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Abstract.

At lift-off, launch vehicles are subjected to a very severe overpressure, which can induce loads acting on payloads

in the low frequency domain. The overpressure starts at ignition of solid rocket motors. For a numerical prediction

of the overpressure environment, EADS has developed an inverse method via a Time Domain Boundary Integral 

Equations approach using an optimal control method, with direct and adjoint equations and Quasi Newton 

optimizer. The corresponding discrete schemes are highly accurate and unconditionally stable. As an industrial 

application, the identification of overpressure sources is shown, on the lift-off acoustic environment of ARIANE

V

Introduction

During the lift-off phase, the launch vehicles, such as the ARIANE 5 launcher, are subjected to severe loads: the 

overpressure loads, which appear at ignition of solid rocket motors. The overpressure loads are among the most

severe loads that a launcher can encounter during flight. The initial cause of the overpressure is the rocket-

exhausts and their interactions with the launch pad. The overpressure is composed of the Ignition OverPressure

(IOP), which originates from the launch table, and the Duct OverPressure (DOP), which originates from the 

launch ducts. Figure 1 illustrates this point with a picture of  ARIANE 5 launch pad with the ducts.The

overpressure is a deterministic load having discrete spikes at certain particular frequencies, with significant

levels for frequencies lower than 40 Hz [1][2].This low frequency excitation excites the launch vehicle and 

induces Quasi Static Loads (QSL) at the payload/launcher interface, which the payload has to endure.

Consequently, it is important to predict these loads before launches.

Fig 1 :  Ignition  and Duct OverPressure definition 

Advances in Boundary Element Techniques 179



To achieve this goal, an inverse method using an optimal control method (direct and adjoint equations), with a 

Time Domain Boundary Integral Equations approach, has been progressing for several years at EADS Common

Research Center CRC, in collaboration with EADS Space Transportation [3] The corresponding discrete schemes

are high accurate quality and unconditionally stable. 

Having localized the overpressure sources from ARIANE 5 in-flight measurements, it will be easy to rebuild the 

unsteady pressure field and to estimate the pressure levels at any point of the vehicle for other flights. By

integrating the unsteady pressures over all surfaces of the launchers, the loads created by the overpressure can be 

estimated. Consequently, the response of the launcher to this load case during the lift-off phase can be analyzed in 

the temporal domain by using any FEM software

Inverse Source Problem with BEM (Boundary Element Method) in Time domain

We wish to identify time domain acoustic source, emitted at point source x0 parameterized by a real function p for 

each sampling time, which will be the control parameter variable used for the optimal control inverse method.

(  stands for parameter, N is the number of Time sampling for solving direct problem).
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We consider the scattering problem of transient acoustic waves in a fluid medium by a submerged rigid object.

Let i be a three-dimensional object with a regular (without tip) bounded surface i .

Let e = R3\ i denote the exterior domain occupied by the fluid medium.. We denote by the scattered

acoustic pressure created in the fluid medium by an incident field (the wave propagating without the

obstacle), which is the contribution of a time domain point source.
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where n denotes the unit normal vector to , oriented from domain I to e,. c is the speed of sound in the

medium. We associate to the exterior problem an appropriate interior problem with ini
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where:   is the jump crossing , and = t-|x-y| is the  retarded time. Using formula to

compute the traces of xR
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Boundary Integral Equation for the unknown function U :
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The equation is solved in space by a P1 surface finite element method. The boundary  of the object is meshed

with triangular elements.

Finally, the direct problem consists in two main steps:

1) Computation of the pressure jump U by the Integral Equation operator R, and the excitation S 

2) The radiating post-treatment equation to compute the acoustic pressure O by the scattered operator Q added 

with the Oinc incident field contribution :
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The quadratic error or cost function j(p), depending on the source parameters p, is defined by
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The Adjoint Equations
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The expression of the gradients is now completely established. Starting with an initial guess for the estimated

parameter p0, a Quasi-Newton optimizer is used to update the parameter value p and to find the optimal popt

which causes the gradients to vanish.

Advances in Boundary Element Techniques 181



Some recent progresses :

We can reduce the computation times by decomposing the sources parameters vector into a base of 

unitary sources (multilinear process): the time computation is then reduced by a factor 10. 

We have completed the identification of sources by optimizing on p and p (differences of pressures 

between opposite points; (The launcher is excited by the differences of pressures in the low frequency

domain),

We have introduced physical sources constraints in the optimization process 

Numerical Results

For identifying the overpressure sources, the flight of concern is the 511 ARIANE 5 flight. Indeed, pressure

measurements have been mounted on the lower (9 available measurements) and on the upper part of the launcher 

(4 available measurements).

The locations of sources are defined a priori from previous experience. 10 sources have been identified:

one per EAP solid rocket booster and its image with regards to the mast, which was not modelled,

one per solid rocket booster at launch duct exit and its image with regards to the mast,

one source for the Vulcain engine. 

After identification of the overpressure source locations, a direct problem is solved to compute simulated pressure

levels and compare them with the real measured values on the same sensors. The comparisons were made on the 

pressures and the differences of pressure measured at diametrically opposite points. Indeed, this quantity is the 

adequate parameter for the calculations of low frequency dynamic response of the launch vehicle.
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Fig 2 :  Comparison of the measured and computed data (Sensor 10, FAIRING) 

C ap te u r1 2/C a p te u r10  (Z)

-8

-6

-4

-2

0

2

4

6

8

10

6 ,9 7 ,1 7 ,3 7,5 7,7 7 ,9 8 ,1

T e mp s  (s)

D
p

Me s u re N u m

Sensor 12/Sensor 10

Time (s)

Difference

of

Pressures

C ap te u r1 2/C a p te u r10  (Z)

-8

-6

-4

-2

0

2

4

6

8

10

6 ,9 7 ,1 7 ,3 7,5 7,7 7 ,9 8 ,1

T e mp s  (s)

D
p

Me s u re N u m

Sensor 12/Sensor 10

Time (s)

Difference

of

Pressures

Fig 3 :  Comparison of the measured and computed differences of pressure data (Sensor 10, 12

FAIRING)

Good correlations are observed between the measured and calculated pressures. Also, the comparisons on the

rebuilt and measured diametrically opposite pressures are good. 

A deep robustness analysis of the method has then been performed, as follows,
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A calculation of the field of pressures on a number of necessary points was achieved, in order to check the 

physical character of the calculated pressures. 

The study of the robustness of the method with regards to the number of measurements 

The comparison between the measured propulsion parameters and the evolution of the identified sources 

versus time, to check the physical meaning of the identified sources. 

Summary

A robust and accurate time domain integral equation for wave propagation was developed.  The time marching 

scheme for the direct acoustic source problem is unconditionally stable (no CFL conditions). This allows a 

classical optimization approach for the inverse problem. 

Direct and adjoint codes have exactly the same properties. Prior knowledge of the localization of sources and 

power parallel computers allow the industrial application of such an inverse problem. 

We demonstrate the interest of the method on some examples of source reconstructions in low frequency 

acoustics for the ARIANE 5 overpressure source identification on the data from 511 ARIANE 5 flight: initial 

results are very promising and show a good identification of the multiparameter sources in the 0- 40 Hz frequency 

domain  

For future launches from the same launch pad, that the one used for the identification, and having the same 

characteristics in terms of propulsion, the complete pressure field in the time domain can be estimated. 

The dynamic response of the launcher will be investigated.
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Abstract. In this paper a formulation for representation of stiffeners in plane stress by the BEM 

(Boundary Elements Method) with linear approach of variable and in linear analysis is presented. The 

strategy is to adopt approaches for the displacements in the central line of the stiffener. With this approach 

the spurious for oscillations in the stress along stiffeners with small thickness is prevented. Worked examples 

are analyzed to show the efficiency of these techniques, especially in the insertion of very narrow sub-

regions, in which quasi-singular integrals are calculated, with stiffeners that are much stiffer than the main 

domain. The results obtained with this formulation are very close to those obtained with other formulations. 

1. INTRODUCTION

The boundary elements method (BEM) has proved a valuable tool for the resolution of a wide range of 

problems in structural engineering, including 2D and 3D elastic problems. The first direct applications of the 

boundary integral equation method were published by Rizzo [1] and Cruse [2], the former dealing with 2D 

problems and the latter extending the analysis to three dimensions. In addition, we should recall the work of 

Lachat [3] and Lachat & Watson [4], who pioneered the generalization of the method. Following these, many 

other researchers have refined and adapted the BEM formulation, demonstrating how to apply it in diverse 

fields of engineering. 

It is a very common situation in engineering problems that elastic domains need to be embedded in 

structures. Such domains may be relatively stiff or flexible, thin (narrow) or thick (wide) in the context of the 

domain in which they are inserted. In particular, these sub-domains are often included in models of domains 

stiffened with fibres, which may endow the structure with anisotropic properties. 

The standard BEM formulation used in the analysis of domains stiffened with bars or fibres is 

derived by coupling BEM to the finite element method (FEM), BEM being employed to discretize the main 

structural domain while the stiffening elements inserted in it are modeled by FEM. The coupling is achieved 

by ensuring the compatibility of the displacements and establishing equilibrium between the forces acting at 

the interface of the main domain with the sub-domains. The practical use of BEM/FEM combinations in the 

modeling of stress distribution in engineering problems can be found, for example, in the work of Beer [5], 

Coda & Venturini [6,7], Coda et al. [8] and Coda [9].  

In general, BEM/FEM coupling leads to good results. However, when employed to solve problems 

in which stiffeners are composed of materials with different properties from those of the main structure, 

much worse results are obtained, usually showing spurious oscillations in space (see the recommendations 

concerning Dirichlet boundary conditions in Babuska [10], Brezzi [11] and Bathe [12]). When the inserted 

stiffener is made stiffer, these oscillations become even more pronounced, although the resultant forces are 

always correct.  

In this paper we demonstrate an alternative way of handling the stiffeners, using a form of 

BEM/BEM coupling known as the sub-region technique, which is employed here in two forms. The first is 

the classic sub-region technique of Venturini [13], in which the boundary integrals are all solved analytically, 
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whether or not they include singularities. In the second form of this technique, the unknowns at the 

boundaries of the stiffeners are condensed on to their central axes, in an approach similar to that used by 

Leite et al. [14] .  

Worked examples are analyzed to show the efficiency of these techniques, especially in the insertion 

of very narrow sub-regions, in which quasi-singular integrals are calculated, with stiffeners that are much 

stiffer than the main domain. 

2. INTEGRAL EQUATION 

In this study, the Somigliana equation for displacements in planar domains was used: 

* * *

i ij j ij j j iju ( s ) P ( s,q )u ( q )d u ( s,q )P ( q )d b ( q )u ( s,q )d (1)

Ignoring the  last term, which represents the parts of the loads applied to the domain of the problem 

being analyzed, this equation can be written in the algebraic form as follows: 

1 1
j j

ne ne
p * *

j j

j j

c u p u d u p d (2)

Boundary elements were adopted with a linear isoparametric approximation and boundary integrals were 

all calculated analytically

3. STIFFENERS

The stiffeners are, as a rule, linear elements, nearly always of negligible thickness. They are commonly 

introduced into BEM analyses via BEM/FEM coupling, the BEM being used to model the continuous elastic 

medium and the FEM to represent the rigid linear elements used to stiffen it (this is just one among several 

applications of BEM/FEM coupling).  

With improved methods of integrating Kelvin's fundamental solution, by analytical treatment of both 

singular and non-singular integrands and by the introduction of the sub-region technique, it is now feasible to 

model stiffeners uniform as uniform sub-regions. The quality of the equations is ensured by the use of 

analytical integration and the values at the interface boundaries are smoothed by a least-squares technique.  

Moreover, the unknown values that should be calculated at the boundary may be transformed into unknowns 

on the central line, with or without a reduction in their number. In the work presented here, the sub-region 

technique was used with analytical integration and the boundary unknowns were condensed on to the central 

axis of the stiffener, without reducing their number. 

3.2. Sub-regions

By means of the sub-regions technique, problems can be resolved whose domains contain several sub-

domains composed of different materials with contrasting properties. To model such a problem, each 

homogeneous sub-domain, i , is separately discretized. The mathematical specification is completed by 

imposing equilibrium between the forces and compatible displacements at all points along the sub-region 

interfaces.

Taking the surfaces forces and displacements of points on the interface as unknown values, the 

equations are assembled into a single system consisting of blocks of zeroes and non-zeroes, which form a 

sparse matrix. This system can be resolved by a computer routine that handle sparse matrices, which 

employs Gauss-Jordan elimination with full pivoting. 

To illustrate this technique, a system composed of two sub-regions, sketched in Figure 1, will be 

analyzed. 

Before considering the equilibrium of surface forces and compatibility of displacements at the interface 

between the sub-regions the systems of equations for each domain are written down separately. By imposing 

the force equilibrium (
1 2

0
i i

P P ) and displacement compatibility (
1 2

0
i i

P P ) and the boundary 

conditions, the two systems are united: 
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Figure 1. Two sub-regions. 
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Simplifying: 

A X C D (4)

The elements of product [C] {D} are known, so the system may be further simplified to: 

A X B (5)

 The vector {X} contains all the unknowns which, as (5) is a linear system, can be found by applying 

a routine that solves sparse linear systems of equations. 

3.3. Reduction of unknowns at the boundary of the stiffener 

The sub-region representing a stiffener, Figure 2,  is generally narrow compared to its length and the 

surrounding region. Hence, it is possible to approximate the normal and tangential displacements along its 

boundary by displacements on its median line, and their partial derivatives, while the surface forces can be 

substituted by the load acting on a beam equivalent to the stiffener (represented now by the median line). 

Figure 2. (a) Stiffener with local axes x  e y ,  (b) central nodes that receive the results of integration on the 

boundary. 

 For the axes shown,  a linear approximation for the displacements gives: 

                           u f ( x ) ax b (6)

while their derivatives with respect to x  are written: 

ym mx
x y

uu
      and

x x
(7)

Then, for the geometry in Figure 2: 
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a m m x
x x x

h
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2
  ,

a m m x
y y y

h
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2
  ,

b m m x
x x x

h
u =u -

2
  ,    

b m m x
y y y

h
u =u -

2
(8)

Using (8), the unknown displacements 
a a b b

x y x yu , u , u  and u  on the boundary can be replaced by 

m m m m

x y x yu , u ,  and  on the median line of the stiffener, as in Figure 3 (a).  

Figure 3. Transformations of unknowns at the boundary into central unknowns: 

 (a) displacements, (b) forces. 

Similarly, for the forces, we can write: 

a m x
x x

p
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2
  ,
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2
  ,

b m x
x x

p
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2
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yb m

y y

p
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2
(9)

Thus, equations (9) could be used to substitute the the boundary unknowns 
a a b b

x y x yp , p , p  and p  for central 

values
m m

x y x yp , p , p  and p . In this case, the unknown variables on the median line would be the means 

of the forces at the boundaries and not the resultant forces acting on the stiffener. Alternatively, the unknown 

forces could be transformed as follows: 
m

a xr x
x

p p
p = +

2 2
 ,

m

yra r
y

x

p M
p = +

2 h
 ,

m
b xr x
x

p p
p = -

2 2
 ,

m

yrb r
y

x

p M
p = -

2 h
(10)

Using (10), the central unknowns are now
m m

xr yr r xp , p , M  e p , where 
m

xrp  and 
m

yrp are resultant 

loads acting on the stiffener in the directions x  and y , rM  is the resultant bending moment on the stiffener 

and xp  is the change in load across the section (see Figure 3 (b)).  

With the help of Hookes law, the deformation-displacement relation, and using finite differences, the 

unknowns px and py, or rM  and xp , could be expressed as functions of 
m m m m

x y x yu , u ,  and , so that 

the total number of unknowns would be reduced, without greatly affecting the accuracy of the results in the 

case of thin stiffeners. 

4. Example: Beam fixed at each end reinforced with a stiffener in its lower face and submitted to a 

load uniformly distributed over the upper face.  

In this example, a horizontal fixed beam submitted to a uniform load across its upper surface, with a stiffener 

inside its lower region is analyzed.  This example is designed simply to show the differences in the results 

obtained by the sub-region and variable-reduction techniques. The geometric and physical details of this 

case, as well as the boundary conditions, are shown in Figure 4. The boundary of the beam is divided into 

110 elements and the stiffener into 50 elements. 
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Figure 4. Physical data, geometry and boundary conditions of Example 2. 

The results generated for this case by the two techniques are displayed in Figure 5, the displacements 

of the stiffener and in Figure 6, the bending moment and the normal force difference. 
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Figure 5. Displacements of the stiffener (a) in x-direction,  (b) in y-direction. 
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Figure 6. Graphs showing (a) bending moment (b) normal force difference between upper 

and lower faces, along the stiffener. 

The vertical displacement of point A, at the centre of the stiffener (Figure 4), was calculated by the 

BEM, using the sub-region and reduction techniques, and by the FEM, using Shell93 in the program Ansys 

with a fine mesh of 2500 finite elements. The three estimates are compared in Table 1. The two BEM 

techniques gave the same result, which was similar to the Ansys solution. 

Table 1. Displacements in the center of the stiffener in y direction. 
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Method of calculation Displacement y (cm) 

Sub-region -0.012211 

Reduction -0.012211 

SHELL 93 (ANSYS) -0.012368 

4. CONCLUSIONS 

As foreseen, the application of the technique of reduction of variables to the modeling of narrow 

stiffening elements led to good simulations, smoothing out the distortions that arise in the surface-force 

results for very thin elements. We should not forget, however, that the use of analytical integration, both for 

singular and quasi-singular cases, made a significant contribution to the viability of this technique, owing to 

improvements in calculating the integrals. In nonlinear problems or inverse analysis, the smoothing of such 

oscillations is crucial to obtaining good results. 

Several kinds of reduction can be employed, but it is important to keep in mind the specific problem 

being analyzed, so as to avoid simplifications that change its essential nature. Although the present treatment 

of this technique did not involve any reduction in the degrees of freedom of the system, such a reduction 

could be achieved if we transformed the variables representing the bending moment and the difference 

between the normal forces at the faces of the stiffener into mean deformations and displacements of the 

stiffener, by applying Hooke's Law, the deformation-displacement relation and finite differences. We should, 

however, be aware of the fact that by using finite differences in this approximation we risk losing much of its 

precision and thus spoiling the results. 
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Abstract. A boundary integral formulation and its numerical implementation are presented for the 

analysis of magneto-electro-elastic media. The problem is formulated by using a suitable set of 

generalized variables. The governing boundary integral equation is obtained by generalizing the 

reciprocity theorem to the magneto-electro-elasticity. The fundamental solutions are calculated 

through a modified Lekhnitskii’s approach, reformulated in terms of generalized magneto-electro-

elastic displacements. To assess the reliability and effectiveness of the formulation, some numerical 

analyses have been carried out and the convergence of the method has been studied. The 

multidomain approach has been developed for the analysis of multilayered structures. Obtained 

numerical results show good agreement with those found in the literature. 

Introduction. The new class of magneto-electro-elastic materials has recently emerged in the field 

of smart structures and materials by virtue of their features, namely the ability to convert energy 

into three different forms, magnetic, electric and mechanical. This makes these materials potentially 

superior to other materials for the construction of smart devices, such as sensors, actuators or 

trasducers. Magneto-electro-elastic media can fundamentally be of two kinds: a) particulate 

composites having a 0-3 connectivity; b) composites having a 2-2 connectivity [1]. The optimal 

exploitation of these materials relies upon the correct analysis of their coupled response to external 

stimula. While the inherent coupling of the three fields makes them particularly attractive in the 

framework of intelligent systems, on the other hand it makes the mathematical modelling of their 

behavior more complex. Indeed, analytical solutions to the governing differential equations are 

rather rare and either devoted to the treatment of infinite domain problems or limited to special 

configurations. Example could be found in the works of Wang and Shen [3], Hou et al. [4], Ding 

and Jiang [5], Guan et He [6], Hou et al. [7], Pan [8], Pan et Heyliger, [9, 10], Heyliger et al. [11], 

Pan and Han [12], Wang et al. [13] and Chen et al [14]. While some numerical models, both FEM 

and BEM, was proposed by Bhangale and Ganesan [15], Buchanan [2, 16], Lage et al. [17], Ding 

and Jiang [5], Ding et al. [18]. In the present paper a multidomain boundary element model for 2D 

magneto-electro-elastic laminates is developed. The formulation is expressed in terms of suitably 

defined generalized variables, namely generalized displacements and tractions. By using these 

variables the magneto-electro-elastic governing equations can be recast in a form that resembles the 

governing equations of classical elasticity and allows the straightforward extension of classical 

methods to the magneto-electro-elastic analysis. The boundary integral representation is deduced by 

generalizing the reciprocity theorem. The fundamental solutions are determined by using a 

generalized displacement based modified Lekhnitskii’s approach [19]. Finally, the numerical 

solution of the formulation is obtained by the boundary element method. A multidomain approach, 

obtained by enforcing suitable continuity and equilibrium conditions between adiacent layers, has 

been used to model laminate configurations. Some numerical results are presented to evaluate the 

effectiveness and the reliability of the proposed model. 
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Basic equations. The formulation will be developed for two-dimensional magneto-electro-elastic 

domains  with boundary  lying in the 1 2x x  plane. It is assumed that the magneto-electro-

elastic response does not vary along the 3x  direction, so that the analysis leads to a generalized 

plane strain elasticity problem and an in-plane magneto-electrostatic problem. To maintain a 

compact and efficient matrix notation the strain component 33 , the electric field component 3E  and 

the magnetic field component 3H , which are trivially zero due to the assumption of generalized 

plane strain and in-plane electrostatics and magnetostatics, are kept in the formulation and the 

generalized in-plane behaviour will be expressed by suitable differential operators. The elastic state 

of the body is described in terms of mechanical displacements u, elastic strains  and stresses .

The electric state is defined by the electric potential , the electric field E  and the electric 

displacement field D . Assuming that there is no external current density in the domain, the magnetic 

field variables are the scalar magnetic potential , the magnetic field H  and the magnetic induction 

field B . All these variables are linked by the following constitutive equations for 

magneto-electro-elastic materials 

T T
C e d

D e g E

B d g µ H

 (1) 

where C is the elasticity matrix,  and  are the matrices of dielectric constants and magnetic 

permeability respectively, e and d are the matrices of piezoelectric and piezomagnetic constants and 

g is the matrix describing the direct magneto-electric coupling. Moreover, the form of the strain-

displacement relations and of the irrotationality conditions of electric and magnetic fields, and that 

of the classical elastic indefinite equilibrium equations and of the Maxwell’s equations for 

electrostatic and magnetostatic suggests the extension to the general magneto-electro-elastic 

problem of the Barnett and Lothe’s [20] formalism for piezoelectrics. Opportunely definig the 

generalized displacements U, generalized body forces F, generalized strains , generalized stresses

and the generalized compatibility oprator D  as in Davì and Milazzo [23], the generalized strain-

displacement relationship, the generalized indefinite equilibrium equations and the generalized 

constitutive link can be written in compact matrix forms as 

,T ,          U + F = 0 RD D  (2)

where R is the generalized constitutive matrix; now, by combining the last set of equations the 

generalized governing equations are obtained

T R U F = 0D D  (3) 

The generalized boundary conditions associated with the above equation can be then expressed by 

1

2
 T
 n

                          on 

         on 

U U

T R U TD D
 (4) 

where 1 2 3

T

n nt t t D BT  is the generalized tractions vector and D n is the generalized 

traction operator, obtained by substituting the derivatives with the corresponding boundary outer 

normal direction cosines in the generalized compatibility operator D [21].

Boundary integral representation. Let Uj and Fj be system of generalized displacements and 

forces which satisfies eq (3), and let Tj be the corresponding generalized tractions. 

If 0j j P PF c , where the cj is the load intensity and 0P P  is the Dirac’s delta function and 
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Uj and Tj represent the problem fundamental solution, extending the reciprocity theorem to the 

generalized magneto-electro-elastic problem, the following equation can be written [22]

0
T T T T
j j j jP d dc U T U U T U F  (5), 

which is the analogous of the classical Somigliana’s identity of elasticity and constitutes the 

boundary integral representation of the magneto-electro-mechanical problem. By using five 

independent fundamental solutions associated with the concentrated point load directed along the 

three axes, with a concentrated charge and with a concentrated current, the generalized 

displacements at the generic point P0 can be expressed in terms of generalized displacements and 

generalized tractions on the boundary. In compact matrix notation one writes 

* * *
0P dc U T U U T 0  (6) 

where the hypothesis of null body forces has been assumed. The kernel terms *

ijU  and *

ijT and the

matrix *
c  are opportunely defined for magneto-electro-elastic problems as explained in Davì and 

Milazzo [23] for the piezoelectric case. When collocated at the boundary, eq (6) provides the 

boundary integral equations which, coupled with the essential and natural conditions (4), allows the 

determination of the unknowns on the boundary.  

Fundamental solutions. The formulation of the boundary integral equations relies the 

magneto-electro-elastic fundamental solution, which is governed by the following equation

0
T

j j P PR U c 0D D  (7) 

in the infinite domain , it is deduced by extending to magneto-electro-elastic materials a 

modified Lekhnitskii’s approach previously used for piezoelectric materials [23]. In this framework, 

the solution of eq (7) is sought of the form 

1 2ln X XU a  (8) 

where 0i i iX x P x P  with 1,2i , and a and  are complex constants to be determined 

feeding the expression (8) into eq (7) and solving the produced generalized eigenvalue problem. 

The solution of the eigenvalue problem gives ten eigenvalues k with the associated eigenvectors ak,

which form conjugate pairs for non degenerate materials. In the case of distinct eigenvalues the 

fundamental solution is then expressed as superposition of functions of the form (8), associated with 

the calculated eigenvalues k. By selecting the eigenvalues with positive imaginary parts, 

Im 0k , the generalized fundamental solution and the corresponding tractions can be expressed 

as

5 5

1 2

1 21 1

1
2 Re ln      and     2 Re

k

T
j jk k k j jk n k

kk k

X X
X X

U a T R aD D  (9) 

where the matrix
k

D is opportunely defined as just done by Davì and Milazzo [23] for piezoelectric 

problem. Finally, the complex constants jk are determined by enforcing the compatibility and 

equilibrium conditions on the Gauss plane. It is worth noting that, by virtue of the generalized 

formalism used, the present fundamental solution has been derived in compact matrix notation, 

which has proved to be very practical and advantageous for computer implementation.

Numerical results. The boundary integral formulation has been numerically implemented by using 

the classical BEM [24], and expressing the generalized boundary variables U and T in terms of their 

nodal values via linear shape functions. In the present application, the magneto-electro-elastic behavior of 
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the two layer composite laminate shown in Fig. 1 has been studied. The analysis is carried out under 

cylindrical bending conditions and generalized plain strain hypothesis. The plate dimensions are 

0.01 b m  and 0.001 h m . The generalized boundary conditions are summarized in Table 1,while 

the material properties of the piezoelectric and piezomagnetic layers have been extracted from 

Heyliger et al. [11].

In Table 2 the transverse displacement, the electric potential and the magnetic scalar potential, 

computed by using 427 linear elements, are listed for three selected points. The values in 

parentheses are the exact solutions as extracted from Heyliger et al. [11]. The convergence analysis 

for the transverse displacement and the electric and magnetic potential at the point X (b/2,0) has 

been carried out showing that the magnetic scalar potential exhibits the slowest convergence. 

Fig. 2 to Fig. 8 show the components of the generalized traction as functions of the plate thickness. 

Fig. 2 shows the presence of a small discontinuity, both in terms of intensity and inclination, in the 

distribution of the stress component 11 at the interface between the two layers, due to the different 

material properties, as also pointed out by Heyliger et al. [11], while the stress components 22 and

12, shown in Fig. 3 and Fig. 4 respectively, are continuous through the interface.  

Fig. 2 Through thickness distribution of the 

in-plane normal stress 11.
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Fig. 1  Two layers magneto-electro-elastic 

laminates scheme.

Table 1Boundary conditions for the magneto-electro-

elastic simply-supported laminate

Boundary Boundary conditions 

1 0,x b 1 0t 2 0u 0 0

2 0x 1 0t 2 0t 2 0D 2 0B

2x h 1 0t
2 1

t sin x b 2 0D 2 0B

Fig. 4  Through thickness distribution of the 

transverse shear stress 12.

Fig. 3  Through thickness distribution of 

transverse normal stress 22.

Table 2 Transverse displacement and electric and 
magnetic scalar potantials at three points for the 

CoFe2O4/BaTiO3 laminate.
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The electric displacement components D1 and D2 and the magnetic induction components B1 and B2,

shown in Fig. 5 to Fig. 8, present a more relevant discontinuity crossing the interface, both in the 

intensity (B1 and D1) and in the slope (B2 and D2), due to the transition from a piezoelectric to a 

piezomagnetic layer; moreover they show a characteristic behavior, also depicted by Heyliger et al. 

[11]: the through thickness electric displacement distribution is linear in the magnetostrictive layer 

and non-linear in the piezoelectric one, while the through thickness magnetic induction distribution 

is linear in the piezoelectric medium and non-linear in the magnetostrictive one. 

In all the studied cases, the agreement between previous results and those calculated through the 

developed formulation appears fully satisfying. 

