by the boundary element method
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Abstract. This paper presents a procedure to compute stresses on the boundary of laminated com-
posite plates using the boundary element method (BEM). Kirchhoff hypothesis for thin plates are
assumed. Stresses are computed by a procedure that uses integral equations, derivatives of shape
functions, and constitutive relations. The accuracy of the proposed procedure is assessed by an ex-
ample that shows good agreement with numerical results available in literature.

Introduction

The attempt of developing analytical models for the representation of the behavior of plates come
since middle of 1800 with works developed by Sophie Germain, Lagrange, and Poisson as stated by
[1].

Since 1978, when the first BEM direct formulation based on the Kirchhoff’s hypothesis appeared,
the method has had a large growth, being nowadays applied to several practical engineering problems.
The first works discussing the use of boundary element direct formulation, in conjunction with the
Kirchhoff’s theory, were by [2], [3], and [4].

The fundamental solution is an essential of the boundary element method. Bending analysis of
plates by the BEM requires the use of two fundamental solutions: the displacement field due to a
transverse point load, and the displacement field due to a point moment. Fundamental solutions for
anisotropic plates utilize complex variable theory following [5].

In 1988, [6] presented a boundary element analysis of plate bending problems using fundamental
solutions proposed by [7] based on Kirchhoff plate bending assumptions. [8] proposed a formulation
where the singularities were avoided by placing source points outside the domain. [9] presented an
analytical treatment for singular and hypersingular integrals for the formulation presented in [6].
[10] presented a method to transform domain integrals into boundary integrals in the formulation
presented in [6]. Later, in [11], this formulation was extended for dynamic problems. Shear deformable
plates have been analyzed using the boundary element method by [12] and [13] with the analytical
fundamental solution proposed by [14]. [15] presented a boundary element formulation for orthotropic
shear deformable plates. Recently, [16] presented a displacement discontinuity formulation for mode-
ling cracks in orthotropic Reissner plates. Fundamental solutions for displacement discontinuity were
derived for the first time using a Fourier transform method.
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Kirchhoff plate theory

Stresses in a lamina k of a laminate composite plate is given by:
⎧⎪⎨
⎪⎩

σx

σy

τxy

⎫⎪⎬
⎪⎭ =

⎡
⎢⎣

Q11 Q12 Q16

Q12 Q22 Q26

Q16 Q26 Q66

⎤
⎥⎦

k

⎧⎪⎨
⎪⎩

εx

εy

γxy

⎫⎪⎬
⎪⎭ , (1)

where
[
Q

]
k

is the stiffness matrix of the lamina k, and k does not imply summation.
Strains, are given by:

εx = −z
∂2w

∂x2
,

εy = −z
∂2w

∂x2
,

γxy = −2z
∂2w

∂x∂y
, (2)

where z is a coordinate in the transversal direction of the laminate and w is the transversal displace-
ment.

So, in order to compute stresses on boundary nodes it is necessary to compute the second derivatives
∂2w
∂x2 , ∂2w

∂y2 , and ∂2w
∂x∂y .

Figure 1: Thin plate.

The boundary integral equation for the transversal displacement w is given by:

1
2
w(Q) +

∫
Γ

[
V ∗

n (Q, P )w(P ) − m∗
n(Q,P )

∂w(P )
∂n

]
dΓ(P ) +

Nc∑
i=1

R∗
ci

(Q,P )wci(P ) −

∫
Γ

[
Vn(P )w∗(Q, P ) − mn(P )

∂w∗

∂n
(Q,P )

]
dΓ(P ) +

Nc∑
i=1

Rci(P )w∗
ci

(Q, P ) +

∫
Ω

g(P )w∗(Q, P )dΩ, (3)

where ∂
∂n is the derivative in the direction of the outward vector n that is normal to the boundary Γ;

mn and Vn are, respectively, the normal bending moment and the Kirchhoff equivalent shear force on
the boundary Γ; Rc is the thin-plate reaction of corners; wc is the transverse displacement at corners
points Nc; P is the field point; Q is the source point; and an asterisk denotes a fundamental solution.

Fundamental solutions required at equation (3) are given by [17].
The directional derivative of equation (3) at the source point in the boundary normal direction

(m) is given by:
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1
2

∂w

∂m
+

∫
Γ

(
∂V ∗

n

∂m
w − ∂M∗

n

∂m

∂w

∂n
dΓ

)
+

∑ ∂R∗
ci

∂m
wci =

∫
Γ

(
Vn

∂w∗

∂m
− Mn

∂2w∗

∂n∂m

)
dΓ +

∑
Rci

∂w∗
ci

∂m
+

∫
Ω

g
∂w∗

∂m
dΩ. (4)

Similarly, the directional derivative of equation (3) at the source point in the boundary tangential
direction (t) is given by:

1
2

∂w

∂t
+

∫
Γ

(
∂V ∗

n

∂t
w − ∂M∗

n

∂t

∂w

∂n
dΓ

)
+

∑ ∂R∗
ci

∂t
wci =

∫
Γ

(
Vn

∂w∗

∂t
− Mn

∂2w∗

∂n∂t

)
dΓ +

∑
Rci

∂w∗
ci

∂t
+

∫
Ω

g
∂w∗

∂t
dΩ. (5)

Considering quadratic discontinuous elements, ∂w
∂t is interpolated inside an element by:

dw

dt
= N1

∂w1

∂t
+ N2

∂w2

∂t
+ N3

∂w3

∂t
, (6)

where Ni are quadratic discontinuous shape functions and ∂wi
∂t are the nodal values of ∂w

∂t .
Following a similar procedure to d2w

dmdt , it is possible to obtain:

d2w

dmdt
=

(
dN1

dξ

∂w1

∂m
+

dN2

dξ

∂w2

∂m
+

dN3

dξ

∂w3

∂m

) (
1/

dt

dξ

)
, (7)

where ξ is the local coordinate through the boundary.
In the same way,

d2w

dt2
=

(
dN1

dξ

∂w1

∂t
+

dN2

dξ

∂w2

∂t
+

dN3

dξ

∂w3

∂t

) (
1/

dt

dξ

)
. (8)

It was not possible to calculate d2w
dm2 in the same way of d2w

dt2
and d2w

dmdt because we do not have dm
dξ .

The alternative is to write the equations of the moments in system (mt) instead of (xy):

Mm = −
(

D
′
11

∂2w

∂m2
+ D

′
12

∂2w

∂t2
+ 2D

′
16

∂2w

∂m∂t

)
,

Mt = −
(

D
′
12

∂2w

∂m2
+ D

′
22

∂2w

∂t2
+ 2D

′
26

∂2w

∂m∂t

)
, (9)

Mmt = −
(

D
′
16

∂2w

∂m2
+ D

′
26

∂2w

∂t2
+ 2D

′
66

∂2w

∂m∂t

)
,

where D
′
ij = (i, j = 1, 2, 6) are the flexural rigidities in system mt, that are given by:

D
′
= T−1[D](T−1)t, (10)

where Dij are the flexural rigidities in system xy.
In this system, the known variables are: Mm, ∂2w

∂t2
and ∂2w

∂m∂t , and the unknown variables are: Mt,
Mmt, and ∂2w

∂m2 .

Writting equations (9) in a matrix form, we have:
⎧⎪⎨
⎪⎩

Mm

Mt

Mmt

⎫⎪⎬
⎪⎭ =

⎡
⎢⎣

D
′
11 D

′
12 D

′
16

D
′
12 D

′
22 D

′
26

D
′
16 D

′
26 D

′
66

⎤
⎥⎦

⎧⎪⎨
⎪⎩

∂2w
∂m2

∂2w
∂t2

2 ∂2w
∂m∂t

⎫⎪⎬
⎪⎭ , (11)
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Equation (11) can be written as:
⎧⎪⎨
⎪⎩

∂2w
∂m2

∂2w
∂t2

2 ∂2w
∂m∂t

⎫⎪⎬
⎪⎭ =

⎡
⎢⎣

S11 S12 S16

S12 S22 S26

S16 S26 S66

⎤
⎥⎦

⎧⎪⎨
⎪⎩

Mm

Mt

Mmt

⎫⎪⎬
⎪⎭ , (12)

where S = [D
′
]−1.

Thus,

∂2w

∂m2
= S11Mm + S12Mt + S16Mmt,

∂2w

∂t2
= S12Mm + S22Mt + S26Mmt, (13)

2
∂2w

∂m∂t
= S16Mm + S26Mt + S66Mmt.

Isolating the unknown variables, we have:

− ∂2w

∂m2
+ S12Mt + S16Mmt = −S11Mm,

S22Mt + S26Mmt =
∂2w

∂t2
− S12Mm, (14)

S26Mt + S66Mmt = 2
∂2w

∂m∂t
− S16Mm,

that can be written in the matrix form:
⎡
⎢⎣

−1 S12 S16

0 S22 S26

0 S26 S66

⎤
⎥⎦

⎧⎪⎨
⎪⎩

∂2w
∂m2

Mt

Mmt

⎫⎪⎬
⎪⎭ =

⎧⎪⎨
⎪⎩

−S11Mm
∂2w
∂t2

− S12Mm

2 ∂2w
∂m∂t − S16Mm

⎫⎪⎬
⎪⎭ . (15)

and the unknowns can be computed by solving the resulting linear system:

Ay = x. (16)

Numerical results

Consider a cross-ply laminated graphite/epoxy composite square plate with clamped edges under
uniformly distributed load of intensity q and with edge length a = 1 m. The results presented here are
for the nine layered symmetrical laminate with [0/90/0/90/0/90/0/90/0] lay-up. All layers have the
same thickness. The total thickness is equal to h = 0.001 m and material properties are: EL = 207
GPa, ET = 5.2 GPa, GLT = 3.1 GPa, and νLT = 0.25. The plate was discretized using 28 quadratic
discontinuous boundary elements, as shown in Figure 2. Displacement at point A and moment at
point B, shown in Figure 2, are compared with finite element results obtained by [18]. As it can be
seen in Table 1, the agreement between the boundary element thin plate and the finite element shear
deformable plate is very good for the displacement. However, the same agreement is not obtained for
moments. This was already expected provided that the ratio EL/GLT is 66.7. This becomes the effect
of the shear deformation considerably important even for very thin plates.

Figure 3 shows the distribution of the stress σx at point B along the thickness of the plate, from
the mid-surface to the top surface. It can be seen that, as the stiffness of the material is higher in
the direction of the fibers, the stress is higher in the lamina with fibers oriented parallel to the axis x
(θ = 0o).
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A
B

Figure 2: Discretization square plate using 7 elements per side.