Conclusions. In this work a multidomain boundary element approach for the analysis of general 

magneto-electro-elastic laminates has been developed. The model is entirely expressed in terms of 

generalized magneto-electro-elastic variables, which allow the extension of anisotropic elasticity 

techniques to the more general magneto-electro-elastic problem. In particular, the Somigliana’s 

identity is rewritten in the extended notation and the boundary integral representation is then 

directly deduced. The fundamental solutions are calculated generalizing a modified Lekhnitskii’s 

approach and are expressed in a very compact matrix notation. The analysis of some configuration 

has been carried out and the results showed good agreement with those found in the literature. 

These analyses have also evidenced some characteristic features of magneto-electro-elastic 

laminates.
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Abstract. We investigate the reconstruction of a divergence-free surface current distribution from
knowledge of the magnetic flux density in a prescribed region of interest in the framework of static elec-
tromagnetism. This inverse problem is approached by employing the Tikhonov regularization method,
in conjunction with a novel BEM which satisfies the continuity equation for the current density.

Mathematical Formulation
Magnetic resonance imaging (MRI) is a non-invasive technique for imaging the human body, which
has revolutionised the field of diagnostic medicine. MRI relies on the generation of highly controlled
magnetic fields that are essential to the process of image production. In particular, an extremely
homogeneous, strong, static field is required to polarize the sample and provide a uniform frequency
of precession, while pure field gradients are needed to encode the spatial origin of signals. The field
gradients are generated by carefully arranged wire distributions generally placed on cylindrical surfaces
surrounding the imaging subject, known as gradient coils [1-3].

In a non-magnetic material, as is the case of biological tissue, the magnetic flux density B =
(Bx, By,Bz)T satisfies the following system of partial differential equations [4]:

∇× B(x) = µ0J(x), ∇ · B(x) = 0, x = (x, y, z)T ∈ R
3. (1)

Here µ0 = 4π × 10−7 N/A2 is the permeability of the free-space and J = (Jx, Jy, Jz)T is the current
density which is defined as a surface current density Jcoil = (Jcoil

x , Jcoil
y , Jcoil

z )T, i.e.

J(x) = Jcoil(x′) δ(x′,x), x ∈ R
3, x′ ∈ Γcoil, (2)

where Γcoil ⊂ R
3 is the coil surface and δ(x′,x) is the Kronecker delta function, such that

∇ · Jcoil(x) = 0, Jcoil(x) · ν(x) = 0, x ∈ Γcoil. (3)

with ν the outward unit vector normal to the coil surface Γcoil.
If the vector potential A = (Ax, Ay,Az)T is introduced as:

B(x) = ∇× A(x), x ∈ R
3, (4)

then the system of partial differential equations (1) reduces to the following Poisson equation for the
vector potential A:

∇2A(x) = µ0J(x), x ∈ R
3. (5)

In the direct problem formulation, the current density Jcoil is known on the coil surface Γcoil and
satisfies condition (3), whilst the vector potential A is determined from the Poisson equation (5) by
employing its integral representation, namely

A(x) =
µ0

4π

∫
R3

J(x′)
|x − x′|dx

′ =
µ0

4π

∫
Γcoil

Jcoil(x′)
|x − x′| dΓ(x′), x ∈ R

3. (6)
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On using eqns. (4) and (6), the magnetic flux density may be recast as

B(x) =
µ0

4π

∫
Γcoil

−(x − x′) × Jcoil(x′)
|x − x′|3 dΓ(x′), x ∈ R

3. (7)

Motivated by the design of gradient coils used in MRI, we investigate the reconstruction of the
divergence-free surface current distribution Jcoil from knowledge of one component of the magnetic
flux density B in a prescribed region of interest Ω ⊂ R

3, i.e. we focus on the following inverse problem:

Given B̃z(x), x ∈ Ω, find Jcoil(x), x ∈ Γcoil, such that:
Bz(x) = B̃z(x), x ∈ Ω, and ∇ · Jcoil(x) = 0, Jcoil(x) · ν(x) = 0, x ∈ Γcoil.

(8)

Divergence-Free BEM

Assume that the coil surface Γcoil is approximated as Γcoil ≈
N⋃

n=1

Γn, where Γn, 1 ≤ n ≤ N, are

triangular boundary elements (not necessarily flat). In the sequel, we use the following notation:

• Γn := �xn1xn2xn3, 1 ≤ n ≤ N, triangular boundary elements;

• xnj, 1 ≤ j ≤ Ne, local nodes corresponding to the triangular boundary element Γn, e.g. Ne = 3,
Ne = 6 and Ne = 10 for linear, quadratic and cubic triangular boundary elements, respectively;

• xnj, 1 ≤ j ≤ 3, vertices of the triangular boundary element Γn;

• Γnj, 1 ≤ j ≤ 3, the edge of the triangular boundary element Γn opposite to the vertex xnj;

• N the number of triangular boundary elements;

• M the number of global nodes on the coil surface Γcoil;

• Ne the number of local nodes corresponding to each triangular boundary element Γn.

Geometry of the BEM. The parametrization of the triangular boundary elements is given by

(ξ, η) ∈
{

(ξ, η) |ξ ≥ 0, η ≥ 0, ξ + η ≤ 1
}
	−→ x(ξ, η) ∈ Γn, x(ξ, η) =

Ne∑
j=1

Nj(ξ, η)xnj , (9)

where Nj(ξ, η), 1 ≤ j ≤ Ne, are given geometrical shape functions [5]. Consequently, the derivatives in
the ξ− and η−directions may be recast as:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

τ nξ(ξ, η) := τ nξ (x(ξ, η)) = ∂x(ξ, η)
∂ξ

=
Ne∑
j=1

∂Nj(ξ, η)
∂ξ

xnj

τ nη(ξ, η) := τ nη (x(ξ, η)) = ∂x(ξ, η)
∂η

=
Ne∑
j=1

∂Nj(ξ, η)
∂η

xnj.

(10)

Then the surface metric (Jacobian) Jn and the outward unit normal νn to the triangular boundary
element Γn are given by:

Jn(ξ, η) := Jn (x(ξ, η)) = |τ nξ(ξ, η) × τ nη(ξ, η)| (11)

and
νn(ξ, η) := νn (x(ξ, η)) =

1
Jn(ξ, η)

τ nξ(ξ, η) × τ nη(ξ, η). (12)
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Basis Functions. On every triangular boundary element Γn, we define the following vectors:
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

vn1(ξ, η) := vn1 (x(ξ, η)) = − 1
Jn(ξ, η) τ nη(ξ, η)

vn2(ξ, η) := vn2 (x(ξ, η)) = 1
Jn(ξ, η) τ nξ(ξ, η)

vn3(ξ, η) := vn3 (x(ξ, η)) = 1
Jn(ξ, η)

[−τ nξ(ξ, η) + τ nη(ξ, η)
]
.

(13)

From definition (13), it follows that the vectors vni(ξ, η) satisfy the identity:

3∑
i=1

vni(ξ, η) = 0, x = x(ξ, η) ∈ Γn. (14)

Next, we define the incidence function i as follows:

i(·, ·) : {1, 2, . . . ,M} × {1, 2, . . . ,N} −→ {0, 1, 2, 3}

(m, n) 	−→ i(m,n) =
{

0 if xm �= xnj, ∀ j ∈ {1, 2, 3}
j if ∃ j ∈ {1, 2, 3} : xm = xnj.

(15)

For every global node xm, 1 ≤ m ≤ M, we define the set Cm ⊂ Γcoil of triangular boundary elements
Γn, 1 ≤ n ≤ N, adjacent to xm, i.e.

Cm :=
N⋃

n = 1
i(m, n) �= 0

Γn, 1 ≤ m ≤ M. (16)

The vector basis function fm associated to the global node xm is defined by

fm(·) : Γcoil −→ R
3, fm(x) =

{
vn,i(m,n)(x) if x ∈ Cm

0 if x /∈ Cm
(17)

and, clearly, its support is a subset of Cm, i.e. {x ∈ Γcoil |fm (x) �= 0} ⊂ Cm.
Surface Current Density. The current density Jcoil on the coil surface Γcoil is then approximated

by

Jcoil(x) ≈
M∑

m=1

Imfm(x) =
M∑

m=1

Im
N∑

n = 1
i(m, n) �= 0

vn,i(m,n)(x), x ∈ Γcoil, (18)

where Im ∈ R, 1 ≤ m ≤ M, are unknown coefficients that correspond to the stream function intensi-
ties. For direct problems, the stream function intensities are determined from appropriate boundary
conditions, while in the case of inverse problems, they are obtained by solving a minimisation problem.

It should be noted that the degree of the approximation (18) for the surface current density Jcoil

is one unit less than the degree of the triangular boundary elements Γn, 1 ≤ n ≤ N, since the vec-
tors vni(ξ, η), 1 ≤ i ≤ 3, are related to the derivatives of the geometrical shape functions Ni(ξ, η),
1 ≤ i ≤ Ne, associated with the triangular boundary element Γn, see eqns. (9)− (13). More precisely,
linear, quadratic and cubic triangular boundary elements provide constant, linear and quadratic ap-
proximations for the surface current density, respectively. From eqns. (12) and (13) it follows that for
every triangular boundary element Γn the vectors vni(ξ, η), 1 ≤ i ≤ 3, and the outward unit normal
vector νn(ξ, η) are orthogonal and hence expression (18) enforces the approximated current density
Jcoil to lie in the plane tangent to the coil surface Γcoil, i.e. condition (32) is satisfied. Furthermore,
the interpolation given by eqn. (18) is divergence-free pointwise, i.e. condition (31) is satisfied, since
∇ · ∂x

∂ξ
= ∂

∂ξ
(∇ · x) = 0 and ∇ · ∂x

∂η
= ∂

∂η
(∇ · x) = 0.

Advances in Boundary Element Techniques 199



Magnetic Vector Potential and Magnetic Flux Density. According to eqns. (6), (7) and
(18), the magnetic vector potential A and magnetic flux density B are approximated by

A(x) ≈ µ0

4π

M∑
m=1

Im
N∑

n = 1
i(m, n) �= 0

∫
Γn

vn,i(m,n)(x′)
|x − x′| dΓ(x′), x ∈ R

3 (19)

and

B(x) ≈ µ0

4π

M∑
m=1

Im
N∑

n = 1
i(m, n) �= 0

∫
Γn

−(x − x′) × vn,i(m,n)(x′)
|x − x′|3 dΓ(x′), x ∈ R

3. (20)

Description of the Algorithm
If the z−component of the magnetic flux density B is known at L points in the region of interest Ω
then the BEM discretisation of the inverse problem (8) yields the following system of linear algebraic
equations

HI = B̃z. (21)

Here H ∈ R
L×M is the BEM matrix used for computing the z−component of the magnetic flux density

B given by eqn. (20) calculated at L points in the region of interest Ω, B̃z = (B̃1
z , . . . , B̃

L
z )T ∈ R

L is a
vector containing the z−component of the magnetic flux density at L points in the region of interest
Ω and I ∈ R

M is a vector containing the unknown values of the stream function Im, 1 ≤ m ≤ M, at
the global nodes.

The system of linear algebraic equations (21) cannot be solved by direct methods, such as the least-
squares method, since such an approach would produce an inaccurate and/or physically meaningless
solution due to the large value of the condition number of the system matrix H which increases
dramatically as the BEM mesh is refined. Several regularization procedures have been developed to
solve such ill-conditioned systems [6, 7]. In the sequel, we only consider the Tikhonov regularization
method and for further details on this method, we refer the reader to [6].

Magnetic Energy and Regularization. The magnetic energy W defined by

W =
1
2

∫
Γcoil

Jcoil(x) · A(x) dΓ(x) (22)

is approximated, according to eqns. (18) and (19), as

W ≈ 1
2

M∑
m=1

M∑
n=1

Lmn In Im, (23)

where the components of the inductance matrix L = [Lmn] ∈ R
M×M are given by

Lmn := µ0
4π

N∑
m′ = 1

i(m, m′) �= 0

N∑
n′ = 1

i(n, n′) �= 0

∫
Γm′

∫
Γn′

vm′,i(m,m′)(x) · vn′,i(n,n′)(x′)
|x − x′| dΓ(x′) dΓ(x). (24)

The approximated magnetic energy W given by eqn. (23) is a quadratic and positive definite form
which induces the following discrete energy norm:

‖I‖2
W := ‖L̃I‖2 =

M∑
m=1

M∑
n=1

Lmn In Im = 2W, (25)

where L̃ ∈ R
M×M such that L̃T = L̃ and L = L̃TL̃.

The Tikhonov regularized solution Iλ to the inverse problem (8) is sought as [5]

Iλ ∈ R
M : Fλ(Iλ) = min

I∈RM
Fλ(I), (26)
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where Fλ is the Tikhonov functional given by

Fλ(·) : R
M −→ [0,∞), Fλ(I) = 1

2‖HI − B̃z‖2 + 1
2λ‖I‖2

W, (27)

with λ > 0 the regularization parameter to be chosen. Formally, the Tikhonov regularized solution Iλ

of the minimisation problem (26) is given by the solution of the regularized normal equation [6]
(
HTH + λL̃TL̃

)
Iλ = HT B̃z. (28)

Numerical Results
In order to present the performance of the proposed method, we solve the inverse problem (8) for
a hemispherical coil Γcoil = ∂B (0, R) ∩ {z ≥ 0}, where R = 0.175m, whilst the region of interest
is a sphere of radius r = 0.065m and centered at xc = (0, 0, 0.081), i.e. Ω = B (xc, r). Since the
geometry of the coil considered in this paper is symmetrical with respect to the z−axis, it is sufficient
to investigate only the design of x− and z−gradients, i.e. B̃z (x) = Gx x, x ∈ Ω and B̃z (x) = Gz z,
x ∈ Ω, where Gx = Gz = 1.0 T m−1.

The choice of the regularization parameter λ in the minimisation process of the Tikhonov functional
(27) is crucial for obtaining a stable, accurate and physically correct numerical solution Iλ. The optimal
value λopt of the regularization parameter λ should be chosen such that a trade-off between the two
quantities ‖HI−B̃z‖ and ‖I‖W = ‖L̃I‖ involved in the minimisation of the functional (27) is attained.
To do so, we introduce a global measure for error that relates the computed and desired z−components
of the magnetic flux density in the region of interest Ω, namely the maximum relative percentage error

Err (Bz;λ) = max
x∈Ω

|Bλ
z (x) − B̃z(x)|
|B̃z(x)| × 100 (29)

where Bλ
z (x) is the numerical z−component of the magnetic flux density calculated at the point x in

the region of interest Ω, for a given regularization parameter λ, by employing the proposed BEM-based
algorithm. On assuming that a deviation ε > 0 from the desired z−component of the magnetic flux
density B̃z is admissible in Ω, such that

B̃ε
z(x) := B̃z(x) (1 ± ε) , x ∈ Ω, (30)

then the choice of the optimal regularization parameter λopt is made by employing the maximum
relative percentage error given by eqn. (29) and the admissible level of noise in Bz|Ω defined by
relation (30), namely

λopt = max
{

λ > 0
∣∣∣Err (Bz;λ) ≤ ε

}
. (31)

The numerical solution Iλ of the regularized system of normal equations (28), with λ = λopt given
by eqn. (31), provides only a discrete distribution of the stream function at the global nodes of the
BEM mesh employed. However, these discrete values should be extended to a continuous distribution
of the numerical stream function over the entire coil surface Γcoil and this is achieved by employing
the contours of the stream function using its discrete distribution and the Matlab (The Mathworks,
Inc., Natick, MD, USA) contouring function. Hence, in the sequel, the numerically retrieved solutions
of the inverse problem given by eqn. (8) are presented in terms of the contours of the stream function
as described above.

Figures 1(a) and (b) present the contours of the stream function in the so-called Lambert cylin-
drical equal-area projection, i.e. the θ − cos φ plane, corresponding to the hemispherical x− and
z−gradient coils, respectively, obtained using the optimal regularization parameter λopt given by eqn.
(31), L = 351 internal points in the region of interest and N = 2840 linear, quadratic and cubic trian-
gular boundary elements. From these figures it can be seen that, for the examples investigated in this
study, the numerical results retrieved using linear boundary elements are more inaccurate than those
obtained by employing higher-order boundary elements, with the mention that there are no major
quantitative differences between the contours of the stream function corresponding to quadratic and
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Figure 1: The contours of the stream function corresponding to the hemispherical (a) x−, and (b)
z−gradient coils, obtained using λ = λopt, L = 351 internal points in Ω and N = 2840 linear ( ),
quadratic (− −) and cubic (· · · ) triangular boundary elements.

cubic triangular elements.
Although not presented here, it is reported that the Tikhonov regularization method, in conjunc-

tion with the proposed divergence-free BEM, is also convergent with respect to increasing the number
of boundary elements used to discretise the coil surface Γcoil. Furthermore, the finer the BEM mesh
size is then the smoother contours of the stream function corresponding to the hemispherical x− and
z−gradient coils. It should be noted that similar results have been obtained for other coil geometries.

Conclusions
In this paper, we have investigated the design of MRI hemispherical gradient coils by considering the
reconstruction of a divergence-free surface current distribution from knowledge of the magnetic flux
density in a prescribed region of interest. This inverse problem was formulated in the framework of
static electromagnetism using its corresponding integral representation according to potential theory.
In order to retrieve an accurate and physically correct numerical solution of this inverse problem, a
minimisation problem for the Tikhonov functional was solved, in conjunction with a novel higher-order
BEM which satisfies the continuity equation for the current density. The numerical solutions were
presented in terms of the contours of the stream function and using various types of boundary ele-
ments. For the examples analysed, it was proved the efficiency of the proposed method, as well as an
improvement in the accuracy of the numerical solutions in the case of higher-order elements. However,
there are no major quantitative differences between the contours of the stream function corresponding
to quadratic and cubic triangular elements.
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Abstract

The biharmonic equation that describes plate deflections under transverse loading is formulated as two 

coupled harmonic equations. Using the logarithmic fundamental solution and implementing the integral 

equations obtained from applying Green’s identity in an element-by-element fashion, the deflections, 

moments and their normal slopes can be obtained at each node.  By adopting this method, exceptionally

high accuracy is achieved in the primary variables and their normal derivatives that are calculated

directly by the same order of Lagrange-type interpolation functions. The compatibility conditions for the 

normal derivatives of deflection and moments at internal nodes are prescribed in a novel manner that 

avoids any numerical artefacts. Numerical examples are used to demonstrate the accuracy of the current 

formulation.

Keywords: Plate bending, Biharmonic equation, Poisson equation, Green element method.

1 Introduction

The biharmonic equation which governs flexural deflection of thin plates (commonly referred to as 

Kirchhoff plates) is solved as two coupled harmonic equations of the Poisson type.  This approach of

considering the biharmonic as two Poisson-type equation had been adopted by quite a number of 

investigators in boundary integral circles in the past [1, 2, 3, 4], but what is unique in the current

formulation is the solution methodology of the coupled Poisson-type equations.  The integral equations 

from applying Green’s identity are solved element-by-element so that the solution space comprises the 

deflection, moment, rotation and shear force in the normal direction to the boundary of each element.  In 

essence, the solution in each element is complete, and solution information at any point other than grid 

points of the elements is obtained by implementing the integral equations only in those elements in 

which the point is located.  This represents tremendous savings in computing resources.  Furthermore,

the current formulation, referred to as the flux-based Green element formulation, achieves exceptionally

high accuracy with coarse discretization because it directly calculates the rotations and shear forces in the 

normal direction to the boundary of the elements.  This is demonstrated with an example in which less 

than 10% of the nodal points of the indirect radial basis function network (IRBFN) collocation

formulation of [3] are used in GEM to achieve comparable accuracy.

The novelty of the current formulation in applying the compatibility conditions in the normal directional

rotations and shear forces at internal nodes is also worth mentioning.  The universality of this

compatibility condition makes it equally applicable to the rotations and the shear forces.  That condition 

states that the integration of the normal directional rotations and the shear forces about the internal node 

equals zero. Three examples are used to demonstrate the accuracy of the current formulation for plate 

bending problems.

2 Governing Equations 

The deflection of thin isotropic and homogeneous plates under transverse loads is given by

pwD 4   (1) 

where  is the transverse deflection of the plate,w ),( yxpp  is the load distribution,  is the gradient 

operator in two dimensions and  is the stiffness of the plate given byD
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)1(12 2

3Eh
D   (2) 

where E  is the Young’s modulus of elasticity,  is the thickness of plate, and h  is the Posson’s ratio.

Eq (1) is converted to two harmonic Poisson-type equations given by

Mw2
   (3) 

and

fDpM /2
  (4) 

where the moment )1/()( yx MMM  is expressed in the terms of the moments in the x  and 

directions and the Posson ratio.  Two broad types of boundary conditions are addressed.  The first is the 

case when one condition is specified for each of the equations and the second is when equation (3) is

over specified with two boundary conditions for the deflection  and its normal derivative or the

rotation in the normal direction.  The first type of conditions makes for a much easier solution of eqs (3) 

and (4); in fact both equations can be decoupled and solved independently with eq (4) being solved first,

and the results for 

y

w

M  are then the input for eq (3). The second type of conditions requires that both

equations be solved in a coupled manner as there are no conditions for eq (4).  The approach which is 

used here solves the two equations in a coupled manner irrespective of the boundary data type.  The

solutions to eqs (3) and (4) are achieved in a Green element sense by transforming the differential

equations into integral equations using Green’s second identity and the free-space Green’s function for

the Laplace operator and implementing those integral equations in an element-by-element fashion.

3 Green element formulation

The free-space Green’s function )ln( irrG  that is derived from Laplace equation  for 

the infinite space  is used to derive integral equations within a spatial element 

)(2
irrG

)},(,:),({ yxyxr
e

with closed boundary   that constitutes one of the elements used to discretize the entire computational

region .  The integral equations are given by [5]

e

0dAMGdswGGww
ee

i nn (5)

ee

dAfGdsMGGMM i nn   (6) 

where  is the nodal angle at the source point ),( iii yxr  that is obtained from integrating the

dependent variable with the Dirac delta function in a Cauchy sense and n  is the outward pointing normal

on the elemental boundary.  It should be noted that in arriving at eqs (5) and (6), no approximation has 

been introduced despite the fact that the integrations are carried out element by element.  It is in 

interpolating for the primary variables  and w M  and their normal derivatives, namely the rotation 

nw  and the shear force nMV , that approximations are introduced into the formulation.

Essentially, it is how well the unknown quantities are approximated that determines the accuracy of the

numerical calculations.  The Lagrange-type interpolation functions are used. The 4-node linear and the 

8-node quadratic rectangular elements have been used in this paper. Introducing these interpolations into

eqs (5) and (6) and carrying out the integrations results in the matrix equations 

0jijjijjij MSLwR   (7) 

0jijjijjij fSVLMR   (8) 

where

dArrGNSdsrrGNLdsrrGNR
eee

ijijijijijijij ),(,),(,),( n (9)

It is worth pointing out the similarity in the element matrices ,  and  in the two equations (7) 

and (8).  This is exploited during the coding of the formulation in order to enhance computational

efficiency.  Furthermore, there are four unknowns at each node, namely the deflection , the moment

ijR ijL ijS

w

M , the rotation  in the normal direction at the boundaries of the element and the shear force V  also in 

the normal direction.  The formulation calculates all these quantities in a novel way that is subsequently

described.  In eq (9), the interpolation functions have been denoted as  with respect to the grid pointjN
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or node .  All the integrations in eq (9) are done analytically because the logarithmic Green’s function 

in combination with polynomial functions is readily integratable. That further preserves the high level of 

accuracy that characterizes this formulation.  Eqs (7) and (8) are now aggregated for all elements used in 

discretizing the computational domain and simplified to

j

0MSLwR   (10) 

0fSVLMR   (11) 

4 Compatibility and equilibrium conditions at internal nodes 

Whatever boundary data set is available, eqs (10) and (11) are not sufficient to produce the solutions for

all the degrees of freedom.  At an internal node, there are 2)1(C  unknowns to be calculated, where C

is the number of elements meeting at the internal node or the number of elements shared by the internal 

node.  Taking the case shown in Fig. 1, the value of C  is 5. However, the number of equations

generated for the internal node taken as the source node by carrying the element integrations as dictated

by eqs (7) and (8) is .  This means that at an internal node there are two more unknown degrees of

freedom than the number of equations.  This is not the case with the external nodes where the two 

prescribed boundary conditions give the two extra equations/conditions required.  This is the closure 

problem that has been recognized in boundary element circles.  In the past, the closure problem made it 

unattractive to carry out direct calculations of the normal derivatives of the primary variable within

internal boundaries in singular boundary integral formulations.  Those calculations were done only on

external boundaries where the closure problem was eliminated by the prescribed boundary conditions.

Previous Green element formulations replaced these normal derivatives at internal boundaries by with 

their difference expressions in terms of the primary variable [6, 7].  In certain boundary element codes, 

this closure problem was resolved by artificially creating additional internal nodes and relocating them

by small distances from their original location of the internal node along the internal segments [8].  Such

an approach is a numerical artefact that usually reconfigures the geometry at the internal nodes to suit the

numerical formulation.

2C

Here we resolve the closure problem in a novel manner by generating two additional equations which are 

the compatibility conditions for the rotation  and equilibrium condition for the shear force V  in the

normal directions on the sides of the elements that meet at the internal node.  The derivation of this

compatibility and equilibrium relationships is presented in detail in manuscripts that are being prepared. 

The relationship is the same for  and V , making it have a universal appeal.  It is sufficient to mention 

here that the proof of the compatibility equilibrium relationships is based on integrating the normal

derivative of the primary (dependent) variable around a circle of small radius  centred at the internal 

node.  In the limit as the radius tends to zero, the integral equals the value of discontinuity of the primary

variable at the internal point.  Where no discontinuity exists, the integral equals zero.  This can be stated 

as

0)0()2( wwdn
n

w
dnw n   (12) 

To implement eqn (12) numerically,

02
2

0 10

C

i
iidLimitdn

n

w
       (13) 

See Fig. 1.   Eq (12) is the same for the shear force in the normal direction.  When rectangular  elements 

are used to discretize the computational domain, the included angles i  have a uniform value of 2/

for each of the four elements meeting at the internal node.  In that case, eq (13) becomes

0
2

2
4

1

4

1

2

0

4

10 i
i

i
i

i
iidLimitdn

n

w
  (14) 

The additional equations generated by the compatibility condition for  and V  along the line of eq (13)

are then used to resolve the closure problem at internal nodes. 

The boundary conditions at external boundaries are introduced into eqs  (10) and (11), and both 

equations are solved in a coupled manner.  The equations are assembled into a matrix form

BzA     (15)

Advances in Boundary Element Techniques 205



where the matrix  contains elements from matrices R  and , while the known right-hand-side vector

 accounts from the boundary and load data, and the vector  comprise the unknowns

A L

B z

V

M

w

z     (16)

4-2

3-2

3-1

5-1

5-4

5

2

3

1

4

Figure 1:  Normal directional rotations at an internal node. 

Two unique features of the current Green element formulation, which we shall refer to as a flux-based

GEM because of the retention of the normal derivatives of the primary variable (surrogate for normal

fluxes) at every node, are (a) the attainment of high solution accuracy with coarse discretization and  (b) 

the provision of the complete solution information for each element.  The first feature is due to the fact

that the only approximation in the formulation comes from the interpolation of the unknown quantities.

Thus, the escalation in the number of degrees of freedom due to the evaluation of the primary variable

and their normal derivatives at every node is ameliorated by the coarse grid required to generate accurate 

solutions.  The second feature allows the calculations of the solution at any point other than the grid 

points to involve only integrations within the element in which the point is located.  No reference is made

to other elements in the computational region. That represents enormous computational savings when 

solutions are required at points of interest other than grid points.  Thus, the elemental solutions are 

complete.

5 Numerical Examples

Example 1. The first example is a classical case that has been used by other investigators to 

validate their numerical schemes [3, 9].  It belongs to the first type boundary data in which one boundary

condition exist for each of eqs (3) and (4).  The computational region is a square plate of unit length,

, and the boundary conditions for the deflection and moments are obtained from the analytical

solution:

0p

yxxyxxw sinhcoscoshsin
2

1
; yxyxM sinhsincoshcos ; ]1,0[],1,0[ yx  (17) 

The Green element calculations are carried out with 16 quadratic rectangular elements comprising a total 

of 65 nodes, which is less than 10% of the 727 nodal points used by Mai-Duy and Tang-Cong [3] in their 

indirect radial basis function network (IRBFN) collocation formulation.  The solutions for ,w M ,

rotation in the x  and  directions (  and y xwx / ywy / ) and the shear force in the x  and y

directions (  and ) are presented along the lines that go through the centre of the

domain, that is  and .  The results for the exact and GEM solutions are presented in Figs. 2 

through 5.  There is excellent agreement between the GEM and exact solutions.  Typical values of the

xMVx / yMVy /

5.0x 5.0y
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mean deviations between the two solutions are 1.4×10-5 for the deflections, 2.3×10-5  for the moments,

1.2×10-4 for the rotations and 1.4×10-4.    It is significant to observe the level of accuracy of this 

formulation with a coarse grid not only in calculating the deflections and moments, as most other 

numerical methods achieve, but also in the rotations and shear forces. 
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Figure 5: GEM and exact solutions for y  and 

 of example 1 along .yV 5.0y

 Example 2.  The second example is another classical problem of a rectangular plate that is 

simply supported on all sides and subjected to a uniform transverse loading .  This example belongs to 

the first type of boundary data because the deflection and moments are specified on the boundary.  The

GEM calculations are carried with four sets of discretizations: 2 × 2 and 4 × 4 quadratic rectangular

elements and 4 × 4 and 8 × 8 linear rectangular elements.  The numerical results are compared with the

Fourier series solutions presented in [10] for the maximum deflections and moments at the centre of the

plate (Table 1) and the maximum shear force in the

q

x  direction at  and in the )2/,( ba y  direction at 

 (Table 2) for plate dimensions: .  The results have been achieved by taking unit 

values of  and q , and 

)0,2/(a 2,5.1,1/ ab

a 3.0 . Taking into account the computational difficulties with correct 

reproduction of the boundary conditions at the corners, the GEM solutions, particularly with quadratic

elements, are excellent.