Node Nume- ref.:
rical [18]

A wET h3/
qa4 × 103 0.9512 0.9494

B Mxx/
qa2 × 102 −7.0708 -6.6019

Table 1: Displacements and moments in a square plate with camped edges.

Conclusions

This paper presented a boundary integral formulation for the computation of stresses in boundary
points of anisotropic thin plates. In the proposed approach, in order to avoid a singularities higher
than hypersingular, second derivatives of transversal displacement were computed using constitutive
equations and shape functions derivatives. The results show that the method is accurate.
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Materials.

Abstract. The development of new materials has made the study of fracture mechanics problems
in transversely isotropic and general anisotropic solids an important and attractive issue for many
researchers. The use of both traction and displacement integral representations lead to a mixed
formulation of the BEM where the discretization effort for crack problems is much smaller than in the
classical formulation. In this work a mixed formulation is used, in combination with three-dimensional
quadratic and quarter-point elements, to obtain accurate results for practical dynamic crack problems.
Cracks in boundless and finite domains are studied. Since the number of problems of this kind that
have been studied is very small, we have mostly compared our results with those we have obtained in
previous works for the same geometry but isotropic materials.

Introduction

The basic concepts for cracks in transversely isotropic solids were set by Kassir and Sih [1] forty years
ago. They showed that the stress singularity near the front of 3-D cracks was of the same order as in
the isotropic case. The magnitude of the local stresses may be described in terms of Stress Intensity
Factors (SIFs). The Boundary Element Method (BEM), which has revealed as a very well suited tool
for static and dynamic fracture mechanics analysis in isotropic solids, should also be adequate for
anisotropic cases. Nevertheless, due to formulation and implementation difficulties, a small number
of boundary element (BE) papers has been dedicated to the analysis of fracture mechanics problems
in non-isotropic materials. Among these papers, the early work of Snyder and Cruse [2] and the more
recent one of Chan and Cruse [3] should be mentioned. The first 3-D BE formulation for fracture
mechanics in non-isotropic materials was presented by Ishikawa [4]. This author studied crack problems
in 3-D transversely isotropic and fully anisotropic bodies. The approach is based on the subdomain
technique and the use of quarter-point elements and transition elements placed next to them. No
singularity is introduced to represent the tractions at the crack front.

Ioakimidis [5] and Sladek and Sladek [6] presented the first traction integral equation formulations
for 3-D crack problems in isotropic and anisotropic solids, respectively, twenty five years ago. Ten years
later, Mi and Aliabadi [7] formulated the so called Dual BEM for the general solution of 3-D crack
problems in isotropic solids, and obtained numerical solutions for several problems. Another mixed
(or dual) BE approach for 3-D fracture problems in isotropic domains was presented by Dominguez et
al. [8, 9]. Only very recently Pan and Yuang [10] and Ariza and Dominguez [11] have presented BE
approaches for anisotropic crack problems based on the combined use of displacement and traction
integral representation for external boundaries and crack surface, respectively.

In this article we are going to analyze 3-D finite crack problems in transversely isotropic solids
under transient loading conditions including viscoelastic properties for the material.

Traction integral equation

The classical displacement integral equation representation for an integral point y of an isotropic or
anisotropic elastic body Ω bounded by a regular surface Γ with unit outward normal n(x) under time
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Figure 1: Geometry of unit sphere and e, x, n and d vectors.

harmonic loading and zero body forces conditions can be written as

ul(y, ω) +
∫

Γ
p∗lk(x,y, ω)uk(x, ω)dΓ −

∫
Γ

u∗
lk(x,y, ω)pk(x, ω)dΓ = 0 (1)

for l, k = 1, 2, 3, where uk and pk stand for the k component of displacement and traction vectors,
respectively, ω is the frequency, and u∗

lk, p∗lk are the 3-D elastic time harmonic fundamental solution
displacement and traction tensors respectively.

Internal stresses can be obtained by differentiation of displacement at point y and substitution into
the stress-strain relationship. The traction vector component at y over a surface with unit outward
normal N is:

pl(y, ω) = σlm(y, ω)Nm(y) (2)

and the integral representation for the traction components

pl(y, ω) +
∫

Γ
s∗lmk(x,y, ω)Nm(y)uk(x, ω)dΓ −

∫
Γ

d∗lmk(x,y, ω)Nm(y)pk(x, ω)dΓ = 0 (3)

where d∗lmk and s∗lmk are linear combinations of derivatives of u∗
lk y p∗lk, respectively. The four funda-

mental solution kernels in Equations 1 and 3 can be written as

u∗
lk(x,y, ω) = uR

lk(x,y, ω) + uS
lk(x,y)

p∗lk(x,y, ω) = pR
lk(x,y, ω) + pS

lk(x,y)
d∗lmk(x,y, ω) = dR

lmk(x,y, ω) + dS
lmk(x,y)

s∗lmk(x,y, ω) = sR
lmk(x,y, ω) + sS

lmk(x,y) (4)

where uR
lk(x,y, ω), pR

lk(x,y, ω), dR
lmk(x,y, ω) and sR

lmk(x,y, ω) are regular functions of r which tend to
zero as ω does, and uS

lk(x,y), pS
lk(x,y), dS

lmk(x,y) and sS
lmk(x,y), correspond to the static counterpart

of u∗
lk, p∗lk, d∗lmk and s∗lmk, respectively. The four static terms present singularities of the type r−1,

r−2, r−2 and r−3, respectively, when r → 0.
Explicit expressions of uS

lk(x,y) and the corresponding stress tensor σS
lmk(x,y) for three-dimensional

transversely isotropic materials can be found in Pan and Chou [13]. Tractions pS
lk are obtained by

projection of the stress tensor over the surface defined by its normal.

p∗Slk (x,y) = σS
lmk(x,y)nm(x) (5)

It can be seen from the tractions definition in Equation (2) that d∗Slmk is obtained as a stress tensor at
collocation point. Therefore, d∗Slmk coincide, except for a change of sign due to the different location
of the r derivatives, with the stress tensor components in Equation 5. The terms s∗Slmk(x,y) are linear
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combinations of first derivatives of p∗Slk (x,y) and consequently, linear combinations of u∗S
lk second

derivatives. Explicit expressions for these kernels for 3-D transversely isotropic materials can be found
in Ariza and Dominguez [11].

The time harmonic fundamental solution for general anisotropic solids u∗
lk(x,y, ω) was obtained

by Wang and Achenbach [14]. They used the Radon transform to reduce the 3-D system of coupled
partial differential equations to a 1-D system of coupled ordinary differential equations. This system
is uncoupled by means of its eigenvalues and eigenvectors. The subsequent application of the inverse
Radon transform yields the displacement fundamental solution in terms of an integral over the surface
of a unit sphere. By subtracting the static fundamental solution displacement from the time harmonic
one derived by Wang and Achenbach [14], one obtains the frequency dependent regular part as an
integral over the surface of a unit radius sphere at the collocation point (Figure 1)

uR
lk(x,y, ω) =

i

16π2

∫
|n|=1

3∑
m=1

Am
lk(n, ω)eikm|n·x|dS(n) (6)

where n is the external unit normal to the sphere, km = ω/cm is the number associated to the cm

phase velocity in direction n, and x is the position vector from the collocation point. The displacement
space first derivatives are

u∗R
lk,q =

i

16π2

∫
|n|=1

3∑
m=1

ikmnqsign(n · x)Am
lk(n, ω)eikm|n·x|dS(n) (7)

and their second derivatives

u∗R
lk,pq = − i

16π2

∫
|n|=1

3∑
m=1

Am
lk(n, ω)k2

mnpnqe
ikm|n·x|dS(n) −

i

16π2

∫
|n|=1

3∑
m=1

2Am
lk(n, ω)kmnpnqe

ikm|n·x|δ(n · x)dS(n) (8)

Details related to functions Am
lk(n, ω) and its coefficients for a transversely isotropic material with axis

of symmetry x3 can be found in Ariza and Dominguez [15].
Taking into account the fundamental solution kernels decomposition in Equation (4)and after some

algebra, the traction integral representation for a boundary point become

1
2pl(y, ω) +

∫
Γ

{
sS
lmkNm [uk (x, ω) − uk(y, ω)−uk,h(y, ω)(xh − yh)] −
dS

lmkNm [pk (x, ω) − pk(y, ω)]
}

dΓ + (9)
[uk(y, ω)Ilk + uk,h(y, ω)Jlhk + pk(y, ω)Klk] +∫
Γ

{
sR
lmkNmuk(x, ω) − dR

lmkNmpk(x, ω)
}

dΓ = 0

The regularization details and explicit expressions for the terms Ilk, Jlhk and Klk containing only
regular or weakly singular integrals can be seen in Ariza and Dominguez [11] and in Dominguez et al.
[8] for transversely isotropic and isotropic materials, respectively.

Dynamic stress intensity factors

According to the work of Kassir and Sih [1] there is an asymptotic relation between the COD near
the crack front and the SIFs, for cracked transversely isotropic media. Using the leading terms of
those relations, the SIFs can be evaluated from the three components of the COD at a distance r
from the crack front. Assuming that z is the material axis of symmetry perpendicular to the crack
plane and the t-axis is tangent to the crack front line at the point where a node is located (Figure 2),
the SIF components at this point can be written in terms of the cracks opening displacements at the
quarter-point node as:
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Figure 2: Local coordinates at crack boundary point P.
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KIII =
√

π

2L
∆ut
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(10)

where L is the quarter-point element width, n1 and n2 are the two solutions of the quadratic equation
of the material properties

C11C44n
2 + [C13(C13 + 2C44) − C11C33]n + C33C44 = 0 (11)

n3 =
2C44

C11 − C12
(12)

mj =
(C13 + C44)nj

C33 − C44nj
, j = 1, 2 (13)

and
β1 = C44 (

√
n1 −√

n2) (14)

Numerical results

A homogeneous elastic material is transversely isotropic when it has symmetric properties in all planes
perpendicular to a given direction. In this case, only five materials constant of the general Hookes
law are independent. We are also going to consider damping properties for the material following the
viscoelastic model defined by Melo and Radford [16].