Example 3. The third example is a problem of a rectangular plate that is clamped on all sides 

and subjected to a uniform transverse loading .   This example belongs to the second type of boundary

conditions in which the conditions for eq (3) are fully specified while eq (4) is under-specified.  The

q
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deflections and rotations are zero on the all external boundaries.  The GEM formulation carries out the 

calculations in one sweep without iterations.  The presence of the moment in both equations allows for 

the coupling. Using unit values for  and , the Green element solutions with quadratic and linear 

rectangular elements, and the Fourier series solutions from [10] are presented for the deflection and 

moments at the centre of the plate in Table 3.  As expected the results obtained with the 4 × 4 quadratic 

rectangular element are most accurate, and they have good agreement (lees than 2%) with the Fourier

series analytical solution.

a q

Solutions for maxw

Quadratic Linear

a

b Analytic

Grid GEM Rel. Error % Grid GEM Rel. Error % 

1

1.5

2.0

0.00406

0.00772

0.01013

2 × 2

4 × 4

2 × 2

4 × 4

2 × 2

4 × 4

0.00391

0.00406

0.00748

0.00772

0.00990

0.01014

3.7

0.0

3.1

0.0

2.3

0.1

4 × 4

8 × 8

4 × 4

8 × 8

4 × 4

8 × 8

0.00366

0.00384

0.00703

0.00739

0.00940

0.00972

9.9

5.4

8.9

4.3

7.2

4.1

Solutions for maxM

Quadratic Linear

a

b Analytic

Grid GEM Rel. Error  % Grid GEM Rel. Error % 

1

1.5

2.0

0.0737

0.1008

0.1139

2 × 2

4 × 4

2 × 2

4 × 4

2 × 2

4 × 4

0.0736

0.0737

0.1006

0.1009

0.1133

0.1140

0.1

0.0

0.2

0.1

0.5

0.1

4 × 4

8 × 8

4 × 4

8 × 8

4 × 4

8 × 8

0.0734

0.0724

0.1008

0.1000

0.1145

0.1128

0.4

1.8

0.0

0.8

0.5

1.0

Table 1: GEM and Fourier series solution of example 2 for w  and max maxM

Solutions for max)( xV

Quadratic Linear

a

b Analytic

Grid GEM Rel. Error  % Grid GEM Rel. Error % 

1.0

1.5

2.0

0.338

0.424

0.465

2 × 2

4 × 4

2 × 2

4 × 4

2 × 2

4 × 4

0.330

0.338

0.410

0.423

0.446

0.464

2.4

0.0

3.3

0.2

4.1

0.2

4 × 4

8 × 8

4 × 4

8 × 8

4 × 4

8 × 8

0.336

0.333

0.422

0.419

0.464

0.462

0.6

1.5

0.5

1.2

0.2

0.7

Solutions for max)( yV

Quadratic Linear

a

b
Analytic Grid GEM Rel. Error

 % 

Grid GEM Rel. Error

 % 

1

1.5

2.0

0.338

0.363

0.370

2 × 2

4 × 4

2 × 2

4 × 4

2 × 2

4 × 4

0.330

0.338

0.363

0.367

0.380

0.376

0.4

0.0

0.0

1.1

2.7

1.6

4 × 4

8 × 8

4 × 4

8 × 8

4 × 4

8 × 8

0.336

0.333

0.364

0.358

0.374

0.363

0.6

1.5

0.3

1.4

1.1

1.9

Table 2: GEM and Fourier series solution of example 2 for (  and (max)xV max)yV
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Solutions for maxw

Quadratic Linear

a

b Analytic

Grid GEM Rel. Error % Grid GEM Rel. Error % 

1

2.0

0.00126

0.00254

2 × 2

4 × 4

2 × 2

4 × 4

0.00139

0.00128

0.00281

0.00256

10.3

1.6

10.6

0.8

4 × 4

8 × 8

4 × 4

8 × 8

0.00127

0.00124

0.00264

0.00253

0.8

1.6

3.9

0.4

Solutions for ( 0,0) yxM

Quadratic Linear

a

b Analytic

Grid GEM Rel. Error  % Grid GEM Rel. Error  % 

1.0

2.0

0.0355

0.0442

2 × 2

4 × 4

2 × 2

4 × 4

0.0383

0.0359

0.0457

0.0442

7.9

1.1

3.4

0

4 × 4

8 × 8

4 × 4

8 × 8

0.0412

0.0362

0.0505

0.0453

16.1

2.0

14.2

2.5

Table 3: GEM and Fourier series solution of example 3 for  and w M the centre of the plate. 

6 Conclusion 

The biharmonic equation which governs flexural plate problems under transverse loading has been 

solved as coupled harmonic equations with a novel Green element formulation that calculates the 

deflections, moments, rotations and shear forces at every node.  High level of accuracy is achieved by the

formulation using coarse grid due to the fact that all unknown quantities are calculated directly.  The

accuracies for all the quantities therefore depend on the order of the polynomial used in approximating

them.  The increased number of degrees of freedom at each node is compensated for by requiring only a 

coarse grid to achieve high accuracy.  The novel feature of the current Green element formulation is that

the elemental solution is complete in the sense that the solution at any point in an element is obtained by

carrying out the boundary and domain integrations within that element.  No reference is made to other

elements in the discretized the region. The solutions at points other than the grid points are second-order 

accurate; the same order of accuracy as the solutions at the nodal points.
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High performance preconditioners and solvers for the fast multipole methods 
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At the sight of the results achieved during the ten last years, one can affirm that the 

contribution of the fast multipole method (FMM) to wave propagation modelling is 

comparable with the one of the Fast Fourier Transform (FFT) for signal processing! 

In this paper, we will describe the numerical techniques that enable fast multipole methods to 

be very efficient while the problem is known to be numerically difficult for iterative solvers. 

These techniques are basically of two different classes. The first class of techniques is 

iterative solvers and especially accelerating technique for multiple right hand sides linear 

systems. A comparison of single right hand side like GMRES, QMR with additional strategies 

to take into account several right hand sides and block solvers that natively take into account 

multiple right hand sides (BGMRES, …) will be presented. The second class of methods 

consider accelerating techniques such as preconditioners. The design of robust 

preconditioners for boundary integral equations can be challenging. Simple parallel 

preconditioners like the diagonal of A, diagonal blocks, or a band can be effective only when 

the coefficient matrix has some degree of diagonal dominance depending on the integral 

formulation. Incomplete factorizations have been successfully used on non-symmetric dense 

systems and hybrid integral formulations, but on the EFIE the triangular factors computed by 

the factorization are often very ill-conditioned due to the indefiniteness of A. This makes the 

triangular solves highly unstable and the preconditioner ineffective. Approximate inverse 

methods are generally less prone to instabilities on indefinite systems, and systems, and 

several pre-conditioners of this type have been proposed in electromagnetism and their 

efficiency in acoustics has been proven. A complete review of these techniques will be 

considered and their efficiency will be assessed on electromagnetics and acoustics multipole 

boundary element solvers developed by EADS. 
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Abstract. This paper deals with the response of a multilayered soil under seismic excitation. It focuses on

the influence of the uncertainty that affects the soil height. The soil under study is composed by a

superposition of layers extending horizontally to infinity. A tunnel, located inside the soil, is supposed to 

behave as a rigid inclusion. It represents the Algiers subway (under construction) under the effect the

Boumerdes earthquake, May 21st 2003 (magnitude Mw=6.5). The accelerations are collected from Keddara

station (12 km from the epicenter) as it is located directly on the bedrock. As the study is restricted herein to

SH wave propagation, the accelerations under study correspond to one horizontal direction (EW).

The soil height below the tunnel is assumed to be a random variable. For this purpose, a lognormal

distribution is adopted. The probabilistic seismic response of the soil, in time and frequency domains, is

therefore investigated. The tunnel displacement as well as the mean and standard deviation of both the

extreme ground acceleration and the transfer function are analyzed.

The present analysis is based on the boundary element method, which is adequate for the case of systems

with infinite boundaries, while the Greens functions are calculated using the Thin Layer Method.

Keywords: Uncertainty, height, layered soil, tunnel, seismic acceleration, BEM, lognormal.

Seismic excitations produce waves that are transmitted through the surrounding soil. These waves 

have mechanical influence on the structures and buildings that are located at their neighborhood 

(Pais 1988 and Von Estorff et al. 1991). For structures buried in layered soil, the analysis of the 

seismic response has to face many difficulties due to structures features and soil characteristics.

Another complexity rises from the randomness of the geological and mechanical characteristics. 

Therefore, the use of probabilistic methods, generally based on simulation techniques, is required.

The present paper, a tunnel (Algiers subway under construction) in multi-layered soil subjected to 

seismic excitation is considered: case of Boumerdes earthquake (Algeria, May 21
st
 2003, 

magnitude Mw=6.5). The input acceleration corresponds to the in situ data collected at Keddara

station (12 km from Boumerdes) as it is located directly on the bedrock. The considered 

accelerations correspond to a horizontal direction (EW) and the analysis focuses on the SH wave

propagation. The height of the bottom layer is supposed to be uncertain and log-normally

distributed (Badaoui et al. 2004, 2005). Monte Carlo simulations are thus ran: 100 samples are 

considered to calculate the mean and the standard deviation of the ground surface and tunnel 

displacements, as well as the transfer function in order to investigate the probabilistic uncertainty

effect on the seismic response in time and frequency domains (Badaoui et al. 2004, 2005). 

When a soil contains several horizontal layers, the modelization of such system as a homogeneous

half-space may be inadequate. The presence of structures, as inclusions, represents an additional

difficulty.

1
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In the case of soils represented by a pilling of distinct horizontal layers, extending to infinity at 

their lateral boundaries, and in the presence of underground structures as inclusions, the BEM

appears as the most powerful approach for infinite media. This method requires the use of the

Green's functions, which are, in general, very difficult to obtain and are analytically known only 

for some simple geometry cases. In the present case, these functions are obtained by using the Thin 

Layer Method (Kausel and Roësset 1981, Kausel and Peek 1982).

The maximum of the mean displacement corresponds approximately to the fundamental frequency 

of the excitation and is observed at the lateral borders of the tunnel. The standard deviation of the 

displacements is important for the low fundamental frequencies. However, the response frequency 

content is less sensitive.

The mean value of the tunnel displacement is important at the fundamental frequencies of the soil-

tunnel system. The standard deviation has approximately the same shape than the mean value and 

is important for fundamental frequencies. 

The maximum values of the transfer function correspond approximately to the same frequencies 

that those of the tunnel displacement and are located at the lateral extremity of the tunnel. The

standard deviation is important for low frequencies. This shows that the heterogeneity causes a 

decrease of the transfer function for low eigen frequencies whereas it leads to an increase for high

eigen frequencies. 

The heterogeneity leads to a transfer function amplitude decrease but extends the frequency 

content. Furthermore, the standard deviation follows the same shape than the mean curve but is 

important for frequencies around 10 Hz .
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Abstract

Boundary element method [1] is an attracting technique for solving exterior wave problems. In this 

method, only the boundary is divided into elements yielding a reduction of the spatial dimension 

by one. The radiation condition at infinity and the governing differential equations for waves are 

satisfied automatically by a fundamental solution. However, difficulties are encountered in 

applying the boundary element method to many practical engineering problems owing to its 

reliance on the fundamental solution. When the material is general anisotropic, the complexity of 

the fundamental solution increases dramatically. As the boundary element formulation is spatially 

and temporally global, it becomes prohibitively expensive for large-scale problems or long-time 

calculations.  

A fundamental-solution-less boundary element method, the scaled boundary finite-element method 

[2,3], has been developed recently as a novel numerical technique that not only combines many 

advantages of the finite element and boundary element methods but also presents appealing 

features of its own. In this method, only the boundary is discretised yielding a reduction of the 

spatial dimension by one. After applying the Galerkin weighted residual technique along the 

circumferential directions parallel to the boundary, the governing partial differential equations are 

transformed to ordinary differential equations for displacement functions. No singular integrals are 

evaluated in computing the coefficient matrices. The scaled boundary finite-element equation in 

the dynamic-stiffness matrix of the unbounded domain is a system of ordinary differential 

equations in frequency. The radiation condition is easily enforced in the solution for the ordinary 

differential equations. No fundamental solution as required in standard boundary element method 

is necessary. General anisotropic materials can be analysed without additional efforts. The solution 

for the dynamic stiffness matrix is symmetric. Seamless coupling with standard finite elements is 

straightforward.

The original scaled boundary finite-element formulation, as a rigorous method like the standard 

boundary element method, is spatially and temporally global. This paper exploits the new 

possibilities opened up by reformulating the governing partial differential equations as ordinary 

differential equations to significantly increase the computational efficiency for large-scale exterior 

wave problems. A technique of reduced set of weighted orthogonal base functions similar to the 

method of separation of variables is developed. It significantly reduces the number of degrees of 

freedom while maintaining sufficient accuracy of the results [4]. Exploiting the sparsity of the 

coefficient matrix, the base functions are obtained by a partial Schur decomposition together with 

an iterative scheme. This approach greatly reduces the computer time and storage requirement for 

large-scale unbounded domains. The scaled boundary finite-element equation in dynamic stiffness 
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for the reduced set is a system of ordinary differential equations with the excitation frequency as 

the independent variable. The solution for the dynamic stiffness is expressed as a Padé series in 

frequency. The coefficient matrices of the Padé series are determined based on the high frequency 

behaviour. Numerical results demonstrate that accurate results over the whole frequency range can

be obtained at a relative small order ( 10). The dynamic stiffness at a specified frequency is 

evaluated directly. The Padé series solution can be extended to construct a temporally local

boundary condition for time domain analysis.

A rigid hemispherical footing (Fig. 1a) is addressed as a numerical example. It has a radius of the 

 and is embedded in a half-space with shear modulus , Poisson's ratio 0r G 3.0  and mass

density . The boundary is discretized with 300 9-node surface elements with 1241 nodes. A 

reduced set of 84 base functions is constructed. The vertical dynamic stiffness coefficient obtained 

with an order  Padé series is plotted in Fig. 1b as a function of the dimensionless frequency 6M

ra0 sc/0  ( /Gc ). It agrees very well with the converged axisymmetric solution. The 

computational time is recorded on a laptop computer with a Pentium M 2GHz CPU and 1GB of 

RAM. The total time to obtain the continued fraction is 32s including 28s for the partial Schur

decomposition and 0.2s for the coefficient matrices of the Padé series. This example demonstrates

that the scaled boundary finite-element method can be applied to solve large-scale problems. It is 

worth mentioning that the computational effort remains the same for waves propagating in 

anisotropic materials.
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Figure 1: Rigid hemispherical footing embedded in half-space 
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Performance analysis of parallel Krylov methods for solving

boundary integral equations in electromagnetism

B. Carpentieri∗

The simulation of high-frequency scattering of electrically large objects is very demanding
in terms of computer resources and requires the use of fast numerical methods with reduced
computational and memory complexity. The underlying physical issue is the detection of the
electromagnetic radiation that is scattered back by an object that is illuminated by an in-going
incident radiation. Two distinct approaches can be followed for the numerical solution, one based
on differential equation methods, the other on integral methods. Using the equivalence principle,
Maxwell’s equations can be recast in the form of a set of integral equations which relate the
electric and magnetic fields to the equivalent electric and magnetic currents on the surface of
the object. For homogeneous or layered homogeneous dielectric bodies, the Galerkin method
discretizes integral equations on the surface of the object and at the discontinuous interfaces
between two different materials. The discretization gives rise to dense and complex linear systems
of equations whose unknowns are associated with the vectorial flux across an edge in the mesh. The
number of unknowns increases proportionately to the dimension of the object and quadratically
with the frequency of the problem. The right-hand side depends on the frequency and on the
direction of the illuminating wave.

With the advent of high-performance parallel computers, boundary integral methods have
received an increasing interest for the solution of high-frequency electromagnetic scattering
problems. Although efficient out-of-core direct solvers have been developed for this problem class,
the huge storage requirement is often a severe limit to the viability of integral equation methods
for solving realistic applications in electromagnetism. In this work, we present experiments with
iterative solution strategies based on Krylov methods and combined with the Fast Multipole
Method (FMM) for the matrix-vector products. The FMM algorithm, introduced by Greengard
and Rokhlin in the 80’s, enables us to perform approximate matrix-vector products with boundary
integral operators in O(n log n) arithmetic operations and O(n log n) memory storage. In the
numerical experiments, we consider the parallel multilevel implementation of the FMM developed
by Guillaume Sylvand (EADS-CCR Toulouse, see [1]).

Amongst integral formulations, we concentrate on the Electric Field Integral Equation (EFIE)
that is widely used in realistic simulations in industrial environment because it is applicable
to arbitrary geometries. The condition number of the coefficient matrices arising from the
discretization of the EFIE formulation can grow like p1/2, where p denotes the size of the scatterer
in terms of the wavelength, and linearly with the number of points per wavelength. For a correct
representation of the oscillation of the field and the singularities of the scatterer, the edge length
has to be of the order of λ/10, where λ denotes the wavelength of the physical problem. As a
result, Krylov methods scale as O(n0.5) and preconditioning is a crucial component of the iterative
process. The design of robust preconditioners can be a tough problem. Basic preconditioners like
diagonal scaling, diagonal blocks, or a band can be effective when the coefficient matrix has
some degree of diagonal dominance but are unreliable at high frequencies when the coefficient
matrices become poorly diagonally dominant. Incomplete factorizations have been successfully
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used on nonsymmetric integral equations and hybrid formulations, but on the EFIE the triangular
factors computed by the factorization are often very ill-conditioned and the preconditioner is
useless. In this work we analyse the performance of parallel iterative solution schemes based
on an approximate inverse preconditioner. The approximate inverse is computed as the matrix
M that minimizes the Frobenius-norm of the error matrix ‖I − ÃM‖F (we denote Ã a sparse
approximation of the coefficient matrix), subject to certain sparsity constraints. The pattern
of M and Ã is computed in advance using graph information from the mesh, by selecting for
the jth column of the approximate inverse edge j and its qth level nearest-neighbors. Both the
construction and the application of M are embarrassingly parallel.

We present results with an embedded iterative solution scheme based on the GMRES method
and implemented using different levels of accuracy for the matrix-vector products in the inner
and outer loop. We report on experiments on test problems arising from realistic electromagnetic
simulations in industry to illustrate the potential of the proposed method for solving large-scale
applications in electromagnetism. More extensive results and algorithmic details are found in
[2, 3]. Most of the reported experiments require a huge amount of computation and storage;
such simulations are feasible thanks to the use of iterative methods and can be integrated in
the design processes where nowadays the bottleneck moves from the simulation to the pre and
post-processing phase of the results as the tools are not yet available to easily manipulate meshes
with millions of degrees of freedom.

This is a joint collaboration between CERFACS (Toulouse), EADS-CCR (Toulouse), INRIA-
CERMICS (Sophia Antipolis).
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Introduction 

A classical problem in engineering design consists in finding the optimum geometric configuration of a body 

that maximizes or minimizes a given cost function while it satisfies the problem boundary conditions. The 

most general approach to tackle these problems is by means of topological optimization tools, which allow 

not only to change the shape of the body but its topology via the creation of internal holes. Topological 

optimization tools are capable of deliver optimal designs with an “a priori” poor information on the optimal 

shape of the body. 

Homogenization methods are possibly the most used approach for topology optimization [1], but they 

present the limitation of producing designs with infinitesimal pores that make the structure not 

manufacturable. An alternative approach aiming to solve the aforementioned limitation of homogenization 

methods is the Topological Derivative (DT) method [2]. The basic idea behind the DT is the evaluation of 

cost function sensitivity to the creation of a hole. Wherever this sensitivity is low enough (or high enough 

depending on the nature of the problem) the material can be progressively eliminated.  

Problem Formulation 

A numerical approach for the topological optimization of 2D potential problems using Boundary Elements is 

presented in this work. The formulation of the problem is based on some recent results by Novotny et al. [2] 

which allow computing the topological derivative using potential and flux results. The Boundary Element 

analysis is done using a standard direct formulation. Models are discretized using linear elements and a 

periodic distribution of internal points over the domain. The total potential energy is selected as cost 

function. Afterwards, material is removed from the model by deleting the internal points and boundary nodes 

with the lowest (or highest) values of the topological derivate. The new geometry is remeshed using an 

Extended Delaunay Tessellation algorithm [3] capable of detecting “holes” at those positions where internal 

points and nodes have been removed. The procedure is repeated until a given stopping criteria is satisfied.  

Results and Conclusions 

The proposed strategy proved to be flexible and robust. A number of examples are solved and results are 

compared to those available in the literature. 

A typical example is illustrated next. It consists in a heat exchanger with prescribed temperature in the top 

and piecewise periodic flux prescribed in the bottom. The objective of the optimization is to open cooling 

holes with prescribed Robin boundary conditions in order to minimize the temperature in the device (see 

Figure 1). Figure 2 depicts the initial and final temperature maps, while Figure 3 shows the evolution of the 

maximum temperature during the optimization process. 
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Figure 1: problem geometry and boundary conditions 

Figure 2: (a) Initial and (b) optimized temperature maps. 

Figure 3: Evolution of the maximum temperature value. 
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Abstract. An alternative single domain boundary element formulation and its numerical implementation are 

presented for the analysis of two-dimensional cracked bodies. The problem is formulated employing the 

classical displacement boundary integral representation and a novel integral equation based on the stress or 

Airy’s function. This integral equation written on the crack provides the relations needed to determine the 

problem solution in the framework of linear elastic fracture mechanics. Results are presented for typical 

problems in terms of stress intensity factors and they show the accuracy and efficiency of the approach. 

The Boundary Element Method for Fracture Mechanics 

The Somigliana identity is the fundamental relation giving the boundary integral representation of the elastic 

response in the elastic domain  having contour . Indeed it links the displacements at the point  to the 

displacements u and tractions p on the boundary through a fictitious elastic system due to a concentrated 

body force acting at the point . Denoting by 

0P

0P ju and jp the displacements and tractions of the fictitious 

system, respectively, The Somigliana identity is written [3, 4]

0

T T T

j j jP du u p p u u f d  (1) 

where f are the body forces applied in the domain. The eq (1) is the boundary integral representation of the 

displacement field inside the continuum . If the point  belongs to the boundary , by a suitable limit 

procedure [
0P

3], one obtains the boundary integral equation which, taking the prescribed boundary conditions 

into account, allows the solution of the elastic problem in terms of displacements and tractions on the 

boundary [3, 4]. One has 

0

T T T

j j jP dcu u p p u u f d  (2) 

where the coefficient matrix c is given by 

T

j dc p  (3) 

The eq (2) is the basis for the numerical solution of the problem by the Boundary Element Method; 

However, in the framework of Fracture Mechanics when cracks are located in the domain, the eq (2) needs to 

be revised by taking the unknowns relative displacements along the cracks into account; the eq (2) becomes 

[5, 6, 12]

0
f

T T T T

j j j jP d dcu u p p u p u u f d  (4) 

where f  is the boundary representative of the crack and u  are the relative displacements along it. It 

straight away appears that eq (4) in its numerical application originates a system with more unknowns than 

equations. To overcome this drawback many approaches have been proposed among which there are the 

Green’s function, the multidomain method and the Dual Boundary Element Method (DBEM) [6]. The 

Green’s function method even is very accurate is limited to very simple problems [12], whereas the other 

two approaches are general and therefore they are the most employed. The multidomain method requires a 

partition of the investigated domain into suitable subregions so that each face of the cracks belongs to the 

boundary of distinct subregions. Restoring the continuity conditions between the considered subregions the 

number of integral equations written is equal to the number of unknowns and the problem can be modelled 
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without limitations [8, 9]. Nevertheless the resolving system arising from the multidomain approach has 

higher order than that strictly needed to solve the problem with the consequent higher computational effort 

required. On the other hand the Dual Boundary Element Method (DBEM) does not require any partition of 

the investigated domain [10]; it recovers the further equations for the problem solution by expressing the 

tractions acting on the crack faces by means of the relative boundary integral representations. The main 

difficulty of this single domain approach is due to the hypersingular kernels occurring in the traction integral 

equation which need particular care in their numerical integration [11].  

Stress function approach 

For an homogeneous, isotropic two-dimensional body the stress field can be derived from a single function, 

the so-called stress function or Airy function ,x y , so that the equilibrium equations are trivially 

fulfilled; in the absence of body forces one has [13]

T

xx yy xy C  (5) 

where

2 2 2

2 2

T

y x x y
C  (6) 

Besides, the compatibility conditions requires that the stress function  satisfies the following governing 

equation

1 0TC E C  (7) 

where E denotes the elasticity matrix. From eq (7) one deduces that the stress function  is biharmonic. 

Once the stress function is introduced the displacement field can be expressed by  

1

2G
u v S  (8) 

where
T

x yS  is the gradient operator; G is the shear modulus and v is a vector, whose 

components and  are conjugate harmonic functions. The boundary tractions p are expressed by the 

following relationship
1v 2v

s
p HS  (9) 

where s  indicates the tangent derivative, whereas the matrix H is defined by 

0 1

1 0
H  (10) 

In terms of stress function the integral equation (4) becomes 

0 0

1

2 f

T T T

j j jP P d
G

c v cS u p p u p u d  (11) 

Given that the components of v are harmonic functions, applying the Green theorem one has 

0P
n n

d
v

c v v  (12) 

where

0ln ,r P P  (13) 

and  is the distance between the domain point P and the point 0,r P P 0P . Remembering that and  are 

conjugate and taking eq 

1v 2v

(8) into account, eq (12) becomes 
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* *

0

1

2
P d

G n
c v u p p u S d  (14) 

where

*
01

02G
u  (15) 

* n s

s n

p  (16) 

Finally, by using eq (14), the integral equation (11) is written as 

0

* * *

1

2

1

2

f

f

T T T

j j jP d d
G

d d
G n

cS p u u p p u

u p p u p u S d

 (17) 

Recalling that the components of the resultant of the tractions applied between the point  and a generic 

point  are defined as 

0P

AP

0

AP

P
dR p  (18) 

by integration of the eq (9) one obtains 

1S H R k  (19) 

where k is a vector whose components are arbitrary constants. For a point  belonging to the crack line the 

integral equation 
0P

(17) becomes 

1
* * *

1

2

f

f

T T T

j j jd d
G

d d
G n

d

ck p u u p p u

H
u p p u p u R

 (20) 

This equation allows the problem solution through the boundary element method. After the discretization by 

boundary elements of the boundaries  and f  [5], one obtains the resolving system by collocating the Eq. 

(4) at the nodes on the boundary  and the Eq. (20) at the points belonging to f . Once the displacements u

and the tractions p on the boundary  and the relative displacements u  along f  are determined, the 

Fracture Mechanics parameters, specifically the stress intensity factor, can be calculated by standard 

procedures [5, 8, 14]. 

Applications

To validate the proposed approach and prove its efficacy and potentiality some numerical results are 

presented for classical Fracture Mechanics problems. The first application deals with the computation of the 

stress intensity factors for a crack of length 2a embedded in an infinite domain. The results for horizontal and 

45° inclined crack are shown in Table 1 where the comparison with the analytical solution is also presented. 

This comparison clearly shows the accuracy of the proposed approach to compute the stress intensity factor. 

In the second example a rectangular panel having 2h w  with a central crack inclined of 45° is analysed. 

The results obtained in terms of stress intensity factor for different crack length are given in Tables 2 and 3. 

Again the comparison of the present results with those found in the literature shows the accuracy and 

efficiency of the proposed method. Finally a finite rectangular plate 0.5h w  with an edge crack of length a

has been analyzed. The calculated stress intensity factors are given in Table 4. Once again the comparison 
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between the present results and those found in the literature confirms the soundness of the method for both 

its accuracy and efficiency. 

Stress Intensity Factor (SIF) 

SIF Present Analytic 

yy

I yyK a 1.00 1.00

yy

I yyK a

II yyK a

0.50

0.50

0.50

0.50

Table 1. SIFs for horizontal and 45° inclined crack in an infinite domain 

a w Present Ref. [5] Ref. [15]

0.2 0.51 0.53 0.52

0.3 0.52 0.55 0.54

0.4 0.56 0.59 0.57

0.5 0.60 0.63 0.61

0.6 0.65 0.69 0.66

Table 2. I yyK a  for a 45° central crack in a finite rectangular plate with 2h w

a w Present Ref. [5] Ref. [15]

0.2 0.49 0.52 0.51

0.3 0.50 0.53 0.52

0.4 0.52 0.54 0.53

0.5 0.54 0.56 0.55

0.6 0.56 0.58 0.57

Table 3. II yyK a  for a 45° central crack in a finite rectangular plate with 2h w
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a w Present Ref. [5] Ref. [15]

0.2 1.48 1.57 1.49

0.3 1.86 1.96 1.85

0.4 2.34 2.23 2.32

0.5 3.04 3.27 3.01

Table 4. I yyK a  for finite rectangular plate having 0.5h w  with edge crack. 

Conclusions

A single domain boundary element method for two dimensional elastic solids has been presented with the 

aim of overcoming the computational drawbacks of classical BEM approaches for fracture mechanics. The 

method rests on the use of additional integral equations deduced in terms of stress function which collocated 

on the crack provide the relations needed to determine the solution. These integral equations do not involve 

hypersingular integrals with the resulting simplification in numerical implementation. The numerical results 

obtained show the accuracy, efficiency and usefulness of the proposed approach to determine the 

characteristic parameters of fracture mechanics 
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Abstract. The work represents a new approach that is designed to automatically reconstruct the boundary

biological objects and simultaneously remove the noise from the image data. This is achieved through an

integrated approach that allows a global reconstruction of the object with built-in filtering technique based on

Fourier analysis.

Introduction. Unlike traditional engineering applications biological analysis need to use input data that is

contaminated with noise due to physical phenomena such as light refraction, error due to insufficient 

accuracy i.e. low resolution and more frequently with biased error introduced by the image processing

software. As shown in earlier works [1,2] theta functions and the related elliptic functions possess properties

that render them appropriate for use in reconstruction of biological functions. However, the more 

traditionally established applications [3,4] allowed to further enhancement of the method

Integrated geometric reconstruction and data filtering. Traditionally noisy data have been used using

some types of piece-wise reconstruction based on some  approximation criteria. The main reason for

avoiding data interpolation the is the introduction of noise due to errors in measurements.  Furthermore the

Figure 1 Error distribution as % with respect to the elliptical parameter t.
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modern systems and devices tend to use built-in data processing routines that add systematic error.

As a standard filtering procedures are devised to remove “white noise” from the data. However, as 

illustrated in fig. 1, this is seldom if ever the case. In general there are broadly two types of strategies known

as time and frequency domain filters. Each of them has its shortcomings that could be summarised that either

geometric accuracy is sacrificed in order to select a cut-off frequency in the case of frequency domain or in

order to improve the approximation artificial high frequency noise is introduced.

Figure 2 Pseudo-ellipse and the approximation f the noisy data.

The importance of the earlier developed method based on theta functions lies in the fact that they could 

be used for geometric reconstruction of pseudo-rotational bodies of random shape including irregular bodies

with holes in the structure [1, 2, 5]. Theta functions or more accurately elliptic functions allow to use a

hybrid approach that allows to control both the geometric accuracy and the number of harmonics (equivalent

to frequency domain analysis) without setting a cut-off frequency. It further allows the use of global

characteristics such as curvature to be introduced in the approximation criteria. 

Fig.2 illustrates a reconstruction of cell image from “noisy” digital data. As can be seen the data are quite

close to the proposed approximation but this lead to unwarranted increase in the number of “harmonics”

which is not adequate with the characteristics of the structure. The best fit was achieved with the use of three

harmonics only. However the actual geometric configuration was analysed including important issue like

inclusion of clusters versus solitary points. The method is automatic and this is important if one considers

that biology related applications require analysis of objects with a degree of variation in both initial shape 

and responses that is not the case in traditional engineering applications. 
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Extended Abstract.

We consider an approach to the numerical solution of the diffusion problem in which the ‘space variation' is

developed using a boundary element approach and the ‘time development' is obtained in a hybrid Laplace

transform/finite difference manner. The motivation for this study is the proposal of a time domain-

decomposition procedure which has the potential for exploitation in a parallel computing environment.

Such procedures have been considered before in a purely finite difference context in terms of the so-called 

parareal algorithm and this proposed approach is as follows: Decompose the time integration into coarse-

grained time slabs and find the solution at the start of each time slab.  Now use this coarse solution as an 

initial-value for a fine-grained solution over each slab.  The fine-grained solution can then be used to

recalculate the coarse solution and the process repeated.  The coarse solution is sequential whereas the fine-

grained solutions can be developed in parallel.  There is also a potential data-distribution difficulty in the

updating of the coarse solution as initial-values for the fine-grained solutions.  This difficulty would be

overcome if the coarse solution could also be developed in parallel. 

A numerical Laplace transform approach using Stehfest's method provides just such an approach 

since the solution at any specific time can be obtained independently of those at any other times.The space

solution at each time value could be obtained by any suitable solver.  The most commonly used approach is

that using finite differences.  In our approach we shall use a boundary element technique in space 

incorporating the dual reciprocity method.  This has been used extensively by the authors in both Laplace 

transform and finite difference time-decompositions.

We take as our test problem

2 1
, , in

u
u h x y t

t
subject to suitable boundary and initial conditions.

We seek the solution  for , ,u x y t ,x y and 0 t T .

The coarse-grained approach is obtained by taking the Laplace transform of the initial boundary-

value problem to obtain 

2

0

1
inu u u h

subject to the transformed boundary conditions. 

This non-homogeneous equation my be written in the form

( )2 , , ;u b x y u=

and the corresponding boundary integral equation is 

* * *i i i i ic u q u d u q d b u d+ + = 0

with a similar form for the value of iu  at internal points.

In these forms we can apply the dual reciprocity approach in which we expand the domain term in 

the form
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( )
1

M

i j j

j

b f
=

= iR

where ( ){ }jf R  is a set of linearly independent basis functions. 

With this expansion we can approximate the boundary integral equation by the system of equations 

HU GQ Sb U

where U  and Q  include N values on the boundary and L internal values.

The Stehfest method then yields the inverse transforms as follows: 

1 1

ln 2 ln 2
and

m m
I

r j rj r j rj

j j

U w U U w U

N Lwhere  for boundary points and1, ,r 1, ,r  for internal points. 

If we define the time slabs as

0 1 1 2 10 , , , p pt t t T

then the fine-grained approach is applied in each time slab 1 0,1, , 1i it i p  and we could use 

any suitable finite difference time integration scheme.  We use the Euler method to illustrate the process 

and set up the time-marching scheme
1 1k k k

HU GQ Sb U

and the solution of this system of linear equations yields the solutions at the times .kt

We illustrate the method with two examples, one linear and one nonlinear.  We use the linear form 

( ) 1f R = +R  in the dual reciprocity domain function approximation.  In both cases we see that the coarse-

grained solution ‘pulls back’ the fine-grained solution tracking the analytic solutions to within a satisfactory 

approximation.

We show that the hybrid Laplace transform/finite difference method provides a suitable approach to 

the solution of diffusion problems.

In this investigation we consider the approach in a sequential manner.  The process is, however, 

inherently parallel; the fine-grained solutions could all be obtained independently.  Also, there would be no

inter-processor communication and the implementation would have an excellent load balance since each

processor performs exactly the same program on the same amount of data. 

It is important to notice that in a parallel environment we can afford to do as much work in each

time slab as would be needed in a global solution with the same finite difference approach to yield a

solution at least as accurate as that produced by the coarse-grained, Laplace transform, solution. 
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1 Abstract

We establish a relation between the logarithmic capacity of a two-dimensional domain and the
solvability of the boundary integral equation for the Laplace problem on that domain. It is proved
that when the called logarithmic capacity is equal to one the boundary integral equation does not
have a unique solution. A similar result is derived for the linear algebraic systems that appear in
the boundary element method. As these systems are based on the boundary integral equation, no
unique solution exists when the logarithmic capacity is equal to one. Hence the system matrix is
ill-conditioned. We give several examples to illustrate this and investigate the analogies between
the Laplace problem with Dirichlet and mixed boundary conditions.

2 Introduction

Boundary integral equations (BIE) form the basis for the boundary element method (BEM), which
turns the BIE into a linear system of algebraic equations. The succes of the solution process of
the linear system depends to a large extent on the condition number of the corresponding system
matrix. Therefore it is important to have an a priori estimate for the magnitude of the condition
number. To retrieve information about this condition number we have to resort to information
resulting from the boundary integral formulation. If the BIE does not have a unique solution
also the system of equations in the BEM does not have a unique solution, and the corresponding
system matrix is ill-conditioned.

For the uniqueness of the solution of the BIE arising from a Laplace equation some interesting
results can be found in literature. In [1], [2] and [3] it is observed that the BIE for the Laplace
equation with Dirichlet boundary conditions does not have a unique solution if the scaling of the
domain is inappropriate. This introduces an extraordinary phenomenon: the scaling of a domain
affects the uniqueness properties of the solution of the BIE. Consider the BIE on a unit square
domain, for instance, and rescale the domain to an arbitrary size. For almost all scalings the
problem will have a unique solution, but there is one particular scaling for which this is not true.
An intriguing question is whether we can know this scaling beforehand.

The remedy is to choose a scaling such that a unique solution does exist. It turns out that
this is achieved when the Euclidean diameter of the domain is smaller than one. The authors
in [4] give an explanation for this, using the concept of logarithmic capacity. They prove that if
the logarithmic capacity of a domain is equal to one, then the boundary integral operator is not
positive definite, and consequently no unique solution exists. It is shown that this logarithmic
capacity is strongly related to the Euclidean diameter, see [5] and [6]. Unfortunately, for very few

1



domains the logarithmic capacity can be calculated explicitly. However, upper and lower bounds
exist [7], [8] and also numerically computed estimates can be found [9].

As of yet, the Laplace problem with mixed boundary conditions received little attention .
In [10] and [11] it is stated that this problem may not be uniquely solvable if the logarithmic
capacity is equal to one, but this statement is not clarified any further. Therefore the topic of this
paper is existence of a unique solution of the BIE for the Laplace equation with mixed boundary
conditions in relation with the logarithmic capacity. We are aware of several formulations of
the boundary integral equations. In this paper we choose for the direct symmetric collocation
formulation. The direct formulation involves functions that can be easily related to physical
quantities, whereas the indirect formulation uses auxiliary functions that have no physical meaning.
The symmetric formulation, involving the single and double layer potentials, is more commonly
used than the asymmetric formulation, which incorporates the hypersingular operator. Moreover,
the asymmetric formulation yields matrices whose condition numbers are insensible to rescaling
the domain. We prefer the collocation method above the Galerkin method. Again the collocation
method is more commonly used and it does not require a second integration step like Galerkin
method does.
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Abstract. The Fourier-BEM generalizes the standard BEM approach such that it can be applied to all cases of 

linear partial differential operators as long as the coefficients of these operators are constant. The knowledge of a 

fundamental solution is crucial to solve engineering problems with boundary element methods (BEM). Although 

available for a large number of cases relevant in engineering, there is still a need to find fundamental solutions 

which can be used in BEM; e.g. in the case of general anisotropic elastic media in three dimensions, a 

fundamental solution is still not known analytically. 

Some approaches have been developed where the fundamental solution was derived in the Fourier space 

(transform with respect to spatial and temporal coordinates). If the differential operator is linear and has constant 

coefficients, its transformed form can be easily inverted, which leads directly to the Fourier transform of the 

fundamental solution. Unfortunately, the inverse transform can often not be obtained analytically. Numerical 

approaches have been developed; but they introduce additional numerical errors. The exact behavior of the 

fundamental solution around its singularities should be well represented; thus the numerical effort is rather high. 

The numerical values are normally evaluated before the BEM computation and stored in tables. An interpolation 

between these values during BEM computation is adding additional numerical errors to the overall approximation. 

It is therefore attractive to develop an approach, where these numerical drawbacks can be avoided. This is offered 

by the Fourier-BEM recently developed and first presented in Duddeck [3].  

The principal idea is to avoid the inverse Fourier transform of the fundamental solution and to work directly with 

the Fourier transformed fundamental solution. Via Parseval’s theorem, which states the equivalence of energy 

terms (or scalar products) in both, the original space and in the Fourier space, alternative boundary integral 

equations (BIE) can be established in the Fourier transformed domain. They lead to matrices identical to those 

obtained via the standard BIE. This approach can be applied to all cases as long as the differential operator is 

linear and has constant coefficients. Thus, the Fourier transformed boundary element method (or Fourier-BEM) 

generalizes the standard BEM. 

For the Fourier BEM, every term should be established in the Fourier domain. Because a Galerkin approach leads 

to symmetric matrices and does not require a second integration in the Fourier BEM, this approach was preferred 

to the conventional collocation BEM. The trial and the test functions can be easily transformed to the Fourier 

domain as long as they are defined on straight elements. Otherwise a numerical approach can be selected.  

In this paper, the method is summarized and then applied to isotropic and anisotropic plate problems according to 

Kirchhoff's theory (thin plates) with and without Winkler foundations. The differential operator is of fourth order 

leading in a Galerkin approach to highly singular integral equations. Although these singularities are quite 

complex, it can be shown easily that all strong and hyper singular terms are vanishing in both, the original and the 

Fourier transformed domain. In the small example, all integrals were solved analytically, thus – in contrast to 

other publications - no numerical errors, i.e. artificial oscillations, are occurring here at the edges of a rectangular 

plate. As an example, a clamped square plate is regarded subjected to a uniform load. The total system of Galerkin 

boundary integral equations were solved leading to the results depicted in the figure below. 
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Abstract. Three dimensional magneto-mechanical problems at low frequency are addressed by
means of a coupled fast Boundary Element - Finite Element approach with total scalar potential
and focusing especially on the issue of global force calculation on movable ferromagnetic parts. The
differentiation of coenergy in this framework and the use of Maxwell tensor are critically discussed
and the intrinsic links are put in evidence. Three examples of academic and industrial applications
are employed for validation.

Introduction

Several industrial relays working at low frequency display non-linear material behaviour of fixed and
movable ferromagnetic parts embedded in the linear air domain. These features naturally call for the
application of coupled BEM-FEM approaches which have been discussed in several contributions (e.g.
[2, 4]) and take advantage of the versatility of the FEM to model material non-linearities and of the
ability of integral approaches to account for infinite domains and movable structures. As often occurs
in magnetostatics, the total scalar potential approach is privileged, since it is generally more robust
than alternative edge element formulations [2] and avoids cancellation errors which are intrinsic in the
perturbation scalar potential approach.
One of the main goals of numerical analyses is the evaluation of forces and moments which govern the
mechanical response of the relay. Generally, the methods for force calculation in low frequency devices
are based on one of two approaches (see e.g. [3, 6, 7, 8, 9]): the Maxwell stress tensor (MST) and the
differentiation of the coenergy functional (DCF), or virtual work principle. These two approaches are
usually derived from somewhat different starting points, even if in [6, 7] their strong connection has
been put in evidence employing concepts of material differentiations. This common link is here re-
established in the case of a general non linear material surrounded by air in the context of the coupled
BEM-FEM approach. In the MST the force is computed by integrating over a surface enclosing the
volume of interest provided it does not intersect other regions with surface or volume currents. Clearly,
the quality of the solution strongly depends on the choice of the surface. Virtual work, on the other
hand, computes the force on a body by evaluating the variation of the co-energy of the system either
by sensitivity analysis, or by imposing a small physical displacement and using finite differences.

Formulation

Let us assume that the variation of currents inside the conductor is slow enough to neglect dynamic
effects and justify the adoption of a magnetostatic formulation.
Let ΩF denote the ferromagnetic domains, ΩA the infinite “air” domain surrounding ΩF and Γ the
interface between ΩF and ΩA, endowed with the unit normal n pointing from ΩF to ΩA.
The field variables are assumed to satisfy the isotropic nonlinear constitutive relations:

BF = µr(x, |H|)µ0HF in ΩF , BA = µ0HA in ΩA (1)

where H is the magnetic field intensity and B the magnetic flux density. Also, the current density j
is assumed to vanish in ΩF while currents in ΩA are treated as input data. Using the scalar potential
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approach with φ total scalar magnetic potential, a Finite Element discretization is envisaged for ΩF

based on the variational equation:
∫

ΩF

∇φ̃(x)µr(x, |∇φ|)∇φ(x)dV =
∫

Γ
φ̃(x)Bn(x)dS, ∀φ̃ ∈ H1(ΩF ) (2)

where Bn = B·n, while collocation BE are employed for ΩA in view of its linear constitutive behaviour.
The third Green identity written for a source point y lying on Γ reads:

kφp(y) =
∫

Γ

{−G(y,x)Bn(x) + [∇G(y,x) · n(x)] φp(x)
}
dS (3)

where kernel G(y,x) is the potential theory Kelvin kernel. Since the perturbation potential φp = φ−φa,
where φa is the analytic potential which can be computed starting from given currents, eqns. (2) and
(3) are expressed in terms of the unknown fields Bn and φ. For the numerical solution of the above
system, ΩF is discretized with four-node tetrahedra and the set of their facets lying on Γ represents
the triangulation employed for the discretization of the BEM equation (3). The total potential φ is
chosen in the space of continuous piece-wise linear functions as well as φ̃, since a Galerkin approach
is adopted for the FEM equations. The normal flux Bn is modeled as piecewise constant (constant
over each BEM). Equation (3) is then collocated at the center of every triangular facet. Alternative
elegant variational approaches have been proposed in the literature, but collocation is adopted here
in order to privilege the crucial computing speed. The solution of the linear system is performed via
an iterative GMRES solver and the matrix vector product required at each iteration is accelerated via
fast multipole techniques.
In industrial applications one of the main objectives of the analysis is the computation of forces and
moments acting on the movable ferromagnetic part ΩFM which can be often treated as rigid. This
poses severe difficulties especially when the gap between ΩFM and the other fixed ferromagnetic parts
ΩFF is much smaller than the typical problem dimension. One of the key advantages of a coupled
BEM-FEM approach is that ΩFM can be freely moved without having to modify the mesh or deform
it, hence it is the ideal tool for the problem at hand.
In the literature on Finite Elements several techniques are proposed resorting either to the concept of
Maxwell tensor or to the differentiation of the coenergy functional. These techniques are here revisited
to discuss their applicability in the present context.
Let us consider the infinite domain containing the structure of interest in which the movable part
ΩFM undergoes a given rigid body movement. We continuously extend the movement to the sur-
rounding air by means of the mapping y = Φ(x, t), with initial condition x = Φ(x, 0), which defines
a domain transformation as a function of a parameter t (fictitious time) and initial position x. The
transformation Φ(x, t) induces the velocity θ(y, t) = Φ,t(x, t) which, in ΩFM , will necessarily have
the rigid-body form θ(y, t) = d(t)+ω(t)∧ (y−x0), where d(t) represents the velocity of x0, ω(t) the
angular velocity associated to the rigid body movement and x0 is a fixed arbitrary point. The instant
power of magnetic forces will then have the simple expression:

P (t) = F(t) · d(t) + C(x0, t) · ω(t) (4)

where F(t) and C(x0, t) are the resultant force and resultant moment with respect to x0, respectively,
of forces acting on ΩFM . Let us now focus the attention on the coenergy functional. It is well known
that the instant power P (t) associated to the rigid body movement of ΩFM is the material derivative
�
Ψ (see e.g. [3, 6, 7]) of Ψ when the material derivatives

�
φ of φ in the ferromagnetic parts and

�
φp of φp

in air vanish. Using the formulas of material derivatives one obtains

Ψ =
∫

Ω∞

∫ H

0
BdHdV → P (t) =

∫
Ω∞

B
�
HdV +

∫
Ω∞

(∫ H

0
BdH

)
∇·θ dV (5)

The combined use of eqns. (4) and (5) with suitable choices of d and ω yields the desired values of
F(t) and C(x0, t). This formula leads to the classical Maxwell tensor expression of forces and couples
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Mesh Mx MxS FD1 FD2
M1 332.7 332.4 342.87 343.02
M2 358.9 354.5 359.4 359.5
M3 370.9 362.8 365.6 365.7
M4 372.0 370.18 370.99 371.12

exact 372.88

Table 1: Comparison of forces [N] on hollow sphere with different techniques

and also serves as a a basis for many FEM implementations. The approach of interest herein consists
in evaluating the derivative of the coenergy functional using finite differences. This technique has
been proposed several times in the literature in the context of FEM approaches, but discarded in
view of possible cancellation errors, of the difficulty intrinsic in the evaluation of the coenergy of the
infinite domain and of the need of multiple analyses. All these obstacles seem to play a minor role
with the present BEM-FEM approach and finite differences turn out to be very competitive both in
terms of accuracy, as shown in the numerical examples, and in terms of efficiency. Indeed, coenergy is
a global measure and suffers marginally from the presence of local narrow gaps; moreover the analysis
of industrial components is often required for a series of positions of ΩFM , so that finite differences
can be computed at almost zero cost. Even if a single geometric configuration is needed, the second
phase, which is necessary for computing the finite difference, can be performed employing the relative
permeability ηr obtained at convergence and the global cost hence gets only marginally incremented.
Let us consider the coenergy of the infinite domain. It can be shown that, if Ψa∞ is the coenergy in
the infinite domain if µr = 1 in ΩF ,

Ψ =
∫

ΩF

(∫ H

0
BdH − µ0

2
|Ha|2

)
dV +

1
2

∫
Γ
(φ − φa)(Bn + Ba

n)dS + Ψa
∞ (6)

Clearly, when computing finite differences, Ψa∞ cancels out since the current is assumed to be inde-
pendent of ΩFM movements.

Levitating sphere. Let us consider the classical benchmark of a hollow sphere with center point in
(0, 0, 0), outer radius 50 mm, inner radius 35 mm, µr = 500, immersed in the magnetic field created by
a circular coil of radius 70 mm and lying in a plane x3 = 30 mm with given input current I = 20000A.
Four meshes (M1 with 1186 FE elements and 384 BE elements; M2 with 2813 FE elements and 864
BE elements; M3 with 6276 FE elements and 1536 BE elements; M4 with 29098 FE elements and
4707 BE elements) and four different techniques are employed for evaluating the global vertical force:
Mx employs Maxwell tensor on a bounding surface SM ; MxS still applies Maxwell tensor but on the
skin ∂ΩFM . FD1 and FD2, on the contrary, are finite differences techniques using a vertical fictitious
displacement of 0.001 mm 0.0001 mm respectively. A good convergence towards the exact value is
observed, even with the first three very coarse meshes. The high accuracy of the MxS technique on
the third and fourth meshes, however, has been obtained with an “optimal” surface SM placed at
a distance from Γ of the same order of magnitude as the typical surface element size. The finite
difference technique turns out to be almost insensitive to the entity of the translation in a large range,
numerical cancellations are virtually absent with the values of translations adopted and is hence a
very robust approach.

Electromagnetic actuator. A second academic example is addressed in order to test the efficiency
of the proposed approach in the presence of narrow gaps. It consists of an inner cylindrical core of
length 100 mm and radius 20 mm, an external hollow cylinder of length 100 mm and width 5 mm,
surrounded by a solenoidal winding simulated by 50 circular wires with a gap of 1 mm w.r.t. the
cylinder surface and carrying an input current of I = 2A each. The overlap between the two cylinders
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gap MxS FD Maxwell 2D
2 mm .00192 .00222 .00223
1 mm .00224 .00244 .00242
.5 mm .00212 .00251 .00253
.1 mm .00235 .00259 .00261

Table 2: Comparison of forces [N] on the inner core for different gaps between the two cylinders

is of 50 mm. The material of the cylinders is assumed linear with µr = 500. The gap between the
cylinders is decreased progressively from 2 mm to .1 mm. The results obtained are presented in Table
2 and are compared with the 2D (axysimmetric) commercial code Maxwell 2D. It is well know that
2D FEM codes can predict global forces with high precision, while this is not always the case in 3D.
The accuracy of the 3D BEM-FEM code with finite differences is excellent, even if the mesh adopted
is rather coarse (42291 FE elements and 11640 BE elements) and the gaps very thin. A displacement
of .1 mm has been employed for computing FD, but results are almost insensitive up to 1 mm. As
largely expected, the accuracy of Maxwell tensor on the skin rapidly decays even if results are still
acceptable from an engineering point of view. The Mx approach has not been tested in view of the
difficulty of creating a separate surface in the very thin gaps considered.
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Abstract The present work utilises the Boundary Element Method to obtain the solution of the

three dimensional Laplace’s equation for the analysis of the flow around a moving body (human

arm performing front crawl stroke) in an infinite domain. The study considers the effect of the

added mass and the acceleration on the hydrodynamic forces (Drag and Lift) generated by the 

interaction between the flow and the body at different geometric configurations- variable elbow

angle.

Introduction The dynamics of a structures surrounded by water requires special consideration in 

terms of induced acceleration in water and production of extra force on the structure in addition to 

the fluid dynamics drag force. This extra force can be modelled as the product of a hypothetical

mass of water and the acceleration of the structure, the added mass. Theoretically the simplest

approach for considering the flow around a structure is the potential flow idealization. The 

surrounding water is assumed to be incompressible and non-viscous which is very close to the 

actual behaviour of the fluid, and the resulting flow is assumed to be irrotational. The resulting

governing equation under these assumptions is the Laplace equation. However, it is evident that

the imposed flow assumptions are not entirely correct and solutions for real-life problems need to 

be rigorously validated. The effect of the added mass on the hydrodynamic forces during front

crawl swimming is studied in this work. Front crawl is the fastest and most effective swimming

style as the arm stroke is by far the major contributor to the forward movement of the swimmer 

and the most important part of his propulsion. Drag and Lift forces provide the majort

contribution to the propulsion and the effect of the added mass can be seen on both forces.

Swimming research has been until recently confined to steady analysis in both experimental and

theoretical studies. However, due to the limitations of the experimental methods it is very difficult

if not impossible to attribute the contribution of different factors to the propulsive force.

Analytical approach is impossible due to the complex nature of the equations. Hence numerical

approach becomes an invaluable tool in such simulations. The most prominent such approach is 

the Computational Fluid Dynamics (CFD) which is a summary name for a variety of 

computational methods. Although these methods are very powerful tools in studying flow type

and properties, they are very intensive computationally and sometimes cumbersome for 

application to practical problems. The aim of this paper is to obtain an accurate representation of 

the grand added mass matrix in order to assess its effect on the propulsion generation during the 

stroke. The Boundary Element Method has been adopted to find the solution of the Laplace’s

equation that described our potential flow problem and to calculate the added mass matrix for a

model of human arm simulating front crawl-stroke in quasi-static conditions. The hydrodynamic

forces obtained in a low-speed wind tunnel on a prosthetic human arm have been corrected with

the added mass effect and then compared with data obtained in a water pool on a similar model of

human arm. In this way we assessed the importance of a dynamic analysis for the swimming

phenomenon through the fundamental introduction of added mass and acceleration.

1
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Method Boundary Element Method was used for the added mass calculation and was applied to the 

solution of the Laplace’s equation that describing potential flow problem. The added mass is

expressed as

S

kkk dSnm     (1) 

with  that describes the linear and rotational motions, and where n6,..,1k  is the unit normal

vector on the body surface. The potential  is the solution to the Laplace’s equation 
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The computational simulation was conducted on a three dimensional model of human arm

performing front crawl stroke. The arm surface mesh contained 1024 six-nodded triangular rigid 

spherical shell elements. A single degree of freedom motion was analysed – rotation about the 

shoulder with variable speed. The kinematic variable was the angle of attack - the angle between

plane of the arm and the flow direction. The range of motion analysed was 0o - 130o (slightly more

than the normal stroke range) in increments of 10o. The analysed configurations were for elbow angle

of 180o, 160o and 135o. The derived results were compared to the experimental ones reported by 

Lauder and Dabnichki (2005). This approach allows to both assessing the effect of the added mass 

and the suitability of the BEM for use in such problems.

Conclusion This paper assessed the suitability and reliability of the Boundary Element Method to 

analyse the problem of the added mass. In our specific case we calculated the added mass matrix of a 

human arm model performing front crawl in swimming even though this method can be extended to 

any other hydrodynamic case. What that makes this technique preferable to any CFD software is the

avoided time-consuming. With the Boundary Element we analyzed a potential flow and the time we

spent to run the program and obtain the added mass matrix was nearly 15 sec against the 3 hours of

any CFD software. In this way we reached our principal aim to overcome the use of Navier-Stokes

equations by using a more simple equation as Laplace’s one, and at the same time we avoid the

introduction the time dependency that would tend to bring in an always increased error. We show the 

superiority of a quasi static approach against a dynamic in terms of its effectiveness and accuracy as

well.
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Abstract. Many governing equations of engineering and scientific problems can be expressed mathematically as 

boundary integral equations (BIE). Since analyses of such BIE are usually hard in close form, various numerical 

methods have been developed for obtaining approximate solution. Conventional boundary element methods 

(BEM) for solving BIE numerically developed since 1960s share the same drawbacks of the other element-based 

numerical methods. One of them is that meshing techniques are required for generating elements. However, 

meshing task is a time exhausting process to the complex problem domain, especially in the case of elements 

being in distortion. In addition, BEM is usually required to treat singular integral arising from the fundamental 

solutions while source point is coincided with the field point. The boundary effects and corner problem are other 

troubles of BEM. 

In the past decade, as a potential new generation of numerical method in computational mechanics, meshless 

methods have been receiving increasing attention from researchers. The manifestly characteristics of meshless 

methods are that mesh is not required, and the domain interested is discretized into a set of nodes instead of the 

collection of the elements. Furthermore, approximate solutions of the field variables are constructed based on a set 

of scattered nodes instead of on few elements. To take the advantage of the reduction of the problem dimension 

by one, the idea of meshless methods has been also used in BIE for overcoming the defect of the meshless 

methods in calculation efficiency. In most meshless methods for solving BIE, the field variables to be found are 

constructed based on moving least square (MLS) approach. Boundary node method (BNM) and meshless local 

boundary integral equation method (LBIE) are two major ones based on MLS approach. Since MLS approach 

lacks the Kronecker delta function property naturally, it is difficult to treat the boundary conditions in those 

numerical methods. In order to overcome the trouble resulted from the absence of the Kronecker delta function 

property, the other methods, such as boundary point interpolation method (BPIM), boundary radial point 

interpolation method (BRPIM), as well as boundary element-free method (BEFM) based on an improved moving 

least square method (IMLS) have been reported lately. Nevertheless, the challenge for eliminating singular 

integral and boundary effects resulted from the fundamental solution remains yet. 