A square cross-section prismatic bar with a central penny-shaped crack loaded by a uniform traction
at both ends is studied. The geometry of the problem is shown in Figure 3. The radius of the crack
is a with a/w=w/h=0.5. The 3-D viscoelastic properties of the material (PEEK/IM7) are defined in
[16]. Results for ß=0 and ß=0.01 were obtained. The two ends uniform load is first considered to have
a harmonic variation with time. The magnitude of mode-I SIF is normalized with respect to the static
infinite domain solution. The obtained results are shown versus frequency in Fig. 12. To the author’s
knowledge, there are not frequency domain results for this problem in the literature. The present
results show the resonance peaks for the undamped bar and the effects of internal damping in the
response to time harmonic loading. The amplitude of the first peak decreases with internal damping.
Other peaks are damped in a great extent remaining the first peak as the only clear resonance for
ß=0.01.
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Figure 3: Penny-shaped central crack in prismatic bar.
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Figure 4: Amplitude of mode-I SIF for time harmonic uniform traction.

Summary and conclusions

A BE formulation for the dynamic analysis of fracture problems in 3-D transversely isotropic finite
domains has been presented. Time harmonic loading conditions are considered. The hypersingular
or strongly singular kernels are regularized following the approach presented in [11]. Stress intensity
factors have been obtained in an accurate and direct way from nodal values of quarter-point elements.
Transient loading conditions are studied using a Fourier transform.
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Abstract. The temperature distribution in biological bodies is described by the Pennes’ bioheat equation, 

which is non-linear if blood perfusion is considered to be variable. Here, the Dual Reciprocity Boundary 

Element Method is coupled to a Genetic Algorithm in an inverse procedure through which the coefficients 

describing the non-linear thermal properties of blood perfusion may be identified. This allows accurate, 

direct solutions for quantitative diagnostics on the physiological conditions of biological bodies and for 

optimisation of hypothermia for cancer therapy.  

1 Introduction 

It is well known that the body surface temperature is controlled by blood circulation, local metabolism and 

heat transfer between the skin and the environment [1]. It is also known that several types of tumours, e.g.

skin or breast, can lead to an increase in local blood flow, and thus to an increase in the local temperature 

[2]. On the other hand, thrombosis or vascular sclerosis decreases the blood flowing to the skin, resulting in 

lower skin temperatures [2]. 

The Pennes bioheat equation can be used for the quantitative diagnostics of physiological conditions on 

biological bodies, e.g. for simulations of regional hyperthermia for cancer therapy [3-4]. The parameters in 

Pennes’ equation are usually assumed to be constant except for the blood perfusion, which varies with 

temperature [2-4]. Herein, a numerical technique for identification of the temperature-dependent blood 

perfusion parameters in Pennes’ equation is proposed based on the Dual Reciprocity Method (DRM), which 

has already been used for the direct solution of the bioheat equation  [1,2,5,6]. It is assumed that the size and 

location of the tumour are known from previous diagnostics; in the DRM, the tumour is treated as a sub-

region and, in addition to the nodes used to model the boundary of the tumour, no other internal points are 

required.

Previous work on inverse analysis of biological bodies was carried out by Ren et al. [7], who applied the 

Boundary Element Method (BEM) to identify heat sources in biological bodies based on the simultaneous 

measurement of temperature and heat flux at the skin surface, by Majchrzak and Paruch [8], who estimated 

the (constant) thermophysical parameters of a tumour using a least-squares algorithm based on sensitivity 

coefficients, and by Partridge and Wrobel [9], who presented a BEM inverse analysis based on a Genetic 

Algorithm (GA) [10,11] to identify the position and size of shallow tumours using skin temperature 

measurements.

This paper extends the algorithm developed in [9] for the identification of the coefficients of blood 

perfusion. A simple GA, as described in the literature [12], is adequate for the problem. A cubic radial basis 

function is employed as the approximation function for the DRM, with linear augmentation.   

The DRM formulation for the bioheat equation is considered in the next section. This is followed by some 

results of direct analyses, which illustrate the use of the DRM and the relationship between the parameters 

adopted to model blood perfusion and the temperature distribution on the skin surface. Then, the parameter 

identification problem is described and the results of some inverse analyses are presented, considering linear 

expansions for the blood perfusion rate. The advantages and limitations of the proposed technique are also 

discussed.

Advances in Boundary Element Techniques IX 143



2 Dual Reciprocity Method for the bioheat equation 

The Pennes bioheat equation can be written in the following form [1-5], 

                                                   b
k

Q
TT

k

c
T a

bbb2
                                         (1) 

where k  denotes  the thermal conductivity of tissue, b , bc  are density and specific heat of blood, b  is 

the blood perfusion rate, aT  is the arterial blood temperature and Q  is metabolic heating. Eq (1) is subject 

to the usual boundary conditions for thermal problems, (i) prescribed temperature TT ; (ii) prescribed 

heat flux, qq . Eq (1) is a Poisson-type equation with two inhomogeneous terms, the first of which is 

dependent on the problem variable T , the other term being a function of space but not of the problem 

variable. Herein, this equation is solved using the DRM [13] in which the fundamental solution to the 

Laplace equation is employed to treat the term on the left-hand side of eq (1) and the inhomogeneous terms 

are taken to the boundary using the standard DRM [13], leading to the system of equations: 

                                                      bFQGUHGqHT 1)ˆˆ(                                                                  (2) 

where the F  matrix is calculated from the definition of the approximating functions [13]. Replacing 
1)ˆˆ( FQGUHS  in eq (2), one obtains 

                                                                  SbGqHT                                                                              (3) 

In the linear case (used here for the healthy tissue), it is possible to define kcc bbb /1  and 

kQTcc abbb /2 , and eq (3) can be written in the form: 

                                                        ScSTcGqHT 21                                                            (4)            

or

                                                       ScGqTScH 21 )(                                                          (5)            

For a direct, well-posed problem, boundary conditions (temperature or heat flux) are applied to eq (5) in the 

usual way to produce 

                                                               dyAx                                                                                       (6) 

Eq (6) may finally be solved for the unknown boundary values contained in vector x.

Considering the temperature-dependence of the tumour’s perfusion, b , the parameters 1c  and 2c  are 

redefined as follows: 

                                                               bcc 31

                                                           2 4 b

Q
c ( c )

k
                                                                               (7)            

where kcc bb /3  and kTcc abb /4 . When considering a linear variation for b ,

                                                            b ( T )                                                                                     (8) 

parameters 1c  and 2c  assume the form 

                                                          1 3c c ( T )

                                                     2 4

Q
c c ( T )

k
                                                                              (9)            

Defining a diagonal matrix R  with the non-zero terms given by i iR ( T ) , where iT  are known values 

of iT  taken from a previous iteration and i  is the column and row number of the main diagonal, eq (9) can 

be rewritten as 

                                                              Rcc 31

                                                         )( 42
k

Q
Rcc                                                                               (10) 

Replacing the above expressions into eq (5) finally gives 
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                                             RSTcS
k

Q
RcGqHT 34 )(                                                              (11) 

Taking the term with the unknown value of T to the left-hand side in the usual way produces the final 

equation:

                                              3 4

Q
( H c RS )T Gq ( C R )S

k
                                                               (12)            

The above equation is solved by iterating on the values of iT  in matrix R.

A cubic radial basis function, 
3r , is used in the DRM approximation, with linear augmentation terms 1, x

and y. The above choice is justified by the results of the tests carried out in [9] with several radial basis 

functions, including the ‘classical’ function r and the thin plate spline rr log2
, with and without 

augmentation. Results obtained using each of these functions were found to differ little. The tests in [9] also 

showed that no internal points appear to be necessary in the DRM formulation for this type of problem.  

3. Direct results for different values of the blood perfusion parameters 

Considering Figure 1, the external boundary, ABCD or 2 , is a vertical section through the skin tissue, the 

part AD being at the skin surface while the opposite boundary BC is an internal boundary maintained at 

body temperature, T = 37oC. The boundaries AB and CD are truncation boundaries, due to considering a 

section; at these boundaries, the boundary condition is 0q W/m2. If the boundary AD is assumed to have 

a zero flux boundary condition, this is equivalent to thermal isolation on that boundary, for instance a 

bandage. The internal boundary or 1  in Figure 1 divides the domain into two parts, 2  the external part 

and 1  which is a sub-region. On the boundary 1  the usual compatibility and equilibrium conditions 

apply, i.e. 21 TT  and 21 qq .  The thickness of the skin is 0.03m and a section of length 0.08m is 

considered. In what follows, the parameters 1c  and 2c  given in eq (5) are constant on 2 , and taken to be 

the values for healthy tissue. However, in the sub-region 1 , a non-linear model is assumed and different 

parameters are used for the blood perfusion, considering this sub-region to be a tumour.  

With the boundary condition at the skin surface AD taken to be 0q W/m2, values of the parameters 

necessary to calculate 1c  and 2c  for the healthy tissue are [2]: b  = 1000kg/m3, bc = 4000    J/(kg oC), k =

0.5 W/(m oC), b = 0.0005 mlb/mlt/s and Q = 420 J/(m3 s). For the tumour, the same values of b , bc  and k

are taken, with Q = 4200 J/(m3 s). The unit employed for the perfusion coefficient b  is such that b b

represents mass flow rate of blood per unit volume of tissue. 

A first-order expansion for the perfusion is considered, )( Tb . Following [5], possible variations 

which the coefficients  and  might take are as follows: (i) Tb 0001.00005.0 , (ii) 

Tb 0001.0005.0  and (iii) Tb 0003.0005.0 . According to eq (7), the parameter b  always 

appears multiplied by kcbb / . Using the above numerical values gives the following expressions: (i) 

1c )15(800 T , (ii) )150(8001 Tc  and (iii) )350(8001 Tc . Similar considerations are 

valid for the parameter 2c .

The discretisation adopted involved 16 linear elements along the internal boundary 1  and 56 linear 

elements along 2 . Sensitivity tests were performed with different discretisations; for instance, using half 

the above number, i.e. 8 linear elements along 1  and 28 linear elements along 2 , produces results which 

are virtually the same as those in Table 1. 
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Results for different first-order variations for the tumour perfusion are given in Table 1. The table shows 

temperature values at the skin surface, boundary AD in Figure 1. It can be seen that the temperature 

variation in all cases is very small. The results for curves B, C and D are flat or nearly so and the curvature 

changes for curves E and F, in the sense that the temperatures at the centre points are lower than at the end 

points.

Since the temperature is almost constant in all cases, around 37oC, the average value of the tumour perfusion 

for the linear variations considered are b = 0.00195 mlb/mlt/s for curve A, b = 0.0042 mlb/mlt/s for curve 

B, b = 0.00655 mlb/mlt/s for curve C, b = 0.094 mlb/mlt/s for curve D, b = 0.0141 mlb/mlt/s for curve 

and b = 0.0161 mlb/mlt/s for curve F. The values for curves D, E and F are high compared to average 

tumour perfusion values of b = 0.002 mlb/mlt/s quoted in the literature [2], explaining the unexpected 

results obtained with these curves. 

Figure 1. Tumour within a matrix of healthy tissue 

4. Procedure for identification of blood perfusion parameters  

GAs are ideally suited to the inverse problem of identifying the parameters used in the temperature-

dependence expansions for blood perfusion [7,8]. The method is of an evolutionary type, based on the 

process of natural selection, requiring no initial guess for the values of the parameters. It is necessary to 

know only the range of values that these might take in order to choose the number of bits to allocate in each 

chromosome. No calculations of derivatives, sensitivities or directions in which to search are required.  

In this work, a simple GA detailed in [12] has been implemented. The geometry of each tumour is initially 

considered to be rectangular, of size 0.01 by 0.02m, with its centre at position (0.01, 0.0) as shown in Figure 

1.  The size of the initial population of chromosomes is defined considering the range of values which the 

parameters used to calculate 1c  in Table 1 might take. 
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        Table 1: Temperature variations (oC) at the skin surface considering first-order tumour perfusion 

y at skin 

surface
)5.01(

8001

T

c

Curve A 

)0.15(

8001

T

c

Curve B 

)5.110(

8001

T

c

Curve C 

)0.220(

8001

T

c

Curve D 

)0.330(

8001

T

c

Curve E 

)0.350(

8001

T

c

Curve F 

0.03 37.18 37.15 37.15 37.14 37.13 37.13 

0.02 37.21 37.15 37.15 37.14 37.12 37.12 

0.01 37.27 37.16 37.15 37.13 37.10 37.09 

0.0 37.30 37.17 37.15 37.12 37.09 37.08 

-0.01 37.27 37.16 37.15 37.13 37.10 37.09 

-0.02 37.21 37.15 37.15 37.14 37.12 37.12 

-0.03 37.18 37.15 37.15 37.14 37.13 37.13 

The highest expansion, curve F, has )0.350(8001 Tc . If this is written as )(800 211 Tppc ,

then 1p  will take positive integer values up to 50 and the largest value of 2p  is 3, with an interval of 0.1 

considered between successive values. Thus, the chromosome has two alleles; for 1p  and 2p  the first allele 

has 6 bits, 5063126
, while the second has 5 bits, in such a way that the largest number which can 

be represented is 3.1 for the interval of 0.1. Thus, the chromosome is of size 11. The parameter 1p  is 

calculated directly by converting the binary value of the allele to decimal; for 2p , the decimal value of the 

allele is divided by 10. The population size was fixed at 20.  

After establishing an initial population, the values of 1p  and 2p  for each chromosome are obtained as 

considered above, and results for the temperature distribution at the skin surface, (nodes along the part AD 

of the 2  boundary in Figure 1) are calculated using the DRM. The objective of the algorithm is to 

minimize the value of the sum of the squares of the differences between the temperatures calculated at the 

surface nodes and the predetermined values corresponding to given values of 1p  and 2p  The chromosomes 

are ordered according to the value of the sum of the squares, with the smallest value first, the position in 

this new order being considered the fitness. Individuals are selected for crossover using the roulette wheel 

method described by Goldberg [10], the fitter individuals having the greater probability of selection.  The 

probability of crossover is 80%. Two point crossover and mutation with a probability of 1% is carried out, 

following the results in [11]. A process of elitism is employed by which the best individual from one 

generation passes automatically to the next, in order to ensure that the best solution is not lost. A maximum 

of 100 generations is permitted; if the process has not converged after this, iterations are halted. The 

stopping criterion considered is that 80% of the individuals in the fitness table must have converged to the 

same value. 

5. Some results for the identification of perfusion parameters using the GA 

Considering the geometry shown in Figure 1, in which a 0.08m section of tissue of thickness 0.03m is 

selected with the tumour in the position shown, the temperature values for part AD of the boundary 2  for 

the inverse analysis are fixed using the values given in Table 1. These values are compared with those 

calculated for each tentative set of perfusion parameters indicated by the chromosomes in the GA, and the 

sum of the squares of the differences minimised. Similar to the direct simulations, 2  is discretised with 56 

linear boundary elements and 1  with 16. It is considered that 1c  in eq (11) is given by 

)(800 211 Tppc  and the parameters 1p  and 2p  are identified. The temperature values used as input 

on the skin surface are taken from Table 1.  

Case 1.  In this case, the data for the measured temperatures on the skin surface are taken from curve A. The 

results produced by the GA were 11p  and 6.02p , and converged in 31 generations. The data used to 
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generate the values at the skin surface are 11p  and 5.02p . No convergence was obtained for curves 

B to D as these curves are flat or nearly flat, and the resulting surface temperatures constant or nearly 

constant.

Case 2.  In this case, the data for the measured temperatures on the skin surface are taken from curve E. 

Although the results are physically unrealistic since the tumour perfusion is too high, it is possible to 

identify the perfusion parameters due to the surface temperature variations. The results produced by the GA 

were 311p  and 9.22p , and converged in 21 generations. The data used to generate the values at the 

skin surface are 301p  and 32p .

Case 3.  In this case, the data for the measured temperatures on the skin surface are taken from curve F. The 

results produced by the GA were 561p  and 9.22p , and converged in 21 generations. The data used 

to generate the values at the skin surface are 501p  and 32p .

6. Conclusions 

In this paper, the DRBEM was coupled to a GA in an inverse procedure for identifying parameters of a 

temperature-dependent approximation for the tumour perfusion, considering temperature data on the skin 

surface.  The procedure has the advantage of not requiring the calculation of derivatives or sensitivities, or 

an initial estimate of these values. The DRBEM formulation requires no internal discretisation, and in this 

case no internal nodes either, apart from those defining the interface tissue/tumour. The technique can be 

directly extended to more realistic three-dimensional inverse analysis estimations, at an increased 

computational cost. 

It is seen that the skin temperature variation changes as the blood perfusion increases, and in certain cases 

flat or nearly flat curves are produced. The proposed algorithm has difficulty to identify the perfusion 

parameters in these cases, although a more advanced GA may provide improved results.  
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Abstract. The solution of the semipermeable crack is a nonlinear process that requires an

iteration since both the electric potential jump and the electric induction over the crack surface,

which must satisfy the semipermeable boundary condition, are unknown. An iteration process

proposed earlier by the author [1] converges to the semipermeable solution stably and accurately

for the single crack, but not so for multiple cracks. An improved solution algorithm, with a

refined iteration process, that gives the accurate semipermeable solution stably for multiple

straight center cracks is proposed.

The core of the analysis consists of a boundary element method (BEM) using the numerical

Green’s function approach for simple and accurate crack modeling for the impermeable and

permeable cracks. The continuous distribution of extended dislocation dipoles, which represents

the extended crack opening displacement (COD) of the straight crack, with the built-in
√

r COD

behavior at each crack tip is integrated analytically to give the whole crack singular element

(WCSE) equipped with the
√

r COD and the 1/
√

r crack tip extended stress singularity. A

refined iterative procedure is proposed to reach the semipermeable solution stably using the

combination of the impermeable and permeable linear BEM solvers. The convergence study is

performed for multiple cracks with numerical results for the extended stress intensity factors

(SIFs) and other variables.

Introduction

The boundary condition of the piezoelectric solids can be described by the extended displace-

ment and traction vectors. The extended displacement vector has three displacement and one

electric potential components and the extended traction vector has three traction and one elec-

tric induction components. Similarly, the stress, strain and material constants can be extended

from the anisotropic elastic to piezoelectric quantities by appending the electric quantities to

the elastic ones. On the surface of an opened piezoelectric crack, located horizontally along

the x1-axis, we observe the normal displacement u2, electric potential Φ and the normal elec-

tric induction D2. This paper is concerned with the crack with the semipermeable boundary

condition (BC),

D+
2 = D−

2 ; D+
2 (u+

2 − u−
2 ) = −εC(Φ+ − Φ−), (1)

proposed by Hao and Shen [2], which gives the consistent BC for opened cracks, where ±
signs indicate the quantities for the upper (+) and the lower (−) surfaces, respectively, and

εC is the permittivity of the cracked medium. Two other electric boundary conditions on the

piezoelectric crack surface come in different degrees of shielding the electric induction defined

by the electric permittivity. The permeable crack along the x1-axis given by the BC,

D+
2 = D−

2 ; Φ+ − Φ− = 0, (2)
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does not shield the electric induction at all. The impermeable crack with the BC,

D+
2 = D−

2 = 0, (3)

shields the electric induction completely. The permeable BC is correct for the closed crack and

the impermeable BC is correct if the permittivity εC of the crack medium is zero. However,

there is no medium with zero permittivity (the vacuum has the least permittivity εair = 8.854×
10−12C/V m) and the two boundary conditions are not correct for opened cracks. Notice that

the semipermeable BC becomes the impermeable BC when εC = 0 and the permeable BC

when u+
2 − u−

2 = 0 and that these two BCs set the bounds for the semipermeable BC. Works

on the impermeable and permeable BCs are abundant compared to the semipermeable BC (see

references in [3]).

The solution procedure of the semipermeable crack is nonlinear that requires iteration pro-

cess since the distribution of the electric induction on the crack surface, which is needed to

determine the crack opening displacement and the electric potential jump across the crack,

are unknown. The solution algorithm proposed earlier by Denda [1] works well for the sin-

gle crack but not for multiple cracks. We propose an improved iteration scheme to achieve

the semipermeable BC for multiple straight center cracks using the linear solution procedure

by the boundary element method (BEM) developed for permeable and impermeable cracks.

The convergence of the iteration is studied for various multiple crack configurations and the

extended stress intensity factor results are reported.

Piezoelectric BEM in 2-D for Crack Modeling

As the basis of the direct formulation of the boundary element method for piezoelectricity, we

use the physical interpretation of the extended Somigliana’s identity [3], according to which the

extended displacement field in a domain A can be represented by continuous distributions of the

extended line forces (TI) and dislocation dipoles (UI) along the contour ∂A in an infinite body

that coincides with the boundary of the domain, where TI and UI are the magnitudes of the

extended traction and displacement on the boundary, respectively. The extended Lekhnitskii

formalism developed by Denda and Mansukh [3] for the general piezoelectric solids in 2-D serves

as the theoretical basis for the BEM providing, above all, means to derive the fundamental

solutions necessary for the BEM formulation. We follow the standard implementation of the

BEM straight boundary elements and the quadratic interpolation functions for the extended

displacement and traction. The boundary integrals are evaluated analytically with the results

given in [3].