This paper proposes a novel virtual boundary method (VBM) for eliminating singular integral and boundary 

effect listed previous. In this work, the idea of the superposition method is introduced for establishing governing 

equations of the system in BIE. The core of the method is that extensional boundaries corresponding to the 

continuous true boundaries in coordinates, named virtual boundaries, are defined in the same space of the true 

domain. Over each virtual boundary, an auxiliary source function, named virtual source function, is supposed to 

be imposed on continuously. The sum of the effects of the virtual source functions and true source functions 

applied to the true domain of the problem must yield to the boundary conditions prescribed on the true boundaries 

while the fundamental solutions are implemented to the whole domain. As a result, the system governing 

equations are derived easily in weak form. Following the procedure of the numerical methods, discretization 

techniques are applied to the system governing equations. For this goal, an interpolation scheme based on the 

indirect radial basis function networks (IRBFN) is used to represent the original function for its high accuracy 

either in function interpolation or in function derivatives. This node-based interpolation scheme paves the way for 

that the elements are no more needed. In effect, Kronecker delta function property of the IRBFN can be 

implemented by adjusting the weighted values of the nodes. Due to this quasi-Kronecker delta function property 

of the interpolants, boundary conditions can be imposed as conveniently as conventional BEM. hence, virtual 
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source functions can be determined by solving the discretized system governing equations. Correspondingly, any 

field variable value desired in true domain would be evaluated according the system governing equations. Apart 

from virtual boundaries should be not intersection with true boundaries, no any other limit is required to the 

virtual boundaries. Therefore, virtual boundaries can be chosen as simple as possible. Usually a circle for 2D 

problems or a sphere for 3D problems is good choice for its simple. In addition, convenient numerical integral 

format is another important consideration. Since the virtual boundaries are always kept off the true boundaries, 

singular integration is not a problem at all. Boundary effects can be manipulated by adjusting the interval between 

the virtual boundaries and true boundaries. Outward normal of the true boundaries are not required in the 

calculation process, and the value of the outward normal of the virtual boundaries is determined uniquely for their 

smoothness and continuousness. 

Several classical numerical test examples of 2D elasticity problems have been posed for verifying the 

performances of the method proposed. In the examples, all virtual boundaries are chosen as a circle whether for 

irregular shape of the problem domain or for the complex domain problems. Results show that the method has 

rather rapid convergence rate and higher accuracy even if the virtual boundaries and true boundaries are 

discretized by few nodes. Singular integration and boundary effects are avoided completely. Corner problem is 

nonexistent also. The algorithm of the method can be implemented simply. 
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Abstract: The purpose of this study is to investigate the efficiency, accuracy and rate of convergence of an

evolutionary algorithm for detecting inclusions parameterised by superellipses in non-destructive evaluation

and testing. The inverse problem investigated consists of identifying the geometry of discontinuities in a con-

ductive material from Cauchy data measurements taken on the boundary. The super-elliptical form allows the

parameteric model to characterise a variety of shapes whilst at the same time regularizing the problem by the

function specification method. The boundary element method is employed in order to solve the direct problems.

The algorithm developed by combining evolution strategies, the boundary element method and super-elliptical

parameterisation is found to be fast and efficient.

Mathematical formulation

We consider the inverse conductivity problem which requires the determination of an isotropic object D, in-

clusion or cavity, contained in a domain Ω from measured temperature, φ, and heat flux, ∂φ
∂n

, on the boundary

∂Ω. We assume that the conductivity tensor K is symmetric and positive definite, whilst the medium Ω−D is

isotropic with conductivity I . The refraction (transmission, conjugate) problem for the temperature φ is given

by

∇ · ((I + (K − I)χD)∇φ) = 0, in Ω φ = f, on ∂Ω (1)

subject to refraction conditions related to the continuity of the temperature φ and its heat flux densities where

χD is the characteristic constant function of the domain D. Assuming that K is known, the inverse conductivity

problem requires the determination of D if the heat flux ∂φ
∂n

= h is specified on ∂Ω. The inclusion detection

problem can be reformulated as an optimisation problem if for a given possible solution D for the cavity the

direct problem (1) is solved to evaluate the heat flux on the outer boundary φ′

calc = ∂φ
∂n

∣∣∣
Γ
. Then the solution

to the problem may be found by minimising the functional J(D) = ‖φ′

calc − h‖L2(Γ) where q is the measured

heat flux on the outer boundary.

Previous studies investigating the use of evolutionary algorithms for inclusions detection have only con-

sidered circular inclusions, see[1]. It is the purpose of this study to consider more a general parameterisation,

namely the super-elliptical parameterisation given by
∣∣∣∣x − x0

a

∣∣∣∣
p

+
∣∣∣∣y − y0

b

∣∣∣∣
q

= 1 (2)

Thus, the problem of indentifying the inclusion D is reduced to identifying the parameters x0, y0, a, b, p and q.

It should be noted that if p = q = 2 we obtain an ellipse while if p = q = 2 and a = b we obtain the circular

case. When p and q are increased the superellise is approaching a rectangular shape.

The Evolution Strategy with Covariance Matrix Adaptation (CMAES) see [2] is employed for optimisation

since it is efficient for problems for which derivative based methods may fail due to a rugged search landscape
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presenting multiple discontinuities, sharp bends, noise and local optima. The CMAES achieve higher rates of

convergence than other evolution strategies by employing evolution paths rather that single mutation steps in

the adaptation process. A detailed analysis of the advantages and limitations of the CMAES can be found in [2].

Numerical results

In order to test the efficiency of the algorithm proposed, we consider the domain Ω = {(x, y) | (x2+y2 < R2},

with R = 2, k = 1 with an isotropic inclusion D parameterised given by a superellipse given by eq (2). The

inclusions are also allowed to be rotated at an angle θ0 with respect to the axes of coordinates and therefore the

there are seven parameters to be identified, namely x0, y0, a, b, p, q and θ0.

The intermediate direct problems are solved using a Boundary Element Method (BEM). For the problem

of inclusion detection, the BEM is particularly suitable since the geometry of the system changes for every

possible solution tested during the optimisation process. This reduces the computational effort and eliminates

the important perturbations due to changes in the mesh.

Figure 1 presents the CMAES generated solution in comparison with the exact solution for various inclu-

sions of various sizes and locations. It should be noted that Figure 1 shows the results of several different

problems, each consisting of the detection of a single inclusion, rather than the detection of multiple inclusions

simultaneously. The numerical results have been obtained using 300 objective function evaluations and s = 5%
noise added into the input data. It can be seen that the inclusions are retrieved very accurately even if only a

small number of objective function evaluations are used.

Various other test examples have been considered and it was found that the algorithm proposed is very
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Figure 1: The numerical solution obtained by the CMAES (•) for various test examples given by (a) circular
(b) elliptical and (c) rectangular inclusions of various sizes and locations in comparison with the exact solution
( ). The five inclusions presented represent five single inclusion problems rather than one multi-inclusion
problem.

efficient in locating an unknown inclusion even if no information about the shape of the inclusion is available.

Overall, it may be concluded that the algorithm proposed is a robust, efficient and fast method for detecting the

size and location of subsurface inclusions.
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Introduction

The study of coupled heat and moisture transfer in a deformable partly saturated porous medium is an area of 

research receiving considerable current attention. One reason for this interest is that the problem is of

importance in the strategic, international issue of the safe disposal of high-level nuclear waste.

The Boundary Element Method (BEM), as the most efficient one among the numerical methods for solving

the boundary value problems governing the various physical phenomena, is going to be employed for more

complicated and coupled ones regarding the behavior and consequently the governing differential equations. 

As in this method, during formulating boundary integral equations, the applied mathematics concept of the 

Green’s functions has been employed; this type of fundamental solutions for the governing partial

differential equations should be first derived. Indeed, attempting to solve numerically the boundary value

problems for unsaturated soils using boundary elements method leads one to search for the associated

Green's functions. 

The Green’s functions for the governing partial differential equations of porous media have been presented

in a series of papers begins with the work of Cleary and have grown with a pair of papers published by Chen

as the most complete ones for saturated porous media.

For unsaturated soils the first Green’s functions have been presented by the authors for isothermal static and

quasi-static two and three-dimensional full and half-space problems. The present research is an effort for 

deriving thermo-poro-elastic full- and half-space Green’s functions for two- and three-dimensional

unsaturated media, for the first time, using a few necessary and sophisticated simplifications based on the 

previously introduced two- and three-dimensional Green’s functions for the nonlinear governing differential

equations of unsaturated soils for static and quasi-static poroelastic media by the authors and aims to extend

the results to the thermal static problems. By employing the derived Green’s functions in a proper

computational model one will be able to compose a BEM model for prediction of thermoelastostatic

behavior of unsaturated soils. 

Governing Equations 

For an unsaturated material influenced by heat effects, the governing partial differential equations consist of

four main groups: equilibrium equations, air transfer equations, fluid transfer equations and heat diffusion 

equations. The equilibrium equations consist of static equilibrium equations based on the two independent

parameters ap  and , with linear elastic behavior and stress-strain relations including heat

effects and also linear strain-displacement relations. 

wa pp

The air transfer equation consist of conservation law for air mass including the Darcy’s law for air flow in 

which air coefficient of conductivity is a function of degree of saturation and consequently a function of 

suction. Likewise, water transfer equation employs conservation law and Darcy’s law, again with the

conductivity coefficient which is a function of suction, also considers vapor diffusion phenomenon based on 

the Philip and de Vries theory. Finally, heat equation consist of heat diffusion equation included in a

conservation law applied for energy.
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Green’s Functions

For the Green’s functions of the composed mathematical model to be derived, as the first step, the nonlinear

governing differential equations should be linearized. This process should be performed so that the key

features of the nonlinearity to be reserved. 

For deriving the Green’s functions of a linear system of partial differential equations, the classical method of 

Kupradze or Hörmander may be used. Based on this method, one has to search for a scalar potential function

which has to be multiplied to the matrix of the cofactors of the differential operators’ matrix of the governing

differential equations that results in the Green’s function’s matrix. This procedure has been applied for both

two- and three-dimensional problems and the corresponding Green’s functions have been derived. 

Since most of the engineering problems, especially in geomechanics and soils and foundation engineering,

are of semi-infinite types in two or three-dimensional spaces, the corresponding half-space solutions are of

much interest regarding computational applications. In this regard, the half-space Green’s functions may be

obtained applying the method of reflection or imaging which has been already used in other mathematical 

applications like hydrodynamics, employing the idea that on the reflection line or surface the solutions are of

zero value. 

Verification

Although, the final and exact verification and validation of the resulted Green’s functions may be performed

after preparing the computational model and employing it for comparison between physical observations and

computational prediction, in this stage it is also possible to verify the results mathematically. In this regard, 

we have shown that, similar to the isothermal case, if the coefficients representing the thermal behavior of 

the phenomenon approach to zero the Green’s functions will approach to the corresponding isothermal

solutions exactly.

Illustration

Two of the derived Green’s functions are illustrated in the following figures for a special normal type of

unsaturated soil which show the expected typical behavior of a Green’s function. Below the half-space two

dimensional  and three-dimensional  are shown through Figs. 1-2.11g 12g
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Fig. 1: 2D Half-space Green’s function Fig. 2: 3D Half-space Green’s function 11g 12g
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Introduction

In a computational model for outdoor sound propagation, the relevant propagation phenomena, among which 

are refraction and diffraction, must be implemented. All numerical methods applied in this field so far have 

disadvantages or limits. The Finite Element Method has to discretize the domain and hence is restricted to 

closed or at least moderate sized domains. The Boundary Element Method can hardly consider 

inhomogeneous domains and the computation effort increases exponentially for large systems. Geometric 

acoustics algorithms like ray tracing consider sound as particles and are hence not able to represent wave 

phenomena. 

Hence, it is the intuition of these studies to combine the advantages of the BEM and of the ray method: In the 

near field where obstacles and complex geometries occur – and so diffraction and multiple reflection are 

expected - the model uses the BEM. Then, a ray model is coupled to compute the sound emission at large 

distances, because this model can take into account refraction resulting from wind or temperature profiles. 

The ray model requires point sources as input data. However, a boundary element calculation always delivers 

the pressure or its normal derivative along the boundary. Hence, for the coupling of both models it is 

necessary to convert the BEM results into equivalent point sources. The Method of Fundamental Solutions 

(MFS) is found suitable for this purpose. 

Problem Formulation 

In outdoor acoustics, the considered domain is an infinite half space (see Figure 1). To couple the BEM and 

ray model, this half space is divided into a BEM domain and a ray domain by defining a virtual interface. 

Along this interface, the pressure is computed with the BEM (see Figure 1a). The idea behind the MFS is to 

place a number of sources with unknown intensities around the domain of interest. These intensities are then 

computed in order to fulfill prescribed boundary conditions at discrete points on the boundary of the domain 

(See Figure 1b). The MFS [1] can be either applied with fixed source positions or with an optimization 

algorithm, which finds the optimal source positions by minimizing the residual along the boundary in a least-

squares sense.

Results and discussion 

Two approaches are proposed for the MFS: The first one assumes fixed source positions whereas the second 

variant applies an optimization algorithm to find the optimal positions for the equivalent sources. With this 

purpose the subroutine LMDIF from MINPACK [2] was used.  

Obtained results for the fixed-sources solution show that the positions of the sources have a strong influence 

on the matrix condition and in consequence on the quality of the MFS approximation. If the sources are too 

far away from the boundary points compared to the distance between two sources or two boundary points, 

the system will be ill-conditioned (i.e. high condition numbers). On the other hand, if the sources are too 

close to the boundary, the matrix entries will become infinite as the fundamental solutions are singular of 

r 0. In brief, the condition number of the system matrix depends on the number of sources and their relative 

positions with respect to the boundary points. 
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For an optimization algorithm it is usually very challenging to find the global minimum of a residual, if it has 

many local minima and maxima. The pressure field with complex pressure values and a nontrivial geometry 

shows to have a residual field which oscillates strongly in space. So for these cases a gradient-based 

optimization algorithm will fail, if the initial source positions are not chosen accidentally very close to the 

optimal positions. For the solution with the moving sources an approach is proposed which separates the 

complex pressure signal into its amplitude and phase information. It is shown that with this separation the 

optimization algorithm can be successfully applied to find the optimal source position. By optimizing the 

solution with respect to the amplitude only, the residual becomes quite smooth and therefore the problem is 

much easier to solve for the optimization algorithm. The time-harmonic characteristic is added and adjusted 

in a second step. To consider only the amplitude for optimization, the MFS algorithm was adapted, so that 

the fundamental solution is replaced by its absolute value and as boundary condition the pressure amplitudes 

are used.

(a) BEM model configuration 

(b) MFS model configuration 

Figure 1: Scheme of the hybrid model with one-way coupling at the interface 

Conclusions

It is shown in this paper that the MFS can be successfully applied to couple a wave-based method and ray 

methods for solving outdoor sound propagation. The pressure distribution, which is a result from a wave-

based method, e.g. the BEM, can be well-approached by a number of equivalent point sources, which are 

required as input data for most ray methods. The MFS formulation with moving sources delivers more 

accurate results than the one using fixed sources. 
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Abstract

In the boundary element method, the solution of a function on

a given domain is expressed as an integral equation in terms of

its values and normal derivatives at the domain boundary. The

boundary conditions are either Dirichlet or Neumann or both in

the case of a mixed boundary conditions problem. Sometimes the

boundary contains small regions of high activity. This paper presents

an efficient way to implement the Boundary Element Method (BEM)

to capture the high activity. In boundary regions where accuracy is

critical, like in adaptive surface meshes, the method of choice is Lo-

cal Defect Correction (LDC). We formulate the method and demon-

strate its applicability and reliability by means of an example. Nu-

merical results show that LDC and BEM together provide accurate

solutions with less computational requirements like memory space

and time. This is important given that BEM systems usually con-

sist of dense matrices. With fine meshes required to capture the

high activity in local boundary regions where accuracy is critical,

like in adaptive surface meshes, the resulting matrices are always

large and thus raising computational complexity. Applying Local

1
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Defect Correction (LDC) to the BEM in a way of a domain decom-

position algorithm can be seen as a compromise between global

refinement which is very expensive in memory and work and local

grid refinement at selected parts of the global grid which requires

the least additional memory and may be much faster than the for-

mer. This is a very attractive factor as BEM usually results in

dense systems. We show that it is at least twice less complex to

incorporate LDC in BEM rather than use a composite grid and at

least 40 times less complex if LDC was used instead of uniform

global refinement. Already, a lot of work has been done on LDC

algorithms with other numerical methods and a lot of literature on

BEM is readily available. We build on this work and develop an al-

gorithm that integrates LDC with BEM to provide a less complex

option for boundary value problems with localised high activity be-

haviours. The problem is first solved on a global coarse grid; the

computed coarse grid forms part of the boundary condition for a

local problem where a more accurate solution can be computed by

means of a smaller grid size. The global coarse grid solution and

the local fine grid solution are combined in a special way in an iter-

ative manner through defect correction to improve the first coarse

grid approximation. The new coarse grid approximation can in

turn provide a boundary condition for a new local problem. The

process is repeated till convergence, which is in general very fast.

2
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Abstract. In this communication, we extend the Neumann boundary conditions by adding a com-
ponent containing the tangential derivative, hence producing oblique derivative boundary conditions.
A variant of Green’s formula is employed to translate the tangential derivative to the fundamental
solution in the BEM. The two-dimensional steady state heat conduction with the imposed oblique
boundary conditions has been tested in a circular domain in which the Laplace equation is the govern-
ing equation producing results at the boundary in excellent agreement with the available analytical
solution. Convergences of the normal and tangential derivatives at the boundary are also achieved.
This means that if oblique derivative boundary conditions are prescribed, then the gradient of the
solution ∇u can be accurately obtained on the boundary without the need of hypersingular analysis,
or ∇u−type methods [1]. The numerical boundary data is then used to calculate the values of the
solution at interior points again with success. The outlined test case has been repeated with various
boundary element meshes and results indicate that the accuracy of the numerical results increase with
increasing the boundary discretisation.

1. Introduction

Let us consider steady-state heat conduction given by the Laplace equation inside a plane bounded
domain Ω ⊂ R2 with a smooth boundary ∂Ω, namely

∇2u = 0, in Ω. (1)

which has to be solved subject to the oblique derivative boundary condition

b1
∂u

∂ν
+ b2

∂u

∂τ
= g, on ∂Ω, (2)

where ∂/∂τ denotes the derivative in the direction tangential to ∂Ω, g is a given continuous function,
and b1, b2 are given smooth functions satisfying (b1, b2) �= (0, 0) on ∂Ω. Boundary conditions of the
type (2) arise in the study of the motion of water in a canal [2, pp.25-27]. The condition that b1, b2

are smooth functions satisfying (b1, b2) �= (0, 0) on ∂Ω ensures the ellipticity of the problem (1) and
(2) and it is called the Shapiro-Lopatinskii condition [3, pp.40,61]. In the special b1 = 1, b2 = 0 we
obtain the Neumann boundary condition

∂u

∂ν
= g, on ∂Ω. (3)

In what follows, we assume that b1 �= 0 on ∂Ω, such that the boundary condition (2) becomes
normal [3, p.63], and then the problem (1) and (2) has a solution in C2(Ω) ∩ C(Ω), which is unique
up to a constant, if and only if ∫

∂Ω

g − b2
∂u
∂τ

b1
ds = 0. (4)

In the case when b1 and b2 are constants, then since ∂Ω is a smooth closed curve we have that∫
∂Ω

∂u
∂τ

ds = 0, and hence condition (4) becomes

∫
∂Ω

g ds = 0, (5)
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which is the well-known condition for the existence of a solution of the Neumann problem (1) and (3).
In order to make the solution of the problem (1) and (2) unique we further require that

∫
∂Ω

u ds = 0. (6)

If mixed boundary conditions are allowed, i.e. u is specified at least at one point on ∂Ω, then there
is no need to impose (6).

2. Green’s Formula

Denoting by G(p, p′) = − 1
2Π ln | p − p′ | the fundamental solution of the Laplace eq (1) in two-

dimensions, we have the Green formula [4],

η(p)u(p) =

∫
∂Ω

[
G(p, p′)

∂u

∂ν
(p′) − u(p′)

∂G

∂ν(p′)
(p, p′)ds(p′)

]
, p ∈ Ω, (7)

where η(p) = 1 if p ∈ Ω and η(p) = 0.5 if p ∈ ∂Ω.
Since ∂Ω is a smooth closed curve the following identity

0 =

∫
∂Ω

∂

∂τ(p′)
(u(p′)b−1

1 (p′)b2(p
′)G(p, p′))ds(p′)

=

∫
∂Ω

[
b−1
1 (p′)b2(p

′)G(p, p′)
∂u

∂τ
(p′) + u(p′)

∂

∂τ(p′)
(b−1

1 (p′)b2(p
′)G(p, p′))

]
ds(p′), p ∈ Ω. (8)

holds. By substituting (2) into (7) and using (8) we obtain

η(p)u(p) =

∫
∂Ω

{
g(p′)G(p, p′)

b1(p′)
− u(p′)

[
∂G

∂ν(p′)
(p, p′) −

∂

∂τ(p′)
(b−1

1 (p′)b2(p
′)G(p, p′))

]}
ds(p′), p ∈ Ω.

(9)
By using (8) we avoided the use of finite differences in implementing the oblique derivative boundary
condition (2).

Applying eq (9) at p ∈ ∂Ω we obtain a Fredholm integral equation of the second kind which has a
unique solution provided that (4) and (6) are fulfilled.

Once u |∂Ω has been accurately obtained, eq (9) gives the solution u(p) explicitly at any interior
point p ∈ Ω. Also, the use of (7) for p ∈ ∂Ω gives the normal derivative ∂u/∂ν on ∂Ω, and finally, if
b2 �= 0 on ∂Ω, eq (2) gives the tangential derivative ∂u/∂τ on ∂Ω.
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Abstract. Following some recent results (see [1-3]), the Authors mean to present some analyses concerning the

strain localisation in damage analysis by the Boundary Element Method (BEM) and the possibility to shift from

the continuous damage analysis to the crack analysis. A non local approach of integral type is applied in the

context of a damage model. A criterion is introduced in order to insert a crack in the damaged zone. Such macro-

crack can be analysed by the Dual Buoundary Element Method (DBEM). The BEM/DBEM seems to be very

suitable for such application. In consequence of the localisation, the damaged zone results to be small in

comparison with the total size of the structure, i.e. the domain discretisation is limited. Furthermore, due to the

special features of the DBEM, the introduction of the crack requires a minimum addition of unknowns.

Evolution from damage to crack

For a isotropic damage model, the stress-strain relation can be written in the following way:

εσ :)1( eld C−= (1)

The model is set consistently with thermodynamic principles by the introduction of a kinematic internal

variable α, a energy per unit of volume Y and a force Χ:

α−
==

1
ln:X::

2

1
:

c
kY nel

εε C . (2)

k, c and n are material parameters. The existence of a damage activation function g( Y , Χ) is assumed. Under

the hypothesis of generalised associative damage behaviour, the damage activation function and the flaw laws can

be written as:

00with00),(
.....

0 =≥≥==≤Χ−−=Χ ganddYYYg λλξλ (3)

The nonlocal version of the described model is obtained by substitution of the strain energy rate Y with its

nonlocal value (see [2] for details).

The governing integral equations are given by the displacement boundary integral, by the expression of the

stress state at any internal point and, on the basis of the DBEM, by the displacement boundary integral equation

and the by the traction equation, both at a crack node.

Before the crack initiation, the discretised form of both the classical displacement boundary integral equation

and the integral expression of the stress tensor are adopted in the iterative scheme.

Once the damage in one or some points passes a fixed threshold d , a crack line is inserted and the discretised

form of the dual boundary (displacement and traction) equations is added collocating at every crack node. The

proposed model may furnish snap-back branches in the equilibrium path, i.e. it may be necessary to introduce an

arclength constrain in the general system of equations. This is achieved by following the scheme proposed in [1].

The crack extends when the damage around the crack tip reaches a critical value d . If d is set equal to the

unity, the stress transfer is fully correct. This is not true if the critical value of the damage is set less than one, i.e.

lines on which the stress tensor is different from zero are substituted by traction free crack lines. The drawback

could be avoided if the transition between damage and traction-free crack is led by using the fictitious crack

model both for the closing normal force and for the frictional force.

Advances in Boundary Element Techniques 255



A numerical example

A numerical example is presented in order to assess the efficienty of the procedure

Fig. 1 - Geometry, load condition and domain discretisation. E=36000MPa and n=0.15

It refers to the slab in Fig. 1 where a plane stress behaviour is assumed and measures are given in millimeters.

An increasing displacement is applied on the top edge of the slab, the corresponding distributed reaction with

resultant R is not uniform. The domain discretisation drawn in Fig. 1 is adopted.

Fig. 2 - Damage contour plot at the crack initiation Fig. 3 – Crack initiation and propagation

Fig. 2 shows the nonlocal damage contour at the load level in which the crack occurs, i.e. the damage

parameter exceeds a pre-defined critical value d =0.85. The crack starts correctly at the notches. A zoom on the

left notch of the slab is given in Fig. 3. The red colour corresponds to d =0.85 whereas the remaining three colours

correspond to the levels 0.8, 0.75 and 0.7. 

In the left part of Fig. 3 the red point gives the point of the crack initiation. The right part describes the crack

configuration some load steps further. The crack propagates in the correct direction.

Summary

A new method for the evolution from damage to crack in brittle materials with the Boundary Integral Equations

has been proposed. The idea is to shift from a nonlocal damage model to a discrete crack model when the damage

parameter reaches a critical value. The crack is numerically treated by the DBEM.
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Introduction 

Functionally Graded Materials (FGMs) [1] represent a new generation of composites, having a continuous 

variation of apparent material properties obtained through a progressive variation of their microstructural 

composition. Stress concentrations appearing at material discontinuities in various applications (for example, 

thermal barrier coatings) can be avoided or diminished using FGMs.  

The Boundary Element Method (BEM) [2,3] is a suitable numerical technique for elastic analysis, capable of 

solving problems with material and geometrical discontinuities, e.g., crack growth and contact, and also very 

suitable for flaw detection and shape optimization. Nevertheless, an adaption of BEM to non-homogeneous media 

is a hard task, as fundamental solutions for such media are difficult to obtain. 

Fundamental solutions for 2D and 3D elastic problems in exponentially graded isotropic materials have been 

deduced only recently in [4,5]. These solutions have not as yet been checked computationally, to the knowledge 

of the present authors, which can be due to the fact that implementing them in a BEM code is far from 

straightforward.

In the present work the displacement fundamental solution jlU  corresponding to a point force in a 3D 

exponentially graded elastic isotropic media, developed originally in [5] and corrected in [6], is employed in the 

form presented in [6]. Moreover, a new expression of the corresponding traction fundamental solution jlT  is 

presented herein, and both functions have been implemented in a 3D collocational BEM code. To check the 

correctness of the kernel function expressions and to prove their suitability to be implemented in a BEM code, and 

also to check the overall BEM implementation, two 3D problems with known analytic solutions for exponentially 

graded materials have been analysed by this BEM code. 

Elastic Fundamental Solution in 3D Exponentially Graded Isotropic Materials 

Material properties. In the case of isotropic exponentially graded materials, the Lamé constants vary according 

to the following law: 

)2exp()( 0 xx  and )2exp()( 0 xx ,                                                       (1) 

where x  is a point in the material and the vector defines the direction and exponential variation of grading, 

, 0  and 0  are the Lamé constants on the plane that includes the origin of coordinates. It is easy to 

check, that the Posson ration is constant, )(2/ 000 .

Displacement fundamental solution. According to [5], the displacement fundamental solution can be written as  

x'xUx'xUx'xx'xU g0).(exp),( ,                                            (2) 
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where ),( xxjlU  gives the j-th displacement component at x  due to a unit point force acting in the l-direction at 

point x , and 0
jlU  is the weakly singular Kelvin fundamental solution associated to a homogenous isotropic 

material defined by 0 and 0  (see [2,3]). The so-called grading term  

)()1()4()( 1
0 x'xx'x jljl

rg
jl AerU ,                                                (3) 

is bounded and vanishes for 0  and rr  where xxr . According to [5,6] the term jlA  is composed of 

the several single integrals involving Bessel functions and several double integrals involving hyperbolic 

functions.

A discussion of the properties of the fundamental solution jlU  together with recommendations for its 

numerical evaluation can be found in [6]. 

Traction fundamental solution. The starting point in the evaluation of tractions in an exponentially graded 

material due to a unit point force is the differentiation of the fundamental solution in displacements jlU . These 

derivatives are used to determine the corresponding strains, and then, employing the constitutive law with the 

tensor of elastic stiffnesses given in (1), the corresponding stresses can be obtained.  