The crack modeling in this paper is also based on the physical interpretation of the extended

Somigliana’s identity in which the crack is represented by the continuous distribution of the

extended dislocation dipoles along a line. To embed the
√

r crack tip opening displacement

behavior we interpolate the extended dislocation dipole distribution by the formula

δK(η) =
√

1 − η2
M∑

m=1

δ
(m)
K Um−1(η), (4)

where η is the normalized local coordinate along the crack −1 ≤ η ≤ +1 and Um−1(η) is

Chebyshev polynomial of the second kind. This distribution is integrated analytically to give

the whole crack singular element (WCSE) [3] which is the basis of the numerical Green’s

function. The numerical Green’s function has the built in
√

r extended COD and the 1/
√

r
extended stress singularity at the crack tip and is given in terms of the unknown extended COD

coefficients δ
(m)
K defined in (4). These coefficients are determined by satisfying the extended
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traction boundary condition on the crack surface, which is zero for the impermeable crack and

nonzero for the permeable and semipermeable cracks. Further, the extended stress intensity

factors (SIFs) are determined in terms of δ
(m)
K in the main-processing.

This WCSE can readily be extended to multiple cracks in the finite domain with the intro-

duction of the boundary elements. For the impermeable crack the crack surface electric induc-

tion is zero (i.e., Dc
2 = 0), but this is nonzero for the permeable and semipermeable cracks. The

solution strategies for the impermeable and permeable cracks are summarized as follows. (1)

For the impermeable crack set all four traction components zero (T c
I = 0; I = 1, 2, 3, 4) and solve

for four components (δI ; I = 1, 2, 3, 4) of the extended COD. (2) For the permeable crack set

the three traction components and the electric potential jump to zero (T c
I = 0; I = 1, 2, 3 and

δ4 = 0) and solve for the three components of the COD and the electric induction (δI ; I = 1, 3
and T c

4 ). Notice that Both (1) and (2) are linear procedures with four equations for four

unknowns at each crack surface point that can be solved by the BEM. However, the semiper-

meable crack has five unknowns (δI ; I = 1, 2, 3, 4 and T c
4 ) that require a nonlinear iterative

solution procedure introduced later. Numerical results for the extended stress intensity factors

for multiple permeable and impermeable crack configurations are reported in [3].

Numerical Solution Procedure for Semipermeable Cracks

Consider N straight cracks n = 1, . . . , N . For the impermeable crack δ
n(m)
4 �= 0 and T

Cn(m)
4 = 0,

while for the permeable crack δ
n(m)
4 = 0 and T

Cn(m)
4 �= 0, where the superscripts n and (m)

indicate n-th crack and m-th coefficient in the interpolation (4), respectively. Notice that there

are NM terms for each of the coefficients δ
n(m)
4 and T

Cn(m)
4 to deal with, where M is the number

of terms in the interpolation (4). Knowing that the semipermeable crack solution is somewhere

in between the impermeable and permeable crack solutions, we suggest the following iteration

procedure for the semipermeable multiple cracks. First, apply the preliminary iteration as

follows.

1. Get the impermeable solution δ
n(m)[0]
4 using the impermeable BEM solver. Here the super-

script [0] indicates the initial value. In the following, the superscript [k] is attached to

indicate the k-th iteration values of variables.

2. (a) Set δ
n(m)[1]
4 = p[1] ∗ δ

n(m)[0]
4 for a slightly reduced value of δ

n(m)[1]
4 given by a control

parameter p = p[1] < 1.0,

(b) Calculate, using the permeable BEM solver, the crack opening coefficients δ
n(m)[1]
2

and the electric induction coefficients D
Cn(m)[1]
2 = −T

Cn(m)[1]
4 based on the set value

δ
n(m)[1]
4 of the electric potential.

(c) Use (1) to calculate

εCn[1](ζi) = −D
Cn[1]
2 (ζi)

δ
n[1]
2 (ζi)

δ
n[1]
4 (ζi)

(5)

at M sample points ζi (i = 1, . . . , M) on each crack n (n = 1, . . . , N), where

D
Cn[1]
2 (ζi), δ

n[1]
2 (ζi) and δ

n[1]
4 (ζi) are given by

D
Cn[1]
2 (ζi) =

M∑
m=1

Um−1(ζi)D
Cn(m)[1]
2 ,

δ
n[1]
2 (ζi) =

M∑
m=1

Um−1(ζi)δ
n(m)[1]
2 , δ

n[1]
4 (ζi) =

M∑
m=1

Um−1(ζi)δ
n(m)[1]
4 . (6)
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Notice that
√

1 − ζ2 term for δ
n[1]
2 (ζi) and δ

n[1]
4 (ζi) are omitted since they cancel each

other. For the sample points ζi we have used the Gaussian quadrature points.

(d) Calculate the average

ε̂Cn[1] =

∑M
i=1 εCn[1](ζi)

M
(7)

for each crack.

3. Repeat STEP 2 R times for progressively reduced values of δ
n(m)[k]
4 = p[k] ∗ δ

n(m)[0]
4 for the

control parameter p = p[k](k = 2, 3, 4, . . ., R) to plot p[k] - ε̂Cn[k] curve for each crack.

4. Intersection of the p[k] - ε̂Cn[k] curve obtained in STEP 3 and the horizontal line εC = εair

gives the best fit parameter value pn[best] for each crack. Use

δ
n(m)[best]
4 = pn[best] ∗ δ

n(m)[0]
4 (m = 1, . . . , M ; no sum on n), (8)

for each crack n = 1, . . . , N and calculate δ
n(m)[best]
2 and the electric induction coefficients

D
Cn(m)[best]
2 = −T

Cn(m)
4 .

Notice that in each iteration step the mode (i.e., the ratio among the coefficients) of δ
n(m)[k]
4 =

p[k] ∗ δ
n(m)[0]
4 remains identical with that of δ

n(m)[0]
4 and only the amplitude p[k] is reduced.

Since the mode of δ
n(m)[semipermeable]
4 usually differs from that of δ

n(m)[0]
4 = δ

n(m)[impermable]
4 , the

solution obtained by δ
n(m)[best]
4 given by (8) does not satisfy the semipermeable condition (1).

The only exception is the single crack for which the number M of the polynomial terms in

the interpolation (4) is one. For multiple cracks, further iteration is necessary to improve the

accuracy of the solution. The refined iteration process starts with the solution given by (8).

5. Let δ
n(m)[0]
4 = δ

n(m)[best]
4 , δ

n(m)[0]
2 = δ

n(m)[best]
2 and D

Cn(m)[0]
2 = D

Cn(m)[best]
2 . Notice that the

notation δ
n(m)[0]
4 for the starting value of the iteration is reused here with a different

definition.

6. Calculate

δ
n[prj]
4 (ηi) = −D

Cn[0]
2 (ηi) ∗ δ

n[0]
2 (ηi)

εC
(9)

at M collocation points ηi (−1 ≤ ηi ≤ +1; i = 1, . . . , M) used for the extended traction

calculation, where

D
Cn[0]
2 (ηi) =

M∑
m=1

Um−1(ηi)D
Cn(m)[0]
2 , δ

n[0]
2 (ηi) =

M∑
m=1

Um−1(ηi)δ
n(m)[0]
2 .

Solve the system of equations

M∑
m=1

Um−1(ηi)δ
n(m)[prj]
4 = δ

n[prj]
4 (ηi),

for M projected coefficients δ
n(m)[prj]
4 for each crack n (n = 1, . . . , N). Here for the first

time the efforts are made to alter the mode of δ
n(m)
4 .

7. Divide the interval ‖δn(m)
4 ‖ = δ

n(m)[prj]
4 − δ

n(m)[0]
4 by L equal sub-intervals of magnitude

∆δ
n(m)
4 = ‖δn(m)

4 ‖/L. For L values of δ
n(m)[k]
4 given by δ

n(m)[k]
4 = δ

n(m)[0]
4 + k ∗ ∆δ

n(m)
4

(k = 1, . . . , L), run the permeable BEM solver to calculate the crack opening coefficients

δ
n(m)[k]
2 and the electric induction coefficients D

Cn(m)[k]
2 = −T

Cn(m)[k]
4 .
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8. Follow the STEP 2 (c)-(d) of the preliminary iteration to calculate the average ε̂Cn[k] for

each crack according to (7).

9. Following the step similar to STEP 4 in the preliminary iteration, obtain the best fit δ
n(m)[best]
4

for each crack and calculate δ
n(m)[best]
2 and the electric induction coefficients D

Cn(m)[best]
2 =

−T
Cn(m)[best]
4 .

10. Repeat STEP 5-9 total of S times if necessary.

For the single crack in the infinite body the extended crack opening displacement is given

exactly by one term of the interpolation (i.e., M = 1) in (4). Thus the ratio of δ2/δ4, used in

the iteration by equation (5), is constant δ
(1)
2 /δ

(1)
4 over the entire crack surface. This feature

guarantees that the electric induction on the crack surface is also constant over the surface.

During the iteration it is sufficient to sample them at a single point on the crack, typically at

the center. In contrast to this, the interpolation of the extended crack opening displacement for

multiple cracks requires multiple polynomial terms Um−1(η) as in (4). Consequently the ratio

δ2/δ4 is not constant over the crack surface. In calculating the εC , we suggest to evaluate it

at M discrete points on each crack and take the average. In the preliminary iteration process,

the amplitude of the electric potential jump is varied gradually from the impermeable to the

permeable condition, while its mode is fixed. However, in the refined iteration process, the

mode is also varied. The final converged results indicate that the mode of the semipermeable

solution is indeed different from the original impermeable solution. We have found out that the

preliminary iteration stage is necessary to ge to the approximate solution close enough to the

semipermeable solution. The omission of this stage did not give us the convergent solution.

Numerical Results

The stress, strain, electric induction and electric field are of the order of σ0 = 108 (N/m2),

ε0 = 10−3, D0 = 10−2 (C/m2), and E0 = 107 (V/m), respectively, and the elastic stiffness,

piezoelectric stress and dielectric permittivity constants have the order of c0 = 1011 (N/m2),

e0 = 101 (C/m2) and ε0 = 10−9 (C/(mV )), respectively. The potential truncation error, caused

by the wide variation in the order of magnitudes for the piezoelectric variables and coefficients,

should be avoided by their normalization. In general, the normalization of a dimensional

quantity q can be given by q̄ = q/q0 in terms of the its reference quantity q0. The numerical

calculations are all performed in terms of these normalized quantities. Piezoelectric solids

considered here is Barium Sodium Niobate (BSN: Ba2NaNb5O15, Orthogonal 2mm) whose

material constants are given in [3]. It has the electrical/out-of-plane mechanical coupling with

no in-plane/out-of-plane mechanical and electrical/in-plane mechanical couplings.

Results for the single crack in the infinite body is reported by Denda [1]. Details of the

normalization, with reference values used, of the quantities appearing below can be found in

[3]. Under a combined remote loading σ̄∞
22 = 1 (tension) and D̄∞

2 = 1 (electric induction), only

the preliminary iteration (STEP 1-4) was applied R = 1000 times. The semipermeable solution

is given by K̄
(smp)
IV = p(smp)K̄

(imp)
IV and D̄

c(smp)
2 = (1 − p(smp))D̄

c(per)
2 , where p(smp) = 0.189292,

K̄
(imp)
IV =

√
π and D̄

c(per)
2 = 1. The value of D̄

c(smp)
2 = 0.810708 agrees perfectly with the

theoretical value D̄
c(smp)
2 = 0.810709 [3]. The quantities K̄IV , D̄c

2 and K̄III (very small value)

vary linearly between the impermeable and permeable conditions, while K̄I and δ̄2 remain

constant throughout the iteration and K̄II is zero.

Although, the single crack in the infinite body does not require the refined iteration, the pre-

liminary iteration is not enough for the single crack in the finite domain and for multiple cracks

in any domain. Consider a crack (ā = 1) in a finite BSN body (H̄ = W̄ = 4) under the unit
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Figure 1: (a) A center crack in a finite body under uniaxial tension and electric induction. (b)

Relative error in ε̄C over the semipermeable crack surface for a crack in a finite body under

uniaxial tension and electric induction in the preliminary iteration. Variation of (c) δ̄4 and (d)

D̄C
2 over impermeable, semipermeable and permeable conditions for a crack in a finite body

under uniaxial tension and electric induction obtained using the refined iteration.

normalized tension and electric induction, σ̄22 = 1 (tension) and D̄2 = 1 (electric induction),

as shown in Fig. 1 (a). The iteration has been applied to this crack using M = 7 terms in the

interpolation (4) and the average value of the permittivity was calculated. Fig. 1 (b) shows the

relative error in the permittivity over the crack surface for the semipermeable solution, which

confirms that the ratio δ2/δ4 is indeed not constant over the crack. The maximum error in the

permittivity obtained by the preliminary iteration is 2 % from the required constant value ε̄air.

The refined iteration stage using S = 10 iteration in STEP 5-9 (with L = 20 in STEP 7) was

applied following the preliminary (with R = 10) iteration. The average value of the permittivity

has agreed with ε̄air up to four significant digits for the entire crack length. The extended stress

intensity factors are given by K̄
(smp)
I = 2.36716, K̄

(smp)
II = 0.0, K̄

(smp)
III = −0.802325 × 10−4 and

K̄
(smp)
IV = 0.437143. The electric intensity factors of the impermeable and permeable cracks are

given by K̄
(imp)
IV = 2.00409 and K̄

(per)
IV = 0.0, respectively. Other stress intensity factors (K̄I ,

K̄II and K̄III) remain the same for three crack BCs. The electric potential jump and electric

induction field over the crack are shown in Figs. 1 (c) and (d). Notice that the D̄2 for the

semipermeable crack is not constant along the crack in comparison to the constant values for

the impermeable and permeable cracks. The crack opening δ̄2 is the same for all three crack

surface electric BCs.

Concluding Remarks

We have developed a boundary element method (BEM) for the analysis of multiple semiperme-

able cracks using the numerical Green’s function approach. An improved iterative procedure

to reach the semipermeable solution using the linear BEM impermeable and permeable solvers

is proposed. More results on multiple cracks will be presented at the BETEQ 2008 conference.
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Abstract. We present and discuss a numerical approach based on integral equations apt to provide 
an estimate of the dissipation in MEMS in the free-molecule regime. Two different techniques are 
compared: a classical Test Particle Monte Carlo method and the Boundary Integral Equation method 
proposed. The latter proves to be robust, fast and very competitive for the class of applications at 
hand.

Introduction

Polysilicon inertial MEMS typically are an assembly of fixed parts and vibrating shuttles separated 
by gaps which are few microns wide. Resonating frequencies are in the order of few kHz and the 
shuttle velocity appears always small with respect to the mean molecular velocity. These devices are 
used in a wide variety of applications in environments which exhibit very different pressures, from 
standard conditions down to almost vacuum. Gas-structure interaction becomes the dominant source 
of dissipation and intrinsic, solid dissipation can be neglected above a threshold typically occurs 
between 10−5 and 10−4 bar. This dissipation strongly affects the quality factor Q which is a key 
factor in quantifying the performance of the MEMS in industrial environments. 
At the length scales of interest rarefaction effects in the flow are always a key factor. These are 
conventionally quantified by means of the Knudsen number, defined as Kn = λ/L, where L is a 
characteristic length of the flow and λ the mean free path of gas molecules. 
Based on the Knudsen number, gas flows can be qualitatively classified as continuum (Kn < 0.01), 
slip (0.01 < Kn < 0.1), transition (0.1 < Kn < 10), and free-molecule (Kn > 10) [2–4]. Reliable tools 
exist for the prediction of gas damping in the first two regimes (see e.g. [1,5–8]) but the situation is 
less defined at lower pressures. Even though numerical techniques of deterministic and statistical 
nature have been developed in the transition regime, their application to realistic 3D low-speed 
MEMS is still under investigation. On the contrary, the collisionless or free-molecule flow lends 
itself to the development of simpler numerical models. Based on the formal classification given 
above, the free-molecule flow represents the limiting case where the Knudsen number tends to 
infinity. In inertial MEMS this applies typically at pressures in the range of few mbars and below.  
The numerical technique typically employed for estimating the quality factor of MEMS at low 
pressure is the Test Particle Monte Carlo (TPMC). However, this approach is stochastic in nature 
which is a major drawback for the extremely low-speed applications at hand, often implying long 
runs in order to obtain reliable averages, while in the design and optimization phase of MEMS fast 
and agile tools are preferred. 
A different technique based on a Boundary Integral Equation (BIE) approach is very competitive 
with respect to the TPMC for the typical working conditions of inertial MEMS since it is fast, 
robust, of relatively simple implementation and does not suffer from the issue of statistical noise. 
In the last Section, the formulations analysed are benchmarked against data available for a real 
inertial MEMS.  
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Numerical analysis: theoretical basis 

It is assumed that the velocity of moving surfaces wv  is small with respect to the average thermal 

molecular speed, hence it is / 2 1w w RT= <<v v . This assumption is generally acceptable for the 

class of inertial MEMS here considered. For a periodic motion with amplitude q(t) = A sin ω0 t, this 

condition can be written as cL<<1, where 0 / 2Lc A RTω= .

Thanks to the absence of molecular collisions, the flow impinging on a shuttle surface can be 
decomposed in the contribution of molecules coming from the far field region with a given 
distribution function and a contribution from molecules reflected by other solid surfaces. The 
former can indeed be evaluated analytically. As far as the latter is concerned, if L denotes a typical 
distance between visible surfaces, and if the average time required by a molecule to bounce back to 

the shuttle is small with respect to the duration of one oscillation, i.e. 0: /Qc L RTω ρ= , the 

properties of the flow can be computed assuming quasi-static conditions. 
Clearly the two conditions cL <<1, cQ <<1 need to be accurately checked in the applications. 
However, for the class of inertial resonators of interest herein, they are generally largely met. As an 
example, in the case of the rotational accelerometer presented in the last Section, cQ ≅ 6 10−4,
cL ≅ 10−5.
Although not strictly necessary, in the sequel it will also be assumed that the displacement s(x, t) of 
movable parts in a MEMS can be expressed as s(x, t) = ψ (x) q(t) where ψ(x) is a function of 
position x to be specified and corresponds to a modal shape of shuttle and springs. This implies a 
sort of decoupling between the structural response and the fluid action, the latter never affecting the 
shape of the displacement field but only the time dependent weight q(t). The rather frequent case in 
which the global MEMS movement is the linear combination of several similar terms requires only 
a straightforward extension of the techniques analysed herein and will not be addressed. 
If cL <<1 and cQ <<1 the force exerted on the shuttle by the gas flow admits the form 

( , ) ( ) ( )t q t=p x t x , where t(x) is a real vector function and the global analysis can be reduced to the 
1D model ( ) ( ) ( ) ( )M q t Bq t K q t F t+ + =  where, if SSH denotes the surface of the shuttle, the 
damping coefficient B is: 

( ) ( )
SHS

B dS= − x t x           (1) 

This model predicts the quality factor Q = (2/π) E/D = ω0 M/B where E is the maximum elastic 
energy stored in the system ½ K A2 and D is the dissipation per unit-cycle D =π B A2 ω 0.
According to the kinetic theory of gases [2–4], all the macroscopic quantities of interest, like mean 
velocity v , density ρ, temperature T can be expressed as moments of the distribution function 

( ),f x  in the velocity space: 

( ) ( )
3

,
R

f dρ =x x ,      ( ) ( ) ( )
3

,
R

f dρ =x v x x , ( ) ( ) ( )
3

21
,

3
R

T f d
Rρ

= −x x v
x

where R is the universal gas constant divided by the molar mass. 
The gas interacts with both fixed and movable surfaces of the MEMS. As a matter of fact, silicon 
surfaces originating from etching procedures are very rough so that, as a first approximation, diffuse 
reflection from the solid surface will be assumed in the sequel. If n(x) denotes the unit normal 
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vector to the solid surface pointing inside the fluid domain, diffuse reflection [3] means that 
molecules are re-emitted from a given solid surface SR according to the distribution function 

( ) ( )
( )

( )
2

3/ 2, exp for 0
22

w w
w

ww

f
RTRT

ρ
π

−
= − − ⋅ >

x v
x v n        (2) 

where Tw is the wall temperature and vw is the wall velocity. The function ρw is proportional to the 
flux of incoming molecules: 

( ) ( ) ( ) ( )
( )3

1/ 2

, 0

2
,

w

w
w R

f d
RT

πρ
− ⋅ <

= − ⋅
v n

x x v n
x

      (3) 

and is defined in such a way that the global net flux of incoming and outgoing molecules vanishes.  
Moreover it will be assumed that the flow is nearly isothermal, with far field temperature T0 and 
wall temperature Tw = T0 (see e.g.[12] for a discussion on this point). 
If the analysis domain extends to infinity in some direction, the distribution function for incoming 
molecules is f = f0, where f0 is the far-field equilibrium Maxwellian defined by temperature T0,
density ρ0 and zero average velocity: 