Differentiation of (2) yields 

),()()())(exp(),(
0

xxxxxxxxxx jlk

k

g
jl

k

jl

k

jl
U

x

U

x

U

x

U
.                      (4) 

Although the derivative of 0
jlU  is strongly singular, this term eventually produces the Kelvin traction kernel 

for a homogeneous material; the expressions can be found in [2,3]. The derivative of g
jlU  is weakly singular and 

can be expressed, in view of (3) as 

)(
)1()(

4
)(

2

,,

0

xxxx
k

jlk
r

k
r

jl

k

g
jl

x

A

r

re

r

re

x

U
.                                  (5) 

Note that the weakly singular character of k
g
jl xU /  directly follows from the boundedness of g

jlU  and the 

Gauss divergence theorem. 

The strains ijlE  associated with the fundamental solution in displacements jlU  are given by 

),(),(
2

1
),( x'xx'xx'x

i

jl

j

il
ijl

x

U

x

U
E .                                                       (6) 

Applying the constitutive law with the elastic stiffnesses from (1) yields the corresponding stresses: 

ijkklijlijl EE ),()(),()(2 x'xxx'xx .                                                       (7) 

Then, substituting (6) into (7) and using (4) yields 

)()())(exp()( 0 x'xx'xx'xx'x g
ijlijlijl ,                                           (8) 

where the strongly singular term )(0 x'xijl represents the stress tensor ij  at x  originated by a unit point force 

in direction l at x  in the homogeneous elastic isotropic material having Lamé constants 0  and 0  (see [2,3]). 

The weakly singular grading term )( x'xg
ijl  is expressed as: 

ij
g
klklk

k

g
klg

ililj
g
jljli

i

g
jl

j

g
ilg

ijl UU
x

U
UUUU

x

U

x

U
0

0
00

0)( x'x .             (9) 

Finally the corresponding traction vector ),( x'xilT , associated with the unit outward normal vector )(xn , is 

obtained from )( x'xijl  by the Cauchy lemma: 
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),(),())(exp()()(),( 0 x'xx'xx'xxx'xx'x g
ililjijlil TTnT                                       (10) 

where, as for the stress, 0
ilT  represents the well-known strongly singular fundamental solution in tractions for a 

homogeneous material (parameters 0  and 0 ) (see [2,3]), and g
ilT  is the weakly singular grading term obtained 

from )()(),( xx'xx'x j
g
ijl

g
il nT .

Boundary Element Method 

The boundary integral formulation for an isotropic, exponentially graded body  with (Lipschitz and piecewise 

smooth) boundary  is considered. The derivation follows the standard procedures for a homogeneous material 

[2,3]. Starting from the 2nd Betti Theorem of reciprocity of work for a graded material, one can derive the 

corresponding Somigliana identity: 

)()(),()()(),()()( xxx'xxxx'xx'x' dStUdSuTuC iiliiliil .                                    (11) 

The strongly singular traction kernel integral is evaluated in the Cauchy principal value sense. The evaluation 

of the coefficient tensor of the free term ilC  is not a problem. The weakly singular grading term and the 

exponential coefficient in (10) will play no role in the following limit procedure, thus, the value of ilC  coincides 

with its value for the homogeneous isotropic material [7] whose properties are defined by the Lamé constants 0

and 0 :

)(

0

0
)(

0
)(),(lim)(),(lim)(

x'x'

xx'xxx'xx'
S

il

S

ilil dSTdSTC ,                                        (12) 

)(x'S being a spherical surface of radius  centered at x .

The numerical implementation of (11) in this work employs standard approximation techniques. A collocation  

approximation based upon a nine-node continuous quadrilateral quadratic isoparametric element is employed to 

interpolate the boundary and the boundary functions. The evaluation of regular integrals is accomplished by 

Gaussian quadrature with 8x8 integration points, whereas an adaptive element subdivision following the 

procedure developed in [8] is utilized for nearly singular integrals. A standard polar coordinate transformation [8] 

is employed to handle the weakly singular integrals involving the kernel ilU  and the rigid body motion procedure 

is invoked for evaluating the sum of the free term coefficient tensor ilC and of the Cauchy principal value integral 

with the kernel ilT .

Numerical Results 

A unit elastic cube (0,1)3 exponentially graded in x3-direction with grading coefficient 2ln  is considered. In 

both test problems, symmetry boundary conditions are imposed on the three faces coincident with the coordinate 

planes. Elastic solutions in this cube having different loads and different Poisson ratios are studied using a very 

coarse mesh with one boundary element per face.  

Errors in displacements and stresses, respectively, are normalized by the maximum displacement and by 0 ,

a nominal stress involved in the definition of each problem. 

Example 1. Let the cube with the Poisson ratio 0  be subjected to a constant normal traction 0  on its face  

x3=1, the other faces, x1=1 and x2=1, being traction free. The exact solution of this problem can be found in [6]: 

)2exp(1
2

,0,0 3

0

0
321 x

E
uuu   and (3,3)j)(i,for0,033 ij .                    (13) 

The maximum normalized error obtained by BEM in displacements ),1,1( 33 xu is less than 0.4% and in 

stresses )0,,( 213 xx  is less than 1.1%. 
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Example 2. Let the cube with the Poisson ratio 3.0  be subjected to a constant normal displacement 00 /1* E

on its face x1=1, 0E  being the Young modulus defined by 0  and 0 , the other faces, x2=1 and x3=1, being 

traction free. The exact solution of this problem can also be found in [6]: 

1

0

0
1 x

E
u , 2

0

0
2 x

E

v
u and 3

0

0
3 x

E

v
u , )2exp( 3011 x , (1,1)j)(i,for0ij .          (14) 

The maximum normalized error obtained by BEM in displacements )1,5.0,( 11 xu is less than 0.17%, in 

displacements ),5.0,1( 33 xu is less than 0.07%, and in stresses ),0,0( 311 x  is less than 1.1%. 

Conclusions

The numerical solution of the 3D Somigliana displacement identity for isotropic elastic exponentially graded 

materials by a direct collocation BEM code has been successfully developed. The fundamental solution in 

displacements obtained in [5,6] and the new expression for fundamental solution in tractions introduced here, 

have been implemented in the BEM code. To the best knowledge of the authors, this is the first implementation of 

a 3D direct BEM code for such materials. The numerical solutions of a couple of examples with known analytic 

solutions have produced excellent accuracy, confirming the correctness of the kernel functions and their 

implementation. 
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Abstract. In this article a numerical solution for a 3D isotropic, viscoelastic half-space subjected to 

vertical rectangular surface stress loading of constant amplitude is synthesized with the aid of the Radon 

and Fourier integral transforms. Dynamic displacement and stress fields are computed for the half-space 

surface as well as for points inside the domain. The analysis is performed in the frequency domain. 

Viscoelastic effects are incorporated by means of the elastic-viscoelastic correspondence principle. The 

equations of motion are solved in the Radon-Fourier transformed domain. Inverse transformations to the 

physical domain are accomplished numerically. The scheme used to perform the numerical inverse 

transformations is addressed. The solution is validated by comparison with results available in the 

literature. A sample of original dynamic results for displacement and stress fields for the 3D half-space 

are furnished. 

Problem Statement. The problem to be solved consists of a 3D half space submitted to a rectangular 

harmonic distributed load of constant amplitude with dimensions (2a x 2b) applied on the free surface, see 

figure 1. The medium is considered isotropic and viscoelastic.  

x

z
y

-σzz

Figure 1: Half-space subjected to a rectangular surface loading 

The problem is governed by the Navier equations in the frequency domain: 

2

, ,i jj k ki iU U U (1)

The vertical traction excitation zz  applied at the half-space surface ( 0)z  is incorporated in the 

formulation as boundary conditions: 

1; ,
( , , 0, )

  0; ,
zz

x a y b
x y z

x a y b
 (2) 

( , , 0, ) 0 ( , , 0, ) 0zy zxx y z x y z  (3) 



Solution strategy. The equations of motion are solved in the Radon-Fourier [1] transformed domain. 

Inverse transformations to the physical domain are accomplished numerically. A typical solution is given 

in terms of double integrals as shown in equation (4) [2]:  

1 2

2

2

1 1

2 2

i xCos ySen z z

zU sign e A e C e d d  (4) 

Numerical results. The dynamic displacement component ( )zU x  inside the half-space for the line with 

coordinates 0 [m] , 1 [m]y z  is given in figure 2. These results are compared with a solution based on 

the double Fourier integral [2]. Figure 3 shows the dynamic stress components xz  for the line with 

coordinates y=0, z=0.5. The parameters used in this calculations are: µ=1N/m2, =1kg/m3, =0.4, 

=2rad/s, =0.1.
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Figure 2: Dynamic displacement component 
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Figure 3: Dynamic stress component 
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Abstract The Domain Boundary Element Method (DBEM ) for Functionally Graded Materials is
presented. The proposed formulation uses classical Kelvin s fundamental solution able to handle any
gradation even if analytical solution does not exist. The method is compared with isoparametric FGM
Finite Element Method. It is shown that DBEM gives more accurate results when mesh re nement is
required due to stress gradients and distorted elements.

Introduction

Functionally Graded Materials (FGM) are the class of materials whose relevant properties vary
continuously within the body. The variability depends, in the majority of practical situations, on the
microstructure made of di erent component phases arranged in suitable pattern to ful ll compound re-
quirements. Wide literature has been published dealing with technological, mechanical and theoretical
aspects of FGM and references can be found in many edited books [1, 2, 3]. From the computational
point of view, recently generalized isoparametric formulation of Finite Element Method (FEM) has
been proposed by Paulino and coathors. [4, 5, 6] dealing with isotropic and anisotropic FGM. In these
works, the material properties are mapped onto the nodes of nite element description and the values
are interpolated at the Gauss point level by isoparametric shape functions.

Several authors develop application of FGM Boundary Element Method too; it is noticeably that,
unlike FEM, BEM requires the knowledge of analytical or mixed numerical-analytical Fundamental
Solution (FS) for the FGM [7, 8, 9, 10].

Since the properties of FGM, a great e ort is devoted to fracture mechanics of FGM, in [11] where
elastostatic analysis of antiplane crack in FGM is proposed, exponential variability is assumed and
Galerkin hyper-singular BEM is adopted.

In many practical applications of the FGM modeling and numerical simulations, the evaluation
of the constitutive law is made starting from observation of the material micro-mechanics and of
the constituent special pattern. Consequently it is only possible to acquire point-wise value of the
constitutive parameters rather than the analytical expression of their variation and, to evaluate FS,
the acquired point-wise values of the constitutive law have to be interpolated analytically. Once the
FS is obtained, it possible to apply the BEM to perform calculations on the actual problem.

With respect to BEM, isoparametric FEM only requires to interpolate the constitutive law at the
element level using simple serendipity polynomial, consequently no analytical solution over the domain
has to be evaluated.

The above considerations seem to discourage the use of BEM for FGM simulation; anyway there
are some situations for the BEM to be competitive with respect to the FEM, especially when high
stress gradient occurs like in fracture mechanics or models with highly distorted mesh.

In the paper,a comparison between the FEM isoparametric formulation for FGM [4] and a DBEM
formulation is proposed where DBEM is obtained by applying the FS for homogeneous isotropic
reference material.

DBEM formulation

The governing equation of the DBEM model is here after,

[ ( ) ( )] ( ) =
R

( ) ( )
R

( ) ( ) +

+
R

( ) ( ) +
R
ˆ ( ) ( ) +

R
ˆ ( ) ( )

(1)
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The reference material for the unbounded space is linearly elastic isotropic and homogeneous with
elastic tensor , the actual material is made of heterogeneous linear elastic material with variable
and anisotropic ( ).

In the Eq. (1), two new kernels occur, the rst is a traction-like term:

ˆ ( ) = = ˆ ( ) ( ) (2)

the second a body force-like term

ˆ ( ) =
h
ˆ ( )

i
(3)

By de ning the elastic di erence tensor as follws

( ) = ( ) (4)

it can be seen that the term ( ) is the strain of the fundamental solution, hence the terms in
Eqs (2) and (3) depend on the variability of the material. Moreover the coe cient matrix ( ) on
the left hand side of Eq (1), can be calculated and reported in the fullpaper [15]

lim
0

Z
( ) ( ) = ( ) (5)

notice that Eq.(1) holds for purely anisotropic material as well, provided to assume the operator (4)
to be constant.

Results

Results concerning plates with crack and circular hole are reported. The results show that DBEM
attain the same result than FEM but with coarse meshes. The reported results are parametrised with
respect to the number of the division of the mesh on the shorter side of the plate, represents a
measure of the mesh re nement

( ) = ( ) 0 ( ) =
0 = 2 1 · 105 2 = 0 3 (0) = 1
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In this paper, a high-order interpolation scheme, namely integrated radial-basis-function networks (IRBFNs), 
is introduced into the time-kernel boundary-integral-equation method (BIEM) to approximate the unknown 
functions in boundary and volume integrals for the solution of the Burgers equation. All relevant integrals 
are written in terms of nodal variable values. Solutions over the temporal domain can be obtained at once 
rather than step by step as in the case of conventional BIEMs.  

Parabolic differential equations have been employed in a variety of engineering problems. Solutions to these 
equations can be found by means of numerical discretization methods such as BIEMs, finite-difference 
(FDMs), finite-element (FEMs) and finite-volume (FVMs) methods. For BIEMs (e.g. [1,2]), there are several 
approaches proposed to deal with a time-derivative term. Based on the criterion of fundamental solutions 
used, they can be classified into two groups. The first group employs time-dependent fundamental solutions, 
i.e. time derivatives enter the integral representation through the kernel functions, which allows the process 
of discretization in time and space to be conducted in a similar fashion. The second group employs stationary 
fundamental solutions. Some additional treatments for time derivatives are thus required; they generally fall 
into one of two categories: Laplace transforms and finite-difference schemes. 

In the context of time-kernel BIEMs, there are relatively few papers on using high-order interpolation 
schemes to approximate the unknown functions with respect to time. The case of using quadratic functional 
variation was reported in [2]. Recently, Grigoriev and Dargush [3] employed quartic interpolation functions, 
and their obtained results indicated a significant improvement in accuracy, convergence rate and error 
distribution. 

Radial-basis-function networks have found a wide range of applications in the field of numerical analysis. 
These networks exhibit good approximation properties. For example, it has been proved that RBFNs are 
capable of representing any continuous function to a desired level of accuracy by increasing the number of 
hidden neurons (universal approximation) [4]. Madych and Nelson [5] showed that the multiquadric (MQ) 
interpolation scheme converges exponentially with respect to the number of data points used. It was found 
that IRBFNs have higher approximation power than differentiated RBFNs [6]. 

In the present work, instead of using high-order Lagrange polynomials such as quadratic and quartic 
interpolation functions, the proposed method employs MQ-IRBFNs to represent the unknown functions in 
boundary and volume integrals. Numerical implementations of ordinary and double integrals involving time 
in the presence of IRBFNs are presented in detail. All relevant integrals are written in terms of nodal variable 
values. The proposed method is verified through the solution of diffusion and convection-diffusion problems. 
Numerical results obtained show that the IRBFN-BIEM attains a significant improvement in accuracy over
low-order time-kernel BIEMs and FDMs (Tables 1 & 2). 
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u (error %) 
t FDM-CN FDM-PI FDM-WT Present Exact 

0.025 0.5637(12.35) 0.6888(7.09) 0.6807(5.84) 0.6432(0.00) 0.6432 
0.050 0.5440(9.69) 0.5330(7.47) 0.5286(6.58) 0.4959(0.01) 0.4959 
0.075 0.3493(9.68) 0.4226(9.27) 0.4188(8.29) 0.3867(0.01) 0.3868 
0.100 0.3313(9.66) 0.3376(11.76) 0.3341(10.58) 0.3021(0.01) 0.3021 
0.125 0.2117(10.31) 0.2705(14.58) 0.2671(13.14) 0.2360(0.01) 0.2360 
0.150 0.2038(10.50) 0.2169(17.60) 0.2137(15.86) 0.1844(0.01) 0.1844 
0.175 0.1270(11.84) 0.1740(20.74) 0.1710(18.67) 0.1441(0.01) 0.1441 
0.200 0.1262(12.10) 0.1396(20.99) 0.1369(21.57) 0.1126(0.01) 0.1126 
0.225 0.0756(14.12) 0.1120(27.33) 0.1096(24.54) 0.0880(0.01) 0.0880 
0.250 0.0787(14.47) 0.0899(30.76) 0.0877(27.58) 0.0687(0.01) 0.0687 

Table 1. Diffusion problem, :025.0,1.0,25.00,10 =∆=∆≤≤≤≤ txtx  Temperature at the centre of the 
slab obtained by the present method and various FDMs. The latter which use the same time step and finer 
spatial discretization ( 05.0=∆x ) are extracted from the paper of Haberland and Lahrmann [7] in which CN 
stands for Crank-Nicolson, PI: pure implicit and WT: weighted time step. The maximum error is 0.01% for 
IRBFN-BIEM while they are 14.47%, 30.76% and 27.58% for FDM-CN, FDM-PI and FDM-WI, 
respectively. 

u (error %) 
2.1=t 3=t

x GBIEM Present Exact GBIEM Present Exact 
0.20 0.13173(0.62) 0.13092(0.00) 0.13092 0.06036(0.44) 0.06010(0.01) 0.06009 
0.40 0.26285(0.60) 0.26127(0.01) 0.26128 0.12068(0.43) 0.12015(0.00) 0.12016 
0.60 0.39264(0.56) 0.39043(0.00) 0.39044 0.18095(0.43) 0.18018(0.00) 0.18018 
0.80 0.52012(0.50) 0.51756(0.01) 0.51753 0.23906(0.18) 0.23861(0.00) 0.23863 
0.90 0.57950(0.29) 0.57780(0.00) 0.57781 0.23766(1.63) 0.24158(0.00) 0.24159 
0.92 0.58466(0.01) 0.58482(0.02) 0.58472 0.22050(2.48) 0.22616(0.00) 0.22612 
0.94 0.57336(0.77) 0.57760(0.03) 0.57779 0.18997(3.51) 0.19696(0.01) 0.19690 
0.96 0.51253(2.42) 0.52551(0.05) 0.52524 0.14228(4.58) 0.14915(0.01) 0.14911 
0.98 0.33294(5.04) 0.35023(0.11) 0.35060 0.07698(5.41) 0.08140(0.01) 0.08139 

Table 2. Convection-diffusion problem, :1.0,02.0,10,30,100Re =∆=∆≤≤≤≤= txxt Solution 
profiles at some time levels. Results by the generalized BIEM (GBIEM) using linear and constant elements, 

01.0=∆x  and 01.0=∆t  [8] are also included. The proposed method yields a very high level of accuracy 
and its errors do not accumulate in time. 
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Abstract. Accurate values for stresses at the boundary may be evaluated with the stress boundary integral 
equation (BIE) [1]. Nevertheless, the differentiation of the kernels of integrals in the displacement equation to 
obtain a BIE for stresses increases the order of the kernel singularity and an additional care is necessary to treat 
the improper integrals. The use of the tangential differential operator (TDO) in the stress BIE is an interesting 
procedure when Kelvin type fundamental solutions are employed. The order of the kernel singularity is reduced 
with this strategy [2, 3, 4] and the Cauchy principal value sense or the first order regularization can be used in the 
resultant BIE. 
Several strategies have been employed to analyze crack problems such as the displacement discontinuity method 
[5, 6], the crack Green’s function method [7, 8], the subregion (or subdomain) method [9] and the dual boundary 
element method (DBEM) [10, 11, 12]. The dual equations of the method are the displacement and the traction 
BIEs. When the displacement BIE is applied to one of the crack surfaces and the traction equation to the other, 
general mixed-mode crack problems can be solved with a single domain formulation. Although the integration 
path is still the same for coincident points on the crack surfaces, the respective boundary integral equations are 
now distinct. The collocation point position to perform the traction boundary integral equation and the strategy 
used to treat improper integrals are the essential features of the formulation. 
Plane problems containing an internal or an edge crack are studied in this paper. Linear shape functions were 
employed to approximate displacements and efforts in the boundary elements. The same shape function was used 
for conformal and non-conformal interpolations with nodal parameters positioned at the ends of the elements. The 
collocation points were shifted to the interior of the element at a distance of a six part of its length from the end. 
The number of collocation points in the element was defined by the computer code according to the condition of 
the last node, which means that elements with the discontinuity at the first node had one collocation point. The 
present numerical implementation was studied in [13] for the dual formulation with traction BIE containing a 
hypersingularity of order r-2. The main feature shown in that study was the use of conformal interpolations along 
the crack surfaces without losing the accuracy of the dual formulation. 
The dual formulation with TDO in the traction BIE is analyzed in the present study. The derivatives of the 
adopted shape function for displacements (linear functions) are used in the traction equation as required for the 
TDO. The use of non-conformal interpolations required that the effect of the ends was introduced in the 
integration by parts to obtain the TDO. The near-tip displacement extrapolation was used to obtain stress intensity 
factors as explained in [10, 13]. 
The numerical results obtained were close to literature values. A minimum difference was noted in the results 
presented in [10, 13] and those obtained using the TDO, which have the benefit of the reduction of the order of 
the singularity. The use of derivatives of the adopted shape function for displacement without using other 
interpolation for TDO was an interesting alternative. It is important to note that constant values were obtained as 
derivatives of the linear shape function and the results were not degraded. Regarding the present numerical 
implementation, a conformal interpolation on the crack surface can be used without losing the accuracy of the 
dual formulation even when the BIE for tractions employs the TDO on low order elements. 
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A new Meshless Local Petrov-Galerkin (MLPG) method, based on Local Boundary Integral Equation
(LBIE) considerations, is proposed here for the solution of two-dimensional, incompressible and nearly
incompressible elastostatic problems. Such continuum linear elastic media with Poisson ratio being equal
to 0.5 are called incompressible since they deform without volume changes. Typical examples of materials
with incompressible elastic behaviour are rubber-like and undrained saturated porous solids. The classical
stress tensor defined in the compressible elastic theory, as the Poisson ratio approaches 0.5, is no longer
valid since the Lamè constant � tends to infinity, thus, a new constitutive equation is needed to be
determined. This is accomplished by considering the stress tensor as a function of displacements and
hydrostatic pressure, while displacements satisfy an extra condition known as additional condition of
incompressibility [Hughes TJR. The finite element method: Linear elastic and dynamic finite element
analysis. Prentice-Hall International (1987)].

Although the Finite Element Method (FEM) is a powerful and robust numerical tool widely used
for solving linear and non-linear elastic problems, in its conventional form it suffers by severe locking and
matrix ill-conditioning problems when incompressible or nearly incompressible materials are considered.
After the pioneering work of Herrmann [Herrmann LR. Elasticity equations for incompressible and nearly
incompressible materials by a variational theorem. AIAA Journal (1965)] who first developed a mixed
FEM formulation of compressible elasticity capable of considering incompressibility, a plethora of special
FEM formulations working in incompressible and nearly incompressible regime have been appeared in the
literature.

On the other hand, the Boundary Element Method (BEM), as it is presented in the work of
Polyzos et al. [Polyzos D, Tsinopoulos SV, Beskos DE. Static and dynamic boundary element analysis in
incompressible linear elasticity. European Journal of Mechanics, A/Solids (1998)], has the distinct
advantage over the FEM of working without any problem for both compressible and incompressible linear
elastic materials, providing results of high accuracy by discretizing only the boundary of the analyzed
structure and not the whole domain as in the FEM. Nevertheless, the requirement of using the fundamental
solution of the differential equation or system of equations that describe the problem of interest renders the
BEM less attractive than FEM when non-linear, non-homogeneous and anisotropic compressible and
incompressible elastic problems are considered. Also, the final system of linear equations taken by a BEM
formulation leads to unsymmetric and full-populated matrices the numerical treatment of which is in
general computationally expensive.

The meshless LBIE method was first proposed by Zhu et al. [Zhu T, Zhang JD, Atluri SN. A local
boundary integral equation (LBIE) method in computational mechanics and a meshless discretization
approach. Computational Mechanics (1998)] for potential problems as an alternative to the BEM. After
their pioneering work, several papers dealing with LBIE formulations have been appeared in the literature.
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The proposed here method utilizes, for its meshless implementation, nodal points spread over the analyzed
domain and employs the Moving Least Squares (MLS) approximation for the interpolation of the interior
and boundary variables. On the local and global boundaries, traction vectors are treated in a way so that no
derivatives of the utilized MLS shape functions are required. The displacements, stresses and hydrostatic
pressure field, at all the considered nodal points, are evaluated with the aid of their corresponding local
integral representations valid for incompressible and nearly incompressible solids. Since displacements and
stresses are treated as independed variables, the boundary conditions are imposed directly without any
problem via the integrals defined on the global boundary of the analyzed body. The evaluation of the
singular and hypersingular boundary integrals is performed directly with high accuracy through advanced
integration techniques. A representative numerical example illustrates the proposed methodology and
demonstrates its accuracy.
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Abstract

Cracks can degrade the integrity of structural components. This is a particular concern 

in the design of aircraft engines and steam turbines where the high temperature 

prevails and failure by creep components deformation is a concern. In these high level 

of temperatures the time-dependent creep fracture phenomenon can be considered as 

of multi-scale nature, particularly when physical size is scaled down to the 

dimensions of the material microstructure. For a dominant crack in metallic 

components that undergo creep deformation, the creation of macrocrack surface along 

the main crack (Mode I) path should be distinguished from the creation of microcrack 

surfaces off to the side of main crack where the creep enclaves are located. In this 

sense, creep fracture could be also considered as a multiscale process. 

More than two decades ago, the strain energy density criterion was proposed [1] as a 

fracture criterion in contrast to the conventional theory of G and K of the Griffith's 

energy release rate assumptions in elastic fracture mechanics. This provided an 

alternative approach to failure prediction for the same stress solution. The distinctions 

were empasized in the works of Sih[2]. The strain energy density criterion gained 

momentum and credibility in engineering. A review on the use of this criterion can be 

found in [3-4].

It is well known that for cases of realistic and practical problems in time-dependent 

fracture analysis of creeping cracked components the use of numerical solutions such 

as finite element method (FEM) and boundary element method (BEM) become 

imperative. For a review on the subject on can consult Beskos [5]. 

In the search for an accurate, yet generalized, computational method for evaluating 

singular crack tip stress and strain fields, the singular element approach in conjunction 

with boundary element method (BEM) has been properly used in various fracture 

mechanics applications. Several researchers have contributed to this field: Blandford 

et al[6] was the first who introduced the traction singular quarter-point boundary 

element approach in combination with a multi-domain formulation to the solution of 

both symmetrical and non-symmetrical crack problems. Thereafter, this approach has 

been extensively used in the application of the boundary element method to two- and 

three- dimensional crack problems. An extension of the quarter-point element 

technique was used by Hantschel et al[7] who made an attempt to model crack tip 

fields arising in two-dimensional elastoplastic cracked panels by introducing some 

special singular boundary elements which took into account the HRR singularity field 

(Hutchnison[8]; Rice and Rosengren, [9]) near the crack tip.  

In connection with the boundary element determination of near crack tip stress and 

strain fields in cracked structural components undergoing two-dimensional inelastic 

deformation one should mention the works of Professor Mukherjee and his co-
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workers for Mode I and II [10, 11] and Mode III [12]. A more comprehensive review 

in BEM solutions of inelastic could be found in the review article of Aliabadi[13].

In the present paper, the strain energy density rate concept is applied as a fracture 

criterion in association with the use of a previously developed, by the present authors, 

creep strain-traction singular element (CR-STSE) to determine the crack initiation 

involved in creeping cracked structural components. The creep constitutive model 

used in the numerical calculations is the Norton power law creep model (Nortan [14]) 

but any other creep constitutive model having similar mathematical structure can be 

easily implemented in the proposed algorithm. The strain energy density rate theory is 

also applied to determine the direction of the crack initiation for a center cracked plate 

in tension which is subjected to Mode I loading conditions.
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Abstract. Efficient implementations of the boundary element method for underwater acoustics should 

employ Green's functions which directly satisfy the boundary conditions on the free surface and the 

horizontal parts of the bottom boundary. In the present work, these Green's functions are constructed by

using either eigenfunction expansions or Ewald’s method. This method is discussed in detail, including an

attempt to optimise the value of the parameter b, which splitting the integral employed in Ewald’s 

representation.

Introduction

Recent papers by Linton [1] and Papanicolaou [2] discuss numerous mathematical techniques for

accelerating slowly convergent series. They show that one powerful technique is the method of Ewald [3],

which is capable of providing dramatic improvements in the speed of convergence. This method has been

successfully implemented in the BEM context by Venakides et al. [4], for the calculation of electromagnetic

scattering of photonic crystals.

In the present article, a two-dimensional model is studied as representative of coastal regions, which have

little variation in the long shore direction. The Ewald’s method was derived and implemented for speeding-

up the calculations of the eigenfunction expansion of the Green's function. The accuracy of both forms of the

Green's function obtained by the techniques above mentioned are compared with respect to the number of 

iterations, particularly close to singularities.

Consider the problem of acoustic wave propagation in a region of infinite extent, considering 

sections with constant depth and sections with irregular seabed topography [5]. 
If the medium in the absence of perturbations is quiescent, the velocity of sound is constant and the 

source of acoustic disturbance is time-harmonic, the problem is governed by the Helmholtz equation [6]. The

problem is subject to the Dirichlet condition at free surface, the Neumann boundary condition at bottom and

Sommerfeld radiation condition at infinity. According to Green’s second identity, the Helmholtz equation, 
can be transformed into the boundary integral equation, conform reference [7].

Function for the parameter b used in the Ewald’s Method

The underlying idea of Ewald’s Method is to split the integral in equation obtained by means of 

Eigenfunction Expansion into two parts [8]. The parameter b, which divides this integral, is chosen

appropriately taking account of the position of the source and field points and should vary between 

0 and 1 (0 < b < 1) to accelerate the decay of the term containing b
2n

. For the variation of the field

point X, with coordinates (x,y), in a vertical line containing the source point S, with coordinates 

(u,v), the parameter b can be defined as 21cos)(b , in which (y) is a y-

dependent function defined as ( ):FB YyY
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where H is the depth of the free surface;  is the y co-ordinate of the free surface and ,  and 

are constants. In the present paper ,  and  are taken to be 0.1, 0.000001 and 20, respectively.

FY

Example

A problem of acoustic wave propagation from a region of depth h = 10.0 m was studied in order to verify the

performance of the function b(r) in the Ewald series. Different situations were considered, in which the

position of the source point S was fixed and the field point X varied along a vertical and a horizontal line. 

The sound velocity and frequency are taken to

be 1500 m/s and 1000 Hz, respectively [8].

For all case analysed, the real part of the

functions  and  produced

virtually the same results, confirming the 

validity of Ewald's representation. 

XS,MG XS,EG

Figure 1 presents the number of iterations

necessary for the functions GM (NiGM) and GE

(NiGE) to converge, for a source point S located

at the position (1.0,1.0) m, and a field point X

moving along the same vertical line in which the 

source point is located, from y = 0.0 to y = 10.0 

m. It can be seen that a much faster convergence

is produced by the function GE (number of 

iterations around 60).
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Figure 1: Number of iterations of the functions along 

of a vertical line

Conclusions

The Ewald’s method was derived in this paper for speeding-up the calculations of the eigenfunction 

expansion of the Green's function for underwater acoustic analysis by the BEM. It was shown that Ewald’s

representation is an accurate and efficient method when the source and field points are located along the

same vertical line or otherwise. The influence of the parameter b used to split the infinite integral was 

investigated, as well as the singular integral generated by the infinite series obtained by the Ewald’s method. 

According to this preliminary study, the proposed function b( ) employed as parameter in the Ewald’s

method presented a good performance. Higher values of b improve the speed of convergence of the series for 

source and field points placed along the same vertical line, while the accuracy near singularities is improved

by using lower values of b.
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In this paper, as shown in Fig. 1, an unbounded saturated media subjected to normal point load at 
the surface is considered. The mass density, porosity and permeability of the media are constant 
but the shear modulus varies solely with depth.

Figure1. Non-homogeneous saturated half space subjected to periodic normal point load 

The variation of shear modulus is described by an exponential function as follows [Vrettos
(1991)].

zeGGGzG )()( 0 (1)

Where G0 and G8 are the shear modulus at the surface and infinite depth respectively and a is a 
constant with the dimension of inverse length, called coefficient of depth non-homogeneity or 
non-homogeneity parameter. By varying the parameters a,

0G and G8 , a wide range of real soil 

strata can be approximately described by Eq.1. 

Firstly the system of governing differential equations, for the above media, obeying Biot’s poro-
elastic theory is derived [Biot 1956 and Gatmiri 1990]. The system of equations, formed by four 
coupled partial differential equations, is converted to ordinary differential equations’ system by 
means of Hankel integral transforms. Then the system of equations is solved by use of
generalized power series (Frobenius method) and the expressions for displacements in the interior 
of the media or in the other words, the Green functions for the media are derived by avoiding to 
introduction of any potential functions. The results of the research can be approximately used to 
analyze the dynamic response of a multi-layer media and B.E.M. formulation for soil- structure 
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interaction problems if the variation of shear modulus in different layers is estimated by an 
appropriate continuous function in the whole media. 

As a result of this study, the effect of depth non-homogeneity on the response of the media, the 
variation of dimensionless real parts of vertical and radial displacements versus dimensionless
frequency are illustrated in figures 2 for different values of G0/G8  ratio and different values of 
depth non-homogeneity parameter.

Figure2. Variation of vertical and radial displacements versus frequency for different depth non-
homogeneity parameters )5.0( 0

G

G
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e-mail: sellier@ladhyx.polytechnique.fr
2 LPT, Escpci, Paris, France

e-mail: laurentiu.pasol@espci.fr

Keywords: Boundary-integral equations, sedimentation, fluid film, wall-particle interactions, free surface-particle interactions.

Abstract. The gravity-driven rigid-body motion of a 3D and arbitrarily-shaped solid particle in a
fluid film bounded by two parallel plane solid wall and free surface is determined by using a boundary
element approach. For such a purpose the Green tensor that complies with all the boundary conditions
is analytically obtained and numerical results are given for a spherical particle.

Introduction and motivations

The motion of solid particles in a thin film fluid bounded by a plane solid wall and a free surface
admits many industrial applications such as photographic coating. Hence, [1] recently addressed the
two-dimensional gravity-driven film flow of a suspension of 2D solid particles. The present work intro-
duces a new approach to cope with the gravity-driven rigid-body motion of a 3D solid particle with
arbitrary shape in a fluid film. It is therefore the first step towards modelling the rheology of fully
three-dimensional suspension-film flows.

Governing problem

We consider, as sketched in figure 1, a solid particle P immersed in a Newtonian viscous fluid with
uniform density ρ and viscosity µ. Both the fluid, here confined between the plane solid wall Σ1(x3 = 0)
and the undisturbed plane free surface Σ2(x3 = H), and the particle are subject to a uniform gravity
field g. Morevover, P is homogeneous with volume V, mass M and center of mass O ′.

x1

.

Σ2

Σ1

S

P

g
O′

n
H

x3

O

Figure 1. Case of a solid particle immersed in a fluid film and subject to the uniform gravity field g.

The action of gravity induces a rigid-body motion of P with unknown translational velocity U
(the velocity of O′) and angular velocity Ω with respect to Σ1 and a low-Reynolds-number quasi-static
fluid flow. At any point M in the fluid domain Ω, the fluid has velocity u, pressure p + ρg.OM and
stress tensor σ. If P has a smooth boundary S with unit outward normal n and a negligible inertia,
one arrives at the following problem

µ∇2u = ∇p and ∇.u = 0 in Ω, (u, p) → (0, 0) as |OM| → ∞, (1)



u = 0 on Σ1, u.e3 = e1.σ.n = e2.σ.n = 0 on Σ2, (2)

u = U + Ω ∧O′M on S, (3)∫
S

σ.ndS = (ρV −M)g,

∫
S

O′M ∧ σ.ndS = 0. (4)

Advocated steps

Omitting details for a sake of conciseness, we here only briefly describe the required steps as follows:

i) We first analytically obtain the Green’s function that satisfies (1) and the specific mixed bound-
ary conditions (2). This is here achieved by extending the approach employed in [2] for the case of
two solid and parallel plane boundaries. This key step makes it possible to express each Cartesian
component of the Green’s tensor in closed form.

ii) We then introduce 6 auxiliary steady Stokes flow induced in the liquid by three pure translations
and three pure rotations of the particle. Exploiting those flows and the reciprocal identity yields 6
Fredholm boundary-integral equations of the first kind on S that are sufficient to calculate (U,Ω)
without computing the fluid flow (u, p) subject to (1)-(4). By the way, we also derive a basic integral
representation for the velocity field u in the entire fluid domain.

iii) The numerical implementation resorts to 6-node curvilinear and triangular boundary elements
[3,4] on the particle’s surface S. This choice makes it possible to accurately compute the particle’s
rigid-body motion at a reasonable cpu time cost.

Preliminary numerical results

Although the proposed procedure (theory and numerical implementation) is valid for arbitrarily-
shaped particles preliminary results will be presented at the talk for a spherical body. The migration
of the sphere is found to deeply depend upon its location, the gravity field and the film thickness. It
will be shown that the sphere may then either move faster, slower or at the same speed as if isolated
in an unbounded fluid.

Conclusions

A new approach is presented to determine the settling motion of a solid and arbitrarily-shaped
particle immersed in a liquid film of a Newtonian fluid. The Green’s tensor associated to this geometry
is analytically obtained and its use makes it possible to reduce the problem to the treatment of 6
boundary-integral equations of the first kind on the particle’s surface.
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Introduction 
Boundary Element Analysis (BEA) is now an established techinique widely used in many industries. In terms of 
structural analysis, the technique is almost exclusively used for discrete event simulation. In practice BEA of a large 
structure involves the discrete solution for a single time-step. If the effect of changing loads or other boundary 
conditions is required, this will usually involve expensive and often time consuming remodelling and/or re-runs of the 
solution software. 

Researchers at the University of the West of England (UWE) have been investigating and developing hybrid solution 
schemes for solving inverse problems.  This paper discusses the application of this research to develop an inverse 
problem engine to solve an inverse Boundary Element problem utilising a modified Trefftz method. The inverse 
methodology is based on the combined application of Artificial Neural Networks (ANN) and BEA. The proposed 
solution strategem has been compiled into an automated inverse Boundary Element problem solver with a powerful 
Graphical User Interface (GUI).  It is assumed that the reader is familiar with BEA and its application to both potental 
and elastostatic problems.  

Artificial Intelligence - Inverse Problem Analysis 
An Artificial Intelligence approach, specifically an ANN, as an Inverse Problem Solver can be utilised for predicting the 
potential (external temperatures on a body) from the known internal temperatures as has been shown from preliminary 
evaluation of the inverse technique detailed elsewhere [1,2,3].  In general, ANNs were established from the study of the 
biological nervous system.  In other words Neural Networks are an attempt at creating machines to behave like the 
human brain by using components that behave like biological ‘neurons’.  These elements are all interconnected and 
work in conjunction with each other, hence the development of the name ‘Neural Network’.  An ANN can often be 
thought of as a black box device for information processing that accepts inputs and produces outputs.  Inverse problems 
are classed as problems where the responses (i.e. internal temperatures on a body) are known however the external 
temperatures, which generated them, are not.   

Hybrid Inverse Boundary Element Problem Engine Design 
Developing an Inverse Problem Engine, utilising an ANN, that is capable of determining the loads on a complex 
component requires four main areas to be considered: 

1. Acquisition of training data – this should allow the reliable capture and generation of training data (i.e. external 
temperatures and the internal temperature responses). 

2. ANN architecture – this should determine an accurate mathematical relationship (function) for the training data 
in as short a time period as possible (i.e. minimisation of the error function to an acceptable accuracy in the 
minimum number of loops). 

3. ANN software – this should enable all the tasks required for network training, utilisation and data analysis to be 
accessed and performed within a simple and logical GUI. 

4. Acquisition of problem data – this should allow the reliable capture of problem data (i.e. internal temperatures 
due to real external temperatures). 

The developments in each of these areas have been discussed in the paper and the resultant system is presented through 
a case study.  

Hybrid Inverse Boundary Element Problem Engine Case Study 
A study was performed to assess the developed system.  The problem chosen for the case study was a rectangular plate 
heated to 1000oC on the left edge, -500oC on the right edge and insulated on the other two sides.  The aim of the case 
study was to determine the usability and accuracy of the Inverse Problem Engine by comparing the actual temperatures 
on the left and right edge found using direct analysis with the predicted temperatures found using the Inverse Problem 
Solver. 
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To validate the trained ANN eight problem patterns were generated from applying eight sets of four external 
temperatures (Actual Temperatures) to the model and collecting the internal temperature data.  The problem patterns 
were then introduced to the network and the predicted external temperatures that caused them found (ANN 
Temperatures).  The comparison of the Actual and ANN predicted temperatures for four of the eight problem patterns 
can be found in Fig. 1.  The results in clearly shown that the ANN can predict four external temperatures caused by 
eighteen internal temperatures with a high level of accuracy within the specified temperature range.  

Figure 1: Comparison of actual and predicted external temperatures for four problem patterns. 

Conclusion 
A tool has been developed and tested through a case study that enables the user to can solve both direct and the inverse 
Boundary Element problems with ease.  The software developed provides a simple to use interface, which allows simple 
analysis of the obtained results.  A summary of the main development and achievements to date are detailed below, the 
developments are:  

● an easy to use Graphical User Interface (GUI). 
● a training methodology. 
● a Boundary Element specific Inverse Problem Engine. 

A critical appraisal of the system has highlighted several areas that require future investigation, which include: 
● the development of a thermocouple data acquisition collection interface. 
● investigation of the technique utilising time dependent parameters. 
● the assessment of the potential of the tool for investigation of complex problems. 

If these recommendations for further investigation can be achieved a complete and fully robust system could be 
developed.  
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ABSTRACT

In this paper, we apply a Displacement Discontinuity-FEM coupling method to a classic petroleum engineering 

problem: the evaluation of subsidence over a compacting oil reservoir.  We use displacement discontinuity 

methods to account for the reservoir surrounding area, and finite element methods in the fully coupled simulation 

of the reservoir itself.  This approach greatly reduces the number of degrees of freedom compared to an 

analyzing fully coupled problem using only a finite element or finite difference discretization. 

Key words: Poroelasticity; subsidence; half space; displacement discontinuity method; finite element method 

1. Introduction

Conventional reservoir simulator treats only the transport problem in the reservoir.  This is 

analogous to assuming that the overburden has no stiffness and the total vertical stress on the upper 

surface of the reservoir is unaffected by pressure changes in the reservoir; i.e., it is assumed that p = 

v.  This is clearly inadequate, as any change in pressure must be accompanied by a change in 

volume ( V/V = C· , where C is compressibility); therefore, for any non-uniform pressure change in 

the reservoir, p v, because of the stiffness of the overburden.  An analytical solution presented by 

Rothenburg, Bratli and Dusseault(1996) for transient two-dimensional radial flow of a compressible 

fluid into a vertical penetrating well shows clearly that the stiffness of the strata, both reservoir and 

overburden, is an essential coupling element which must be taken into account.  In the limit, for full 

coupling of flow and stress in the reservoir zone, the complete mechanical response of the overburden 

must be accounted for, even factors such as stratification and anisotropic properties. 

 In this paper, to achieve coupling in an efficient manner, we attempt to exploit the advantages of 

the displacement discontinuity method in solving the stress-strain problem in infinite and semi-infinite 

domains, combined with finite element methods for solving the flow-deformation system in the 

reservoir.    

2. Subsidence Analysis by Hybrid DDFEM Model 

2.1Displacement Discontinuity Method (DDM) 

The Displacement Discontinuity method is a boundary element method for solving problems in solid 

mechanics.  In geomechanics, it is usually used for analyzing large scale mining layouts  in infinite or 

semi-infinite media(Salamon 1963), and it is useful in cases involving displacements along faults or 

joints, in fracture mechanics, and for simulating mining in tabular ore bodies (which extend at most a 
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few meters in one direction and hundreds or thousands of meters in the other two).  An advantage of the 

displacement discontinuity method for problems in geomechanics, like any boundary method, is that 

boundary conditions at infinity are automatically satisfied.  Hence, full domain discretization and 

stipulation of boundary conditions on non-infinite boundaries can be avoided.  Inspired by the 

similarities between a tabular ore body and the typical tabular reservoir in an oil field, we may consider 

applying this highly efficient method to the area outside the reservoir. 

2.2 Coupling of Displacement Discontinuity and Finite Element Methods 

We combine a FEM method for the reservoir with a DD formulation for the surrounding strata, to 

address the compaction induced surface subsidence problem numerically in a half-space domain.  

The exchange of the information between the reservoir model and the DD model is performed. The 

information that the FEM model provides is the deformation of the reservoir, which is then converted 

into displacement discontinuity provided to the DD model; the information that the DD model provides 

is the stress state of the reservoir, which is then converted into overburdens provided to the FEM model. 

3. Verification and Conclusions 

Verification through the comparison with Geertsma’s solution(Geertsma 1966) shows that the DDFEM 

method leads to correct solutions. Conclusions are made:  

1. The present method has advantages over the FEM method alone which must introduce proximal 

boundaries (not a true half-space) and leads to a much larger number of degrees of freedom for the 

discretization of the surrounding strata.

2. It has the advantage of higher accuracy with a reduced number of degrees of freedom through 

considering the reservoir compaction as one part of the problem, and its influence on the surrounding 

impermeable half-space domain as the second part of the problem.  This seems to be a relatively natural 

way of addressing a large number of realistic problems.  
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Abstract. Functionally graded materials are multi-phase materials with the phase volume fractions varying

gradually in space, in a pre-determined profile. Often, these spatial gradients in material behaviour render 

FGMs as superior to conventional composites. FGMs posses some advantages over conventional

composites because of their continuously graded structures and properties [1]. Due to the high mathematical

complexity of the initial-boundary value problems, analytical approaches for the FGMs are restricted to 

simple geometry and boundary conditions. Thus, analyses in FGM demand accurate and efficient numerical

methods. The finite element method can be successfully applied to problems with an arbitrary variation of 

material properties by using special graded elements [2]. In commercial computer codes, however, material

properties are considered to be uniform on each element. The boundary element method (BEM) is a suitable 

numerical tool for this purpose, too. However, for a general continuously nonhomogeneous body the 

fundamental solution for many governing equations are not yet known in literature. One possibility to

obtain a BEM formulation is based on the use of fundamental solutions for a fictitious homogeneous

medium.

During the last several decades, laminated composite plates have been widely used in engineering 

structures. It is well known that the classical thin plate theory of Kirchhoff gives rise to certain non-physical

simplifications mainly related to the omission of the shear deformation and the rotary inertia, which become

more significant for increasing thickness of the plate. The effects of shear deformation and rotary inertia are

taken into account in the Reissner-Mindlin plate bending theory. The first application of the boundary

integral equation method to Reissner’s plate model was given by Van der Ween [3]. Number of applications

to analyze functionally graded plates is very limited. Only Reddy [4] applied the FEM to FGM plates using 

the third-order shear deformation plate bending theory.

In the present paper, the authors have developed a meshless method based on the local Petrov-Galerkin

weak-form to solve static and dynamic problems for orthotropic thick plates with material properties 

continuously varying through the plate thickness. The Reissner-Mindlin theory reduces the original 3-d 

thick plate problem to a 2-d problem. It is assumed that the material properties are graded along the plate

thickness, and the profile for volume fraction variation is represented by

    with3( ) ( )b t bP x P P P V 3 1

2

n
x

V
h

  ,   (1)

where P denotes a generic property like modulus, and  denote the property of the top and bottom 

faces of the plate, respectively, and n  is a parameter that dictates the material variation profile. Poisson 

ratios are assumed to be uniform.

tP bP

The bending moments M and the shear forces Q are defined as 
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where in the Reissner plate theory. 5 / 6

One obtains expressions for bending moments M and of the shear forces Q
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In the Reissner-Mindlin plate bending theory the governing equations (equations of motion) have the form
3

, ( , ) ( , ) ( , )
12

h
M t Q t w tx x x    ,

, ( , ) ( , ) ( , )Q t q t hw3 tx x x x        ,    (6)

where  is the mass density. The Greek indices vary from 1 to 2. The dots indicate differentiations with 

respect to time t.

According to the meshless local Petrov-Galerkin (MLPG) method, we construct a weak-form for Laplace 

transforms of governing equations over the local subdomains i

s   around each node x
i inside the global

domain . If unit step functions are chosen for the test functions in local weak forms the following local

boundary integral equations can be derived 
3

2( , ) ( , ) ( , ) ( , ) 0
12i i i i

s s s s

h
M s d Q s d s w s d R s dx x x x   ,       (7) 

2

3 3( , ) ( ) ( , ) ( , ) 0
i i i
s s s

Q s n d hs w s d R s dx x x x  .       (8) 

Meshless approximation of the generalized displacements on a simple domain, based on the Moving Least-

Squares (MLS) method, allows for elegant and efficient numerical integration of domain-integrals in eqs (7)

and (8). The Stehfest’s inversion method is applied to obtain the time-dependent solution. Numerical results 

for isotropic and orthotropic square plates with various boundary conditions and subjected to static and 

impulse loadings are presented to illustrate the applicability of the proposed method.
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Abstract. In this paper a boundary element method is developed for the second-order analysis of frames 

consisting of composite beams of arbitrary doubly symmetric constant cross section, taking into account 

shear deformation effect. Each composite beam consists of materials in contact each of which can surround a

finite number of inclusions (Fig.1). Moreover, it is subjected in an arbitrarily concentrated or distributed 

variable axial loading. To account for shear deformations, the concept of shear deformation coefficients is

used [1]. The analysis of the plane frame leads to the construction of the 6x6 local stiffness matrix for each

beam component, relating the nodal displacement vector in the local coordinate system, with the respective

nodal load vector. The elements of this matrix are evaluated from the solution of the following boundary

value problem
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Fig.1. Prismatic beam in torsionless bending (a) with an arbitrary doubly symmetric composite cross-

section (b). 
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are the moment of inertia, the shear area and the area of the composite cross section,  is the shear

correction factor,  the shear deformation coefficient of the Timoshenko’s beam theory,

z

za w = w x  is the 

beam deflection, N = N x  is the beam axial force, ,  are the stress resultants at the beam ends, ,zR yM xp
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zp , are the arbitrarily distributed axial, transverse loading and bending moment, respectively and 

 are given constants. Eqns. (2a,b) describe the most general boundary conditions

associated with the problem at hand and can include elastic support or restrain. It is apparent that all types of

the conventional boundary conditions (clamped, simply supported, free or guided edge) can be derived form

these equations by specifying appropriately the functions  and  (e.g. for a clamped edge it is 

, ).

ym

i i, (i =1,2,3)

i i

1 1= =1 2 3 2 3= = = = 0

In the aforementioned boundary value problem the axial force inside the beam or at its boundary can

be evaluated from the solution of the following boundary value problem

2

1 x2

d u
E A = -p

dx
inside the beam (4)

1 2c u x + c N(x) = c3 at the beam ends (5)x = 0, l

where  is the beam axial displacement and (i  given constants.u = u x ic =1,2,3)

The aforementioned two boundary value problems together with a third one concerning a stress 

function are solved employing a pure BEM approach, that is only boundary discretization is used. The 

evaluation of the shear deformation coefficients is accomplished from the aforementioned stress function

using only boundary integration [2]. The essential features and novel aspects of the present formulation

compared with previous ones are summarized as follows. 

i. The composite beam is subjected in an arbitrarily concentrated or distributed variable axial loading. 

ii. The composite beam is supported by the most general boundary conditions including elastic support

or restrain. 

iii. Shear deformation effect is taken into account.

iv. The shear deformation coefficients are evaluated using an energy approach, instead of Timoshenko’s

[1] and Cowper’s [3] definitions, for which several authors have pointed out that one obtains 

unsatisfactory results or definitions given by other researchers, for which these factors take negative

values.

v. The effect of the material’s Poisson ratio  is taken into account. 

vi. The proposed method employs a pure BEM approach (requiring only boundary discretization) 

resulting in line or parabolic elements instead of area elements of the FEM solutions (requiring the

whole cross section to be discretized into triangular or quadrilateral area elements), while a small

number of line elements are required to achieve high accuracy.

It is worth here noting that the reduction of eqns.(1), (3), (4) using the modulus of elasticity  and the shear

modulus  of the first material, could be achieved using any other material, considering it as reference

material.

1E

1G

Numerical examples with great practical interest are worked out to illustrate the efficiency, the

accuracy and the range of applications of the developed method. The influence of both the shear deformation 

effect and the variableness of the axial loading are remarkable. The analysis of plane frames consisting of

homogeneous beams of arbitrary doubly symmetric simply or multiply connected constant cross section is 

treated as a special case.
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How EADS uses the Fast Multipole Method

to boost its simulation in electromagnetism and acoustics 
G. Sylvand (EADS-CRC F) 

I. Terrasse (EADS-CRC F) 

We are interested in the numerical simulation of waves propagations in electromagnetism and 

acoustics governed by the Maxwell and Helmholtz equations. We have to solve this kind of 

problem in fields such as furtivity, antenna design and placement, etc.  More precisely, we 

choose to solve these equations in the frequency domain and in integral form, which results in 

having to solve a full complex linear system. When the characteristic size of the objects

considered grows compared to the wavelength, the traditional methods to solve this system

(standard Cholesky) become unsuited because of a prohibitory cost in term of storage and

computing time.  In the Eighties, these methods are used on workstations and are limited to 

problems involving a few thousands of unknowns, and objects whose diameter does not

exceed a few wavelengths.  In the Nineties, the use of parallel machines makes it possible to

handle cases with up to 100.000 unknowns however with exactly the same methodology.

We implemented in EADS simulation software family ASERIS an algorithm called fast 

method multipôle allowing to solve the same equations in a much more economic manner.

With the FMM, and in conjunction with an iterative solver (such as GMRES), one can solve 

the linear system interesting us in much more reasonable times and for much more significant

problem sizes. These methods were implemented and validated both in electromagnetism and 

acoustics simulation softwares on distributed memory parallel machine. Thanks to all this

research, we could carry out simulations of size without precedent on industrial cases in

electromagnetism and acoustics.

For example, the image below is the result of a calculation of interaction between a simplified

missile (seen in section here) comprising an air intake and an incidental plane wave (source : 

JINA Workshop 2004).  The object measures 1,2 m, the frequency of the wave is 17 GHz, the 

mesh comprises 1,2 million unknowns.  The presence of the cavity makes this kind of 

computation generally very difficult.  Here, simulation took only 3 hours on 4 Opteron 

processors.  On the image, one 

sees very well that the

phenomena of multiple

reflexions inside the cavity was 

well taken into account.  The

same case solved by a 

Cholesky method would have 

required 20.000 hours of 

computation (estimated, of 

course!) on the same machine.

Without the Fast Multipole

Method, this type of simulation

is very difficult if not 

impossible to carry out. 
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Abstract

In the stress analysis of thin, slender bodies using the conventional Boundary 

Element Method (BEM), the integrals in the boundary integral equation (BIE) becomes 

nearly singular.  This is because of the singular nature of the fundamental solutions to the 

governing equations of the problem which form the integrands. As a result, the accurate 

numerical evaluation of these integrals using quadrature rules that are based on simple 

polynomial representations poses some difficulties even though the integrands are regular 

in the strict mathematical sense within the limits of integration.   Over the years, many 

different schemes have been proposed by various researchers to “regularize” nearly 

singular integrals which arise in various BEM formulations.  They include the special 

weighted Gauss method, the Taylor series expansion and singularity subtraction method, 

the variable/coordinate transformation method, the projection transformation method, the 

auxiliary surface method, schemes to analytically regularize the BIE formulations to 

obviate computing the nearly singular integrals, and a few others.  For various reasons, 

no one particular scheme among them has been widely adopted in BEM formulations.   

Thin, layered, anisotropic material systems occur in many important applications 

in engineering.  Examples include structural laminated composites, bi-crystals and thin 

film-substrate systems in solid state electronic devices, and single crystal alloy turbine 

blades with thermal barrier coatings.  Failure due to debonding at the interfaces and 

excessive stresses in the layers when under mechanical and thermal loads are important 

design considerations.  In this paper, regularization using integration by parts is carried 

out on the weakly singular integral in the BIE for two-dimensional anisotropic elasticity 

to reduce the order of the singularity of the integrand.  Following this, the integral 

containing the traction fundamental solution is analytically integrated to give the exact 

formulation for a general element of n-th order interpolation of the variables. This allows 

the integrals to be very accurately evaluated even for very thin bodies and without the 

need for excessively refined meshes. The effectiveness and applicability of the proposed 

scheme are demonstrated by example problems in which the BEM results are compared 

with those obtained using the commercial FEM software ANSYS.

* Corresponding Author: Tel. 1-613-520-2600 ext. 5699 

 Fax. 1-613-520-5715; Email: ctan@mae.carleton.ca 
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Abstract. This work aims at extending the concept of the Numerical Green's Function (NGF), well known 

from boundary element applications to fracture mechanics, to the Local Boundary Integral Equation (LBIE)

context. As a "companion" solution, the NGF is used to remove the integrals over the crack boundary and is

introduced only for source points whose support touches or contains the crack. The results obtained with the

coupling of NGF-LBIE in previous potential discontinuity Laplace’s equation problems and the authors’

experience in NGF-BEM fracture mechanics were the motivation for this development.

Introduction

Meshless methods are increasingly proving to be quite accurate in the analysis of the most common 

problems found in engineering applications. They can be very efficient, in terms of computer time, in

solving problems that need a great number of node repositioning during the analysis, which can be more

expensive than the analysis itself when using mesh-based methods.

Normally, a meshless method is a mesh-free counterpart of a well-established mesh-based method [1,2]

and because of this, there is no reason to believe that the improvements made for the mesh-based

procedures cannot be implemented in their mesh-free versions.

In this work, the concept of the numerical Green’s function (NGF) for 2-D elastostatic fracture 

mechanics is introduced in the local boundary integral equation (LBIE) method, which has been brought

into existence from the boundary integral equation, basic to the boundary element method (BEM). The NGF

for fracture mechanics was first used in a BEM approach [3] during the last decade and has recently been

used for potential discontinuity simulations, already applied to the LBIE, generating very good results [4].

The approximation scheme for the trial function used here is the well-known moving least squares

(MLS) method, which is the most common alternative in the bibliography. The singular integrals are 

computed using Kutt’s quadrature [5] procedure, well-known from previous BEM implementations.

Numerical Green’s Function

Consider an infinite elastic plane with an unloaded crack inside under the action of a unit point load applied

at . The fundamental displacements and tractions for this case can be calculated by superposition [8],

which mathematically reads 
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where ( )* refers to Kelvin’s fundamental solution and ( )c indicates the complementary part . 