( )
( )

2
0

0 3/ 2
00

, exp
22

f f
RTRT

ρ ξ
π

= = −x         (4) 

Boundary Integral Equation approach 

Since intermolecular collisions are neglected, the total (material) derivative of f along the molecular 
trajectories vanishes: 

0
f

f
t

∂ + ⋅ ∇ =
∂

           (5) 

The condition cL <<1 discussed in the previous section implies that the deviation from the 
equilibrium state of the gas is small and f can be expressed as 

( ) ( ) ( )( )0 1, 1 ,f f f= +x x ,

where f0f1 is a perturbation of the equilibrium distribution f0 eqn. (4) and all the governing equations 
can be linearized with respect to f1. Boundary conditions simply to: 

( ) ( ) ( ) ( )1 1, 2 for 0w w wf ρ= + ⋅ − ⋅ >x x v x v n       (6) 

with / 2RT= and

Advances in Boundary Element Techniques IX 157



( ) ( ) ( ) ( ) ( )
<

−⋅−⋅=
0,

1
2

1
3

~
,

~
exp

2~ xnxnxvx dfww π
πρ      (7) 

on solid surfaces. In eqn. (7) ρw1 is the linear term in the expansion of ρw eqn. (3). 
Finally, for the flow of molecules impinging on the structures and coming from infinity, 

( )1 , 0.f =x

The stresses exerted the solid surfaces can be linearized as well yielding: 

( ) ( ) ( ) ( )

⊗−+ℑ=

=⊗+⊗=

≅−⊗−=

3

33

3

~~
exp

2

,

1

2

2/30

100

vvxx

dfRT

dffdf

df

π
ρ

      (8) 

Typically, the output of interest from the analysis is the global viscous force exerted on the shuttle 
surfaces, which can be obtained through integration over the surfaces of the tractions p = σ ⋅ n.
The quasi-static condition cQ <<1 implies that the time derivative in eqn. (5) can dropped and the 
velocity of the shuttle can be simply enforced as a stationary boundary condition. As a consequence, 
for any y in the analysis domain, the probability ( )1 ,f x  remains always constant along the line 

y+λ ξξ, with λ > 0 (i.e. along the trajectories of molecules emitted from y). Thus, for any bounded 
and simply connected region of fluid, for given x∈S and ξ, there exist one and only one y∈S such 
that: 

( ) ( ) 0,,,, 11 >+== λλyxyx ff        (9) 

and x is visible from y. Let us denote ρ(x, ξ) the vector such that y = x + r and x and y are 
associated in the sense defined above. Hence we have: 

r

rξ−=             (10) 

where r is the length of r and ξ is the velocity module. 
An idea frequently exploited in similar applications [3] is to transform the integration over the 
molecular velocity space into an integration over the surface S+ visible from x.

Indeed, 1
2 dSdd ξξ= , where ξ is the velocity module and S1 is the surface of the unit sphere, and 

( ) ( ) ( )1 3

1
,dS dS

r
= − ⋅r x n y y .         (11) 

The final integral equation writes: 
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It is worth stressing that eqn. (12) is the extension to moving boundaries of a classical integral 
identity in the kinetic theory of rarefied gases [3]. 
The numerical implementation of the scalar equation eqn. (12) is straightforward and advantage is 
taken of the techniques developed in the last decade for the evaluation of boundary integral 
equations with high order singularities. In the implementation employed in this work the surface is 
discretized with three-node triangles and ρw is assumed to be constant over each triangle. These 
choices permit to adopt simple and fast integration strategies which suit well into the iterative solver 
employed. 
Testing the visibility condition, as required by the occurrence of S+ in eqn. (12), could be potentially 
a major issue but this is eventually mitigated for MEMS thanks to the very regular layout of the 
structures to analyse. 
A similar procedure applied to eqn. (8) leads to an integral identity for the tractions p = σ ⋅ n on the 
MEMS surfaces: 

( )

( )( ) ( )( ) ( )

( )( ) ( )( ) ( )( )
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     (13)

Indeed, if the index t denotes tangential components, using the decompositions n tξ= +n  and 

( ) ( ) ( ) ( )w wn wtv= +v x x n x v x , it can be shown that: 

( )
3

3/ 22

1 1

, 0

exp
4 2

n

w wn wt

R

f d v
ξ

π πρ π
>

− ⊗ = + +n n v       (14) 

Application 

Let us now consider the out-of-plane rotational resonator presented in Figure 1 and produced by 
STMicroelectronics.
It is basically a plane structure (plane e1−e2) with uniform out-of-plane (along e3) thickness t =15 
µm. The gap with the substrate is g=1.8 µm. The highly perforated central mass is attached to the 
substrate via a set of four flexible beams connect to the solid circle in the middle and it (almost) 
rigidly vibrates around the in plane axis e2 so that the whole structure can be approximated with a 
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one degree-of-freedom model in terms of the rotation angle θ, with s = x1 θ (t) e3. Hence, according 
to the notation introduced, q(t) = θ (t) and ψ(x) = x1e3. The first resonating frequency of the MEMS 
is f ≅ 4000 Hz. 
As can be appreciated from the enlargement in Figure 1, all the holes are squares of constant size 
and are aligned along circles so as to have almost constant spacing all over the MEMS. Dissipation 
occurring in the comb-finger capacitors can be reasonably neglected. According to the assumptions 
of previous Sections, gas dissipation is proportional to θ  through t(x) and the governing equation is: 

( ) ( ) ( ) ( ) ( )2 2
1 1 3

S V

t t x dS t x t dS K t T tρ θ θ θ
∂

+ + =x        (15) 

where S is the in-plane distribution of masses in the MEMS, T(t) accounts for the sinusoidal 
electrostatic forcing and K for the the elastic stiffness of the four central springs. 

Figure 1: Out-of-plane rotational resonator: global layout and detail of the perforated mass. 

If we make the realistic assumption that the MEMS is made by the assemblage of N identical units 
containing one hole each and having infinitesimal dimensions and that the cells near the axis e2

contribute negligibly to the damping forces, the integrals in eqn. (15) can be simplified with good 
accuracy as: 

( ) ( )
1

2 2 2 2
1 3 3:i i

i iS V V

t x dS M X Mb x t dS t dS X Cbρ
∂ ∂

≅ = ≅ =x x

where M is the mass of the typical unit, V∂ the surface of the unit, Xi is the x1 coordinate of its centre 
of mass, t3 is the out-of-plane damping force exerted on the surface of the unit due to a uniform unit 
velocity in the e3 direction and 2

i
i

b X= . The coefficient C represents the damping force exerted 

by the fluid on the typical cell subject to symmetry conditions for the flow and to a unit velocity 
along e3. Finally: 

2
0 0

( )
( ) 2 ( ) ( )

T t
t t t

Mb
θ νω θ ω θ+ + =  with:  0

K

Mb
ω = 02

C

M
νω=
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The integral equation approach has been employed to compute C with a mesh of ∼6000 elements 
and introducing small modifications in order to account for symmetry conditions. Once again the 
method converges in few seconds of CPU time. 
Also in this case a comparison with the TPMC method has been performed, adopting the oscillation 
amplitude A=0.2 µm. The two approaches eventually converge to the same results, provided that the 
frequency adopted in the TPMC method is small enough so as to respect the most stringent quasi-
static assumption cQ<< 1. 
For this calculation the coefficients cQ have been computed, rather arbitrarily, with a characteristic 
length L=10 µm. It is worth stressing that using the resonating frequency of the actual device one 
has cQ≅6 · 10−4, cL≅10−5 so that both the quasi-static and the small pertubation assumptions are fully 
respected. However, applying the TPMC method with these conditions generates very high 
statistical noise and hence the results obtained with cQ=0.01 are considered as a reliable estimate for 
the response in quasi-static conditions. 

Figure 2: Damping coefficients: comparison of experiments and simulations. 

Nevertheless, even in this case the CPU time required is at least 2 orders of magnitude larger than 
with the integral approach. Experimental tests were conducted by ST Microelectronics on several 
different resonators and the results are collected in Figure 2 showing surprisingly good agreement. 
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Abstract.Governing differential equations of unsaturated porous media is provided by applying a macro 

mechanical approach in terms of solid displacement and fluids pressures in Laplace transform domain. In 

order to solve the problem of elastic wave propagation in unsaturated porous media by BEM, the Laplace 

transformed fundamental solutions are provided and are verified by obtaining well known solutions provided 

for classical elastodynamics and saturated poroelastodynamics by vanishing the appropriate coefficients. 

Introduction

Dynamics of saturated poroelastic media have received attentions of several investigators from the mid 

twentieth century, but problems concerning unsaturated soils necessitate the theoretical developments for 

mechanics of unsaturated media. Unsaturated Poromechanics expresses the unsaturated porous medium as 

the superposition of different continuum phases in time and space. In this approach, all constituents are 

considered continuous media, which are overlapped in a macroscopic volume, known as Representative 

Elementary Volume (REV), and the continua are porous skeleton and at least two immiscible fluids, 

saturating the pore space. 

On the other hand, one of the most common problems in Geotechnical earthquake engineering is the problem 

of seismic wave propagation from the seismic source to the structure's foundation, and soil-structure 

interaction (SSI). The well known boundary element method (BEM) is a very effective boundary type 

numerical method for dynamic analysis of linear elastic bounded and unbounded media. The BEM 

encompasses the governing boundary integral equation and the corresponding fundamental solutions. Several 

investigators presented fundamental solutions to dynamic poroelastic problems of saturated media in 

transformed and time domains. Bonnet [1] presented fundamental solutions in frequency domain for the set 

of unknowns of solid particle displacement and fluid pressure. He mentioned the analogy between 

poroelasticity and thermoelasticity for u-p formulation in frequency domain. However, there is some 

confusing regarding the sign of the time variation assumed for harmonic variables in Bonnet's paper that is 

corrected and represented by Dominguez [2,3]. For the set of unknowns of solid and fluid particles 

displacements Manolis and Beskos [4,5] presented fundamental solutions in Laplace transformed domain. 

Laplace domain fundamental solutions of full dynamic saturated poroelasticity were provided about fifteen 

years ago by Chen [6,7]. He also provided closed form approximate time domain fundamental solutions that 

are in good agreement with the result of numerical inversion of Laplace domain solutions. Afterward, 

Gatmiri and Kamalian [8] pointed out the time domain fundamental solutions presented by Chen are too 

complex to be applied in BEM. They suggested simplified set of governing equations by omitting fluid 

acceleration terms and presented Laplace domain as well as time domain fundamental solutions. Based on 

the same governing equations, more simplified fundamental solutions presented by Gatmiri and Nguyen [9] 

by considering incompressibility of constituents. Schanz and Pryl [10] also simplified Chen's fundamental 

solutions and presented Laplace domain solutions with incompressible constituents. 

However, recently the fundamental solutions of quasi static unsaturated poroelastic media with 

incompressible constituents were presented by Gatmiri and Jabbari [11,12] in Laplace and time domains, the 

fundamental solutions for dynamic unsaturated poroelasticity have not been presented yet in transformed or 

time domains. The aim of this paper is to provide two dimensional fundamental solutions of dynamic 

unsaturated poroelasticity based on the poromechanics theory in Laplace transformed domain. In this work 

the skeleton is defined by incompressible solid matrix and the pore space. The compressible fluids are 

assumed chemically inert liquid and gas like water and air in soil. The governing differential equations and 

constitutive relations of the media are derived by the assumption of isothermal infinitesimal evolution 

considering the second thermodynamics' law [13,14]. Full dynamic Laplace transformed domain governing 
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equations are well established in terms of four variables in 2D (five in 3D) of skeleton displacement field and 

the liquid and gas pressures. 

Governing Differential Equations and Constitutive Relations 

Governing differential equations consist of mass balance of liquid and gaseous phases, momentum balance 

of whole mixture and mass conduction laws for liquid and gaseous phases. Due to the assumptions of 

infinitesimal transformation and incompressibility of solid matrix the mass balance equations yield: 

Liquid mass balance 

lqlq

i,ii,i

lqlqlq

lq

lq

qu)1(p
D

)1(
        (1) 

Gas mass balance 

gg

i,ii,i

lqlqg

g

g

qu)1()1(p
D

))(1(
       (2) 

where g,lq is the fluid phase volume fraction; is the skeleton volume dilatation or volumetric strain that 

is constant in the time step; g,lqp is the liquid or gas pressure; g,lqD is the bulk modulus of the fluid 

phase; iu  is the displacement vector of the skeleton particle; g,lqq  is the liquid or gas flux vector and 

g,lq  is the rate of liquid or gas injection to the medium. 

The momentum balance for the whole mixture reads 

0, i

gg

i

lqlq

iijij wvuf         (3) 

where g,lq

m )()1(  is the apparent mass density of the whole medium; g,lq,m  is the 

intrinsic mass density of the solid matrix, liquid or gas; 
g,lq

is the total porosity; if  is the body force 

density per volume unit; ii w,v  are the relative displacement vectors of the liquid and gas particles with 

respect to the skeleton particle. 

The mass conduction laws or generalized Darcy laws for liquid and gaseous phases yield; 

)vup(kvq i

lq

i

lqlq

i,

lq

i

lqlq
        (4) 

)wup(kwq i

g

i

gg

i,

g

i

gg
         (5) 

where g,lqk  is the isotropic permeability coefficient of the liquid or gaseous phase. 

Two constitutive relations are required to express the skeleton deformation and liquid phase volume change 

in an unsaturated porous media that is formed by compressible fluids and incompressible solid matrix. 

Assumption of isotropic linear elastic behaviour for the skeleton yields 

ijc

lq

ijijkkij

g

ij pb2p         (6) 

where ,  are drained Lame coefficients; 
lqg

c ppp  is the capillary pressure and; ij is the Kronecker 

delta and 
lqb  is the Biot's coefficient for liquid phase. 

The next relation is the capillary pressure constitutive relation as follows: 
lq

i,i

lqlq

c

lq )1(u)b(pc          (7) 

where ND/)1(c lqlqlq
 is material properties coefficient, with N  being the modulus linking 

liquid pressure change to the liquid mass content of the element. 

Substituting eq(7) into eq(1) and eq(2) results the final relations for liquid and gas mass balance as follows: 
lq

i,i

lq

i,i

lqlqglq vubpNpc          (8) 

g

i,i

g

i,i

lqlqlqglqg wu)b1(pcp)cc(        (9) 

with
ggg D/)1(c . Equations (3), (4), (5), (8) and (9) are the five governing equations of the 

medium. 

Laplace Domain Governing Equations 

The Laplace transformation usually is used to solve mixed partial differential equations. Therefore, the 

Laplace transforms of eqs (3), (4), (5), (8) and (9), with the assumption of zero initial condition, yield: 
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momentum balance 

0w~sv~su~sf
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mass conduction (Darcy’s law) of liquid and gaseous phases 
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introducing the coefficients sk/ lqlqlqlq 1

 and sk/ gggg 1

;

mass balance (liquid and gas) 
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where the tilde bar indicates the Laplace transformed quantity. The divergence can now be taken from mass 

conduction, eqs (11) and (12) and substituted into mass balance eqs (13) and (14), respectively. Hence: 
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Also, w~,v~  can be eliminated from eqs (10), (11) and (12), resulting in: 
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where is the apparent mass density of fluid phase . Substituting Laplace transform of 

constitutive relation eq (6) into eq (17) final set of governing equations in transformed domain yields 
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where
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Using these substitutions, eqs (18) to (20) provide governing equations in transformed domain which are 

expressed by only five (four in 2D) unknowns. These unknowns are the three iu  components (two in 2D), 

lqp and
gp .

Laplace Domain Fundamental Solutions 

Set of eqs (18) to (20) are arranged into matrix product form as follows: 
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Fundamental solutions are the response of the medium to point excitations which is a Dirac delta function in 

space i.e. )x( i , and either a Dirac delta function or a Heaviside step function in time i.e. )t(H . However, 

regarding its future applications in BEM, the solutions which results from Heaviside step function is 

considered. Therefore, for a continuous line force in i-th direction suddenly applied at origin i.e. 

)t(H)x()t,x(fi , and a unit rate of liquid line injection at the origin i.e. )t(H)x()t,x(lq
, and a 

unit rate of gas line injection at the origin i.e. )t(H)x()t,x(g
, the Laplace transform of which is 

)x(s/1 . Then the problem is to find the fundamental solution matrix 44G
~

, which satisfies 
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0s/)x(IG
~

B           (23) 

where I is the unit matrix. Following the Hormander's method [15] or Kupradze method [16] the solution of 

eq (23) is found through the calculating cofactor matrix of B that is B as follows 

I)Bdet(BB T
          (24) 

Now consider is the scalar function which satisfies 

0)x(I
s

1
]I)B[det(          (25) 

Substituting eq (25) into eq (26) gives 

0)x(I
s

1
BB T

          (26) 

Comparing eq (27) with eq (23) yields 
TBG

~
           (27) 

Equation (27) enables us to determine the sixteen components of 44mnG
~

by applying the transpose of 

cofactor of differential operator matrix to the single unknown function . Computing the determinant of 

differential operator matrix yields 

))()()(()2()Bdet( 2

1

22

2

22

3

22

4

2glq      (28) 

Equation (28) is a polynomial of order four of
2

, which one of its roots is the /s22

4 that is related to 

the shear wave velocity propagating through the medium. The remaining part of eq (28) is a polynomial of 

order three of 
2

, which have three roots as 
2

3

2

2

2

1 ,, . Substituting eq (28) into eq (25) yields 
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2glq
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Following Kupradze method, define the function s)2( glq
and rewrite eq (29) 
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3
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Now to solve eq (31), we assume  
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Substituting eqs (32-1 to 4) into eq (31) yields 

4,3,2,1ii

2

i

2 )x()(          (33) 

Equation (33) is the Helmholtz equation, which its solutions in two dimensions are expressed by modified 

Bessel function of zero order. 

)r(K
2

1
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where ii xxr . After some algebra one can find 
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According to eq (27) applying the differential operator 
TB to )s,r(  the fundamental solution matrix in 

two dimensional case results as  
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where
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Thus, fundamental solutions are presented through eqs (36-1) to (36-7) respect to roots of eq (28). 

Verification of the Solutions 

In order to verify the validity of the solutions, two limiting cases are presented here. First, the case of 

elastodynamics is investigated by letting g,lqk approach infinity and the fluids intrinsic densities 

g,lq approaches to zero. Then the solutions of saturated poroelastodynamics as proposed by [6,7] are 

investigated.

Limiting Case 1: Elastodynamics. Letting permeability coefficients g,lqk approach infinity and the 

fluids intrinsic densities g,lq approach to zero equations (36) should approaches to the elastodynamics line 

load solution. Hence, 
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Then using )r(K)r/()r(K2)r(K i2ii1i0 the two dimensional solutions yield 
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Limiting Case 2: Saturated Poroelastodynamics. Letting the permeability coefficient of gaseous phase 

approaches infinity and intrinsic density and volume fraction of this phase approach zero. Thus 
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Which are the solutions of poroelastodynamics due to line load presented by Chen [6,7]. The only difference 

is the definition of s1b lq

lq

lq
which is due to the assumption of incompressible solid matrix in the 

present work. 

Summary

One of the most important problems in geotechnical earthquake engineering is the elastic wave propagation 

through the soil layers to the structure's foundation. In other word the response analysis of structures is 

closely related to the accuracy and correctness of the site response analysis. Definitely, such problem can be 

solved by the aid of newly developed numerical methods correctly and more accurately. The domain type 

numerical methods have been developed for saturated and unsaturated media like finite element method. The 

advantage of domain type methods is the ability of modeling nonlinear or plastic behaviour of materials. On 

the other hand they have difficulties in modeling semi infinite or unbounded media. The boundary type 
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method like boundary element method fulfills this problem and intrinsically models the outgoing waves to 

the infinite domain. Besides, in this method discretization is applied on boundaries, which reduces the set of 

equations to be solved. BEM encompasses of boundary integral equations and corresponding fundamental 

solutions. The authors have presented boundary integral equation of unsaturated poroelastodynamic media 

[15]. The fundamental solutions to unsaturated poroelastodynamics have not been provided before. This 

paper presents the Laplace domain two dimensional fundamental solutions of full dynamic unsaturated 

porous medium that is composed of incompressible solid matrix. The solutions are verified by expressing 

two limiting cases of elastodynamics and saturated poroelastodynamics. It was shown that let the appropriate 

coefficients vanish will reduce the present solutions to the solutions for two limiting cases. 
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