According to [3], the complementary part of the solution can be calculated as follows 
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where  is a point on i and  are the crack openings ),(ikc
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sc
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which can be calculated by solving the following system of equations 

),(),( *pSc ijij (4)

Matrix S is square of dimension 2N (N is the number of points on i) that depends only of the crack’s 

geometry. This complete formulation can be seen in [3] and is herein implemented for the LBIE method [4].
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Example

This example is depicted in Figure 1. The results are compared with the ones presented in [3]. For this

example it is considered: E = 50000,  = 0.2, number of nodes N = 210.

(a) (b)

Figure 1 – (a) geometry and (b) node cloud of the example

The stress intensity factor KI is obtained here using a relation presented in [8]. The comparison of the 

results obtained with this technique and those found with NGF-BEM (numerical Green’s function with

BEM) and AGF-BEM (analytical Green’s function with BEM) are presented in Table 1. 

Table 1 – comparison of results 

Method KI /K0 Error (%) 

NGF-LBIE 1.182 0.51

NGF-BEM 1.1877 0.99

AGF-BEM 1.1871 0.94

estimated 1,176 1% -

Conclusion

This work aimed at introducing the concept of the NGF for fracture mechanics into the context of the

LBIE method. Here the LBIE formulation was presented for the elastostatic problem, as well as the

procedure for obtaining the NGF for fracture mechanics and the MLS approximation scheme used to

interpolate the trial function. 

The result produced illustrates the accuracy of the NGF-LBIE procedure and encourage new 

developments in this area of research.
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Abstract: This paper presents a fast multipole BEM for the analysis of two-dimensional 

elastoplastic problems. Both of the boundary integrals and domain integrals are calculated by 

recursive operations on a quad-tree structure without explicitly forming the coefficient matrix. 

Combining multipole expansions with local expansions, computational complexity and memory 

requirement of the matrix-vector multiplication are both reduced to O(N), where N  is the number 

of DOFs (degrees of freedom). 

BEM Formulation of Elastoplasticity 

Considering a homogeneous solid of domain  bounded by a boundary , the following integral 

equation can be written for the displacement rate at a boundary source point x [1].

* *

*
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And the following integral equation can be obtained for the stress rate at an internal point X
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Implementation of the Fast Multipole Method 

The fast multipole BEM uses the same discretization as the conventional BEM. The boundaries of 

the model are discretized using boundary elements and the internal domain where local yielding is 

expected to occur are discretized using internal cells. Then an adaptive quad-tree structure is 

constructed [2]. The boundary and domain elements are both allocated into the leaves of the tree. 

An example is shown in Fig.1, where each leaf contains at most six boundary elements or internal 

cells. Both of the boundary integrals and domain integrals are calculated by recursive operations 

on the quad-tree structure without explicitly forming the coefficient matrix. Combining multipole 

expansions with local expansions [3], computational complexity and memory requirement of the 

matrix-vector multiplication are both reduced to O(N), where N is the number of DOFs (degrees of 

freedom). 

In order to solve the system equations of elastoplastic problems, an incremental iterative algorithm 

is employed, which follows the loading history accurately. In each loading step, an iterative 

procedure is executed to determine the plastic strains at the interior nodes where the material is 

possibly yielded. In each iteration step to obtain the new plastic strains, the equation system is 

solved by the generalized minimum residual method (GMRES), which uses the sparse approximate 

inverse type as the preconditioner. 
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Numerical Example 

This example considered a square plate with 16×16 periodically distributed circular holes as shown 

in Fig. 2. The outer boundary of the plate is subjected to uniform normal displacement 

0.04mmnu  under plain strain conditions. Ideal plasticity is assumed with the following material 

properties:

Young’s modulus E  42000 MPa, Yield stress 0 =105MPa, Poisson ratio =0.33.

The boundaries and expected yielding areas were discretized by quadratic elements and constant 

cells, respectively. The whole model has 107,520 boundary DOFs and 645,120 internal DOFs.

In the fast multipole BEM analysis, the order of the finite series was set as 25; the loading process 

was divided into 6 increments, and 10 iterations were employed in each increment. The analysis 

was done on a desktop PC and the total CPU time was 9.77 hours. Fig.3 shows the distribution of 

the equivalent von Mises stress in a unit square, where only the expected yielding area is plotted. 

To verify the BEM results, a unit square was isolated and analyzed using a commercial FEM 

software MSC/Marc, and the corresponding results are shown in Fig.4. 
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The solution of 3D Rolling-Contact problems involves the solution of the frictional 

contact problem using directional derivatives depending on the rolling velocity.  

Elastic equations are computed by BEM and solved satisfying the non-linear 

boundary conditions. In this process the number of equations corresponding to 
each node in possible contact is usually duplicated to include the contact equations, 

which change from each solution step to the next, and the static condensation of 
the non-contacting degrees of freedom is often used to reduce the size of the non-

linear problem solved each iteration, but this process is highly expensive for 3D 
problems.

If the BEM is used together with advanced non-linear solution methods, i.e., 

Augmented Lagrangian with Generalized Newton Method (GNM), the 

complementarity between unknowns and some relationships between the contact 
restrictions with friction can be used to simplify and accelerate the solution of 

contact problems.   

In this work a new algorithm that takes advantage of these relationships to solve 
the problem, without using the static condensation and making use of an iterative 

equation system solution method, will be presented. The new algorithm solves in 
each iteration a different equation system, of the same size that the one derived 

from the elastic equations, using as starting solution the one obtained during the 

previous iteration.

The methodology developed starts from a representation of the contact equations 
by a new projection function of the augmented tractions, and using an 

approximation of the rolling derivative. This function, when included in the GNM, 
produces a very simple jacobian, maintaining a good convergence ratio. 

From the eulerian perspective, the directional derivative can be viewed as a flux of 

material on the body surface in the rolling direction. In this work, we use a balance 

law on the body surface to ensure that all material that comes into a patch of 
boundary elements also go out, both in the correct direction, independent of the 

mesh, regular or irregular, and the relative alignment with the rolling direction.  

For each step, the directional derivative is estimated using previous values, 
included as a constant in the solving process, and corrected. This process permits 

the use of fast algorithms developed previously by the authors for contact problems 
without rolling, avoiding the condensation process and reducing the number of 

unknowns. 

To illustrate the capabilities of this algorithm, several examples will be solved 

showing the accurate results obtained, and the necessary computational effort. 
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ABSTRACT

An efficient method to solve time harmonic Maxwell’s equations in unbounded exterior domain for high
frequencies is obtained by using the integral formulation of Després mixed up with a coupling method
based on the Microlocal Discretization Method (MDM) and the Fast Multipole Method (FMM) [1].
However, some aspects of this method still remain to study. One of these aspects is the use of curved
microlocal finite elements of higher order, in order to satisfy the error’s estimations of the MDM.
The integral formulation of Després [2], for Leontovicth’s type impedance boundary conditions, results
in a linear system with good properties which allow us to solve the system with an efficient iterative
method.
After discretization, we have to solve a dense linear system with a size N proportionnal to the free wave
number k = 2πf/c where f is the frequency of the incident wave and c the speed of light. By using the
multi-level FMM (MLFMM) [3] which is based on the reduction of the interactions generated by the
Green kernel between multipole boxes, we can reduce the complexity of the matrix-vector calculation
of the iterative solution to O(NlnN). Currently, the implementation of curved finite elements of order
2 was done in a code coupling integral equations of Després and MLFMM. We obtain good results in
the cases of sphere and almond by using curved finite elements of order 2.
Another strategy to solve Maxwell’s equations is to reduce the size of the linear system. We reduce the
size of the system by the use of MDM introduced by Abboud, Nédélec and Zhou [4]. In MDM, when
we discretize the unknown, we give some information on the oscillatory behaviour of the solution by
the approximation of the phase function of the unknown. Then, we have a new unkown (less oscillatory)
that we can approximate with a number of degrees of freedom of order k

2

3 instead of k2. However, it’s
still necessary to approximate the surface of the objet by a mesh with a number of elements in k2. Then,
the MLFMM is used to speed up the calculation of the system [1]. In order to achieve a high level of
accuracy, in the case of perfectly absorbing objects, we consider the use of curved finite elements of
higher order.
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1. Introduction 

Transient poroelastodynamic fundamental solutions are some of the key ingredients required for solving 

wave propagation problems in saturated porous media. These solutions involve the responses of the medium 

to suddenly apllied point forces and a supplementary scalar source with Heaviside step functions in time. 

Considering the practical variables of solid skeleton displacement and fluid pressure, Gatmiri and Kamalian 

[1], among others, derived an approximate transient 2D fundamental solutions for the u-p formulation which 

can be used in BE algorithms. Later Gatmiri and Nguyen [2] proposed much less complicated transient 2D 

fundamental solutions for the u-p formulation of saturated porous media consisted of incompressible 

constituents.

Presentation of time-domain fundamental solutions for the u-p formulation of 3D saturated porous media 

with incompressible constituents constitutes the main purpose of this paper. Some numerical results are 

plotted that show the accuracy of the proposed solutions.  

2. Governing Equations 

Equations of dynamic poroelasticity expressing, respectively, the conservation of total momentum, the flow 

conservation for the fluid phase, the constitutive equation of a poroelastic solid and the generalized Darcy’s 

law in the frame of Biot theory have been considered. 

The u-p governing equations for poroelastic media with incompressible solid particles and fluid could be 

obtained in the Laplace transform domain as follows [1and 2]: 

0~~~)(~
,

2

,, iiijijjji fpusuu
(1)

0~~~
,, iiii upk (2)

Where the tilde denotes a Laplace transform and s is the Laplace transform parameter. 

3. Laplace Transform and Time Domain Fundamental Solutions 

The explicit three dimensional Laplace transform domain fundamental solutions for equations (1) 

and (2), which involves the response to suddenly applied three point forces and a supplementary 

scalar source with Heaviside step function in time, have been obtained by employing directly the 

Kuperadze method [3]. Returning to the real time domain requires inverting the exponential functions of 

equations in Laplace transform domain as well as their coefficients by employing the convolution theorem. 

Using the simplified assumptions of u-p formulation as well as solid grain and fluid incompressibilities, 

enables one to obtain the inverse Laplace transforms of the exponential functions in an exact and much less 

complicated manner compared to the extremely difficult case of complete dynamic formulation of poroelastic 

media.

The explicit and simple closed form expressions of the time domain fundamental solutions could be obtained 

as follows: 

Advances in Boundary Element Techniques 301



)(2exp1
22

2122

d

t

vr
d

ij

d

ijijij

ij
v

r
tHdg

v

B
g

v

C
t

A
t

A
G

d

22

2
222exp1

2
ttt

Aij

ss

ij

ij

ss

ij

s

ij

v

r
tH

v

C
D

v

r
t

v

B

v

r
t

A

2

2

2
(3)

dd

it

vr

i

i
v

r
tHtg

rv

r
dgt

r

r
G

d
2

,

12

,

4
4

2
2exp1

4

t
r

r i
2exp1

4 2

,
(4)

t

vr
d

d

t
v

r
tHgt

kr
G 2exp2exp1

4

1
144 (5)

where I0, I1, H(t) and )(t  denote the modified Bessel functions of the first kind of orders zero and one, and 

the Heaviside step and Dirac delta functions, respectively.  

3. NUMERICAL RESULTS 

A set of numerical results and comparisons are presented in this paper to demonstrate the accuracy of the 

proposed analytical time-domain fundamental solutions. A saturated soft soil with incompressible solid grains 

and pore water is considered in which the material properties are defined in the metric system as follows: 

=12.5 MPa, µ=8.33 MPa, =2120 kg/m3, =1, =1×10-7 m4/Ns. The applied force (or fluid source) point is 

located at coordinate (0,0,0) and the receiver is located at coordinate (0.01,0.02,0.03). Figures 1 shows the 

accuracy of the presented analytical closed form solution for G44 components as an example. 

Figure 3. Three-dimensional pressure time history at (0.01,0.02,0.03) due to fluid injection at (0,0,0) 
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Abstract.

In this paper a new procedure to correct the crack extension direction is proposed in connection with crack 

growth analyzed by the Dual Boundary Element Method (DBEM). The proposed correction procedure and 

an existing correction procedure are evaluated by solving three different computational crack growth 

examples. In all the three examples it is found that analyses of the crack path performed with big crack 

extensions and the proposed crack correction procedure is in excellent agreement with analysis of the crack 

path performed with very small crack extensions. Furthermore it is shown that the existing correction 

procedure has a tendency to overcorrect the crack growth direction if the stop criterion for the iterative 

correction procedure is not specified for each new crack growth analysis.  

The DBEM is well suited to study crack propagation because discretization only occurs at the boundary 

and therefore the remeshing task is greatly reduced [1] when compared to other computational methods such 

as the finite element method. In the DBEM the crack growth process is simulated by an incremental crack-

extension analysis. Each crack increment is in general modeled with a straight extension which results in a 

curved crack path formed by a piece-wise straight crack. For each increment the direction of the crack 

extension needs to be found from the stress intensity factors. Several theories have been proposed to describe 

the direction of mixed-mode crack growth and one of the most commonly used is the maximum principal 

stress criterion [2]. The criterion prescribes that the crack will grow perpendicular to the direction of the 

maximum principal stress. In order to avoid introduction of an error when the maximum principal stress 

criterion is used with an incremental formulation, each straight crack extension would have to be 

infinitesimal as the crack growth direction changes when the crack grows. A correction procedure to correct 

the extension direction of the increment can however be applied to ensure that a unique crack path is 

achieved with different analyses of the same problem performed with different size of the crack-extension 

increments. 

A. Portela, M. H. Aliabadi and D. P. Rooke [1] presented a simple procedure to correct the direction of 

the crack-extension increment.  In this procedure the error introduced by extending the crack perpendicular 

to the maximum principal stress evaluated only at the old crack tip is corrected in several iterations by the 

direction of the maximum principal stress found at the new crack tip. For each iteration the direction of the 

crack extension is corrected so that the crack increment leads towards the crack path calculated with an 

infinitesimal crack extension size. However as will be shown in the paper this correction procedure has a 

tendency to overcorrect the direction of the crack extension, as it is difficult to find a general stop criterion 

for the iterative procedure.

Another crack correction procedure is proposed in the present paper. In this procedure it is assumed that 

the crack increment has a continuous deflection and therefore it can be approximated with a second order 

polynomial. The direction of the maximum principal stress at the old crack tip is at first used to place a new 

crack increment. From the extension direction found at both the old and the new crack tip it is possible to 

calculate the corrected crack tip position, since the direction must change linearly when a second polynomial 

is used. As piece-wise straight elements are most general in the Dual Boundary Element Method the second 

order crack path that connects the old and new crack tip is replaced by a straight crack increment. A similar 

approximation of the shape of the crack increment is used in the predictor-corrector method [3] which is 

based on an incremental parabolic approximation of the crack path together with the modified virtual crack 

closure integral method.   

Advances in Boundary Element Techniques 303



References

[1] A. Portela, M. H. Aliabadi and D. P. Rooke, Computers and Structures, 46, 237-247 (1993) 

[2] F. Erdogan and G. C. Sih, J. Basic Engng, 85, 519-527 (1963) 

[3] H. Thielig and M. Wünsche, Advances in Fracture and Damage Mechanics, IV, 287-293 (2005) 

304 Eds: B.Gatmiri, A.Sellier, M.H.Aliabadi



Propagation of seismic P and SV waves in alluvial valleys  

with vertical gradient of velocity 

Francisco Luzón1, Francisco J. Sánchez-Sesma2 , J. Alfonso Pérez-Ruiz1,
Leonardo Ramírez-Guzmán3 and Andrés Pech4

1 Departamento de Física Aplicada and Instituto Andaluz de Geofísica, Universidad de Almería.  

Cañada de S. Urbano s/n. 04120-Almería.Spain. fluzon@ual.es 

2 Instituto de Ingeniería, UNAM. Ciudad Universitaria, Coyoacán 04510, México DF, México. 
sesma@servidor.unam.mx 

3 Department of Civil and Environmental Engineering, Carnegie Mellon University, Forbes 5000, 
Pittsburgh PA 15217. USA. lramirez@andrew.cmu.edu 

4 Contro Interdisciplinario de Investigación para el DEsarrollo Integral Regional, CIIDIR-Oaxaca, 
Instituto Politécnico Nacional. México. apech@ipn.mx 

Keywords: Boundary element method, Green function, vertical heterogeneity, sedimentary basins soil 
dynamics, seismology.

Abstract. The propagation of seismic P and SV waves within inhomogeneous alluvial valleys has been 

computed using the Indirect Boundary Element Method (IBEM). We used the approximate analytical 

expressions of the Green´s functions for a medium with constant vertical-gradient of velocity to compute 

the response of various inhomogeneous soft deposits. These simulations provided interesting results that 

displayed complex amplification patterns in a rich spectrum of frequencies and locations. We compared 

these results with the calculated using homogeneous material within the alluvial basins. The impedance 

contrast (relative to half-space) is not constant in all sediments of the valley (i. e. is dependent upon depth). 

Indeed, the lowest wave velocities are on the free surface of our model. This induces significant lateral 

reflections of surface waves that have great influence on the free-surface displacements, in comparison with 

the homogeneous models. The heterogeneity completely modifies the response and produces a complex 

behavior due to body and surface waves that have a tendency to trapping energy at the shallowest region.

The Green functions. Consider an elastic isotropic medium with wave velocity varying linearly with 

depth. Under the assumptions of constant ratio of P- to S-wave velocities the “radial” and “transverse” 

components of the approximate analytic 2D Green´s functions for an unit line force in the z or x directions 

can be expressed (see Reference [1]) as, 
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and where the frequency independent factor  can be expressed as (see [2]) 
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In these equations 
)1(

mH is the Hankel´s function of the first kind and m order,  = circular frequency,  and 

 are the travel times of P and S waves, respectively, R1=
2

0
2

0 )()( zzxx and

R2=
2

0
2

0 )2()( hzzxx  . In the expressions of the Green functions the explicit time dependence e–

i t has been omitted. The time displacements on 50 receivers at the free surface of the models used here (see 

fig. 1)  are shown. A remarkable characteristic of the heterogeneous models is that they exhibit a tendency 

to amplify the level of surface motion because the velocity gradient makes them more likely to become 

energy traps, as compared with their homogeneous counterparts. 

Figure 1. a) Semi-circular sedimentary basin (region R)

underlying a half-space (region E). b) Wave velocity 

profiles (dotted line for P waves, and continuous line 

for S waves) in depth at x = 0 for four semi-circular 

sedimentary basins of radius a = 1 km. These models 

correspond to homogeneous (HO-1 and HO-2) and 

heterogeneous basins (HE-1 and HE-2). All models 

have the same geometry and the same P and S wave 

velocity for the halfspace  E = 6 km/s and E = 3 km/s, 

respectively. 

Figure 2. Synthetic seismograms for the vertical displacements 

produced at the free surface of the four models (see figure 1b) 

considered in the present study, under vertical incidence of P

waves. The incident time signal is a Ricker pulse with a 

characteristic period of 0.75pt s
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The analysis of the spontaneous growth of a shear crack can help us to investigate the entire 

rupture process of a natural earthquake. However, the corresponding boundary value problems are 

quite challenging in terms of required memory and processor power. In order to reduce 

computational cost, recently a spectral method has proposed [1-3] which adopts Fourier series 

representations for the spatial dependence of stress and slip along the interface, with the (time-

dependent) coefficients in the Fourier series (also referred to as modes) being related to one 

another in a way which obtains from exact solution to the equations of elastodynamics. This 

allows an efficient numerical method, based on the use of the Fast Fourier Transform in each time 

step to convert between spectral and spatial domains. 

The spectral method does add a lot of efficiency in problems that have translational invariance, 

as it diagonalizes the matrix that relates stresses to slips (or slip velocities).  Hence, even though 

one still needs to compute convolutions, there are much fewer of them to compute. However, the 

evaluation of these convolutions is still the most time consuming stage of the elastodynamic 

analysis [2] and thus several “tricks” must be used to reduce it [4]. This reduction implies a lower 

total CPU time and a larger range of application of the spectral method. On the other hand, a 

significant effort has been made in linear system theory and dynamic soil-structure interaction

analysis to reduce the computational cost associated with the evaluation of the convolution 

integrals, and several efficient schemes have been developed [5, 6].  

In this study, for the first time, a recursive method proposed by Wolf and Motosaka [5] has been 

implemented for the evaluation of the time convolution integrals for some of the lower Fourier 

modes in 2D anti-plane crack propagation problem. The kernel of integral for the lower modes 

don’t decay as rapid as higher modes, so the truncation procedure proposed by Lapusta et al. [4] is 

less effective for them. In this recursive evaluation of the convolution integrals in the time domain 

the output at any time step is computed from the input at this time and a few of the most recent 

past values of the output and input. This highly accurate scheme dose not corresponds to a 

truncation of the convolution integral that only retains recent past input values [5]. It is shown that 

analysis of a 2D anti-plane crack propagation problem involving tN  time steps based on the 

recursive evaluation of convolution integrals, requires )( tNO  computational resources for each 

Fourier mode (as opposed to )(
2

tNO  for a classical algorithm), where  is a constant depending 

on the implementation of the method with typical values much less than tN . The practical 
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implementation of the method has been elucidated, and examples illustrating its accuracy have 

been presented. Figure 1 compares the numerical and analytical solutions of a planar crack, which 

begins to break at its midpoint at the initial time step and propagates bilaterally at a fixed speed of 

0.9 times the Rayleigh wave speed which is 919.0Rc . The slip is shown at several positions 

along the z -axis as a function of time. The continuous lines show the exact analytical solutions, 

while the dots represent the numerical ones. The numerical results follow the analytical solution 

very closely.

Figure 1. Comparison of the numerical and analytical solutions for the self-similar dynamic 

crack growth problem with fixed speed of 0.9 times the Rayleigh wave speed which is 

919.0Rc . The dots denote the numerical results and the solid lines represent the 

analytical.

The results obtained with the recursive algorithm show that it is very precise and it reduces 

significantly the computation effort needed to solve 2D anti-plane crack propagation problem.  

The computation methodology implemented here can be extended easily to 3D cases where it can 

be employed for the simulation of complex spontaneously fault rupture problems which carry a 

high computational cost. 
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Abstract

Nowadays it is well established that the seismic ground response of surface topographies could be different 

compared to those of the free field motion during earthquakes. Although the topography effect on ground response 

could be very important when the wavelength is comparable to irregularity dimensions [1], but there are only few 

building codes which have considered this issue. This is due to complex nature of the seismic wave scattering by 

topographical structures which can only be solved accurately and economically by advanced numerical methods 

under realistic conditions. Recent compilation of works on the numerical modeling of seismic propagation have 

been presented by Beskos [2] and Sanches-Sesma et al. [3]. 

Bouchon [1] was the first who investigated the seismic response of 2D semi-sine shaped valleys. He carried out 

an interesting parametric study, including valleys with different shape ratios  (ratio of height to half width of the 

valley) of 0.2 to 0.8, subjected to incident SH waves with wave lengths of 5.0 times the height of the valley. The 

most important result achieved was that in valleys with shape ratios of more than 0.33, a zone of de-amplification 

takes place at the center, which extends to the lower parts of the slopes, whereas in valleys with smaller shape 

ratios, de-amplification takes place at the edges instead of the center. Review of the literature shows that perfect 

parametric studies on seismic behavior of 2D semi-sine shaped valleys subjected to incident P and SV waves have 

been seldom published. The published works were restricted to either the simple case of incident SH waves or to 

some specific values of shape ratio and dimensionless frequency (ratio of the incident's wave length to the width of 

the valley). 

This paper presents the most important results of an extensive numerical parametric study carried out by time-

domain BEM [4] on amplification patterns of 2D homogenous semi-sine shaped valleys subjected to vertically 

propagating incident P and SV waves. All amplification factors were defined with respect to the free field motion 

(twice the incident motion) and were calculated as the ratio of the Fourier amplitude of the horizontal (or vertical) 

motion to the Fourier amplitude of the free field motion. All results have been presented in dimensionless forms, 

using the well known dimensionless frequency (or its inverse: the dimensionless period). The parametric study 

included seven different shape ratios, ranging from 0.1 to 2.0 and assumed a linear elastic behavior for the media 

with four different Poisson’s ratios of 0.1, 0.2, 0.33 and 0.4. Based on engineering interests, a dimensionless 

period interval of 0.25 to 8.33 was considered, which corresponds to incident waves with wave lengths of 0.25 to 

8.33 times the valley's width.  

The most important results achieved were that: 

1. At any point along the ground surface, irrespective of being inside or outside the valley, the free field motion 

would be either amplified or de-amplified and both components of motion exist.  

2. The amplification pattern of the valley is strongly influenced by its shape ratio, the wave length of the incident 

wave, the wave type and to a less extent by the Poisson’s ratio of the media.  

3. Two distinct zones along the valley could be distinguished: The center zone in which the motion is mostly de-

amplified, irrespective of its shape ratio and the wave length of the incident motion; The edge zone in which 

the ground motion is considerably amplified in broad frequency bands, especially if impinged by incident 

waves possessing wave lengths of equal to or twice the width of the valley. 

4. The edge zone of the valley experience higher amplification potential in the case of incident P waves, whereas 

its center zone experiences higher de-amplification potential in the case of incident SV waves. 
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5. The high spatial variation of the motion amplitude along the ground surface inside and outside the valley could 

result in considerable relative displacements, which should be taken into consideration in seismic design of line 

structures such as life lines, bridges and dams founded across the valley. 

6. If the valley has a shape ratio of less than 0.1 or is impinged by incident waves with lengths of much greater 

than that of the valley's dimension, the ground surface response would be approximately the same as the well 

known free field motion and the topography effect could be ignored.. 
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Modeling unbounded domains is an important issue in engineering: electro-magnetism, fluid dynamics,
soil and soil-structure mechanics are but a few areas in which unbounded domains are of usual concern
[1, 2]. The unbounded nature of the domain can be reproduced in two ways: i) by selecting a fictitious
truncated domain, the so called finite domain technique; ii) via infinite domain techniques, the topic
the present note dals with.

In the first class, the most challenging task is enforcing the appropriate boundary conditions along
the artificial boundaries that give rise from the domain truncation, especially in dynamics. In the
infinite domain techniques the numerical solution can be achieved by several methods: in the finite
element method (FEM), the use of suitable infinite elements is required; in the boundary element
method (BEM), the fundamental solutions for a half-space [3] can be considered to solve the problem
along the boundary. Such an approach reveals to be quite time consuming, even by a factor of 300
[3], due to the complexity of the involved kernels. To avoid such a drawback, infinite elements have
been implemented in the framework of the boundary element method as well adopting the fullspace
solution.

The success of formulation of any infinite element is contingent on satisfying some requirements
[4]: in particular the shape function behavior at infinity should reproduce the asymptotic behavior of
the problem solution. In the context of linear elasticity, a reciprocal - with respect to the distance
from a reference point - decaying shape function was proposed in [5] in order to model the unknown
displacement field along the boundary: such a formulation was further developed by several authors
(see [6] for a review) also by means of the analytical integration of the strongly singular elasticity
kernel.

All aforementioned works have two distinct peculiarities. They: i) deal with infinite boundary
elements for three dimensional problems; ii) lie in the framework of the collocation scheme.

About the first point, it might be seen as “a consequence of the impossibility of having truly
two-dimensional unbounded problem domains” ( taken from [2], page 40 ). Nevertheless, many two-
dimensional problems have well known closed form solutions; moreover, two-dimensional numerical
simulations are of usual concern for engineering problems with unbounded domains. To this aim, two-
dimensional infinite elements have been widely proposed in the framework of linear elastic problems:
a deep review, up to 1992, can be found in [2]. In two-dimensional problems “it is easy to see that in
general stresses vary as 1/r and thus so will strains. On integration the displacement field will have a
logarithmic form. Since log r increases with r this gives the paradoxical result that the displacements
at an infinite radius will, themselves, be infinite.” (taken from [2], page 13). Such a paradox led to seek
infinite elements with displacement approximation behavior of the form 1/r even in two-dimensional
problems, starting from the pioneering works up to the most recent ones about FEM as well as
about BEM; infinite elements with reciprocal decaying shape functions are currently implemented in
many commercial codes [7]. An insight on the asymptotical behavior of the displacement field is here
provided: by comparing the half plane solution and the asymptotic behavior of a half space solution,
an attempt is made to give a rationale to the use of reciprocal decaying shape functions to model the
displacement field at infinity. A boundary infinite element is thereafter proposed and implemented
by means of analytical integrations. On the other hand, “It might be possible to devise an infinite
element which incorporated a logarithmic behavior. This has not yet been tried.” (taken from [2],
page 42). An infinite element with constant and logarithmic shape functions is here proposed - which
to the best of our knowledge, has not been considered so far - and once again implemented by means
of analytical and numerical integration schemes.



As a second characteristic of all cited works, numerical analysis refer to the boundary element
collocation method. As a main consequence, the Somigliana identity is invoked in the solution pro-
cess on the boundary, thus merely involving strong singularities in the formulation. The symmetric
Galerkin boundary element (SGBEM) scheme, makes use of the boundary integral representation of
tractions, that involves a hypersingular Green’s function (here collected in matrix Gpp). Integration of
the hypersingular kernel is never a trivial task, and in the presence of reciprocal as well as logarithmic
decay functions and unbounded domains it seems to be not yet investigated. In the present note,
three boundary infinite elements are proposed and implemented: one of them in the hypersingular
collocation framework, the remaining in the SGBEM as well. Apparently, unsurmountable difficulties
come into play in the formulation of a SGBEM scheme for general shape functions on 2D unbounded
elements. Such difficulties are rooted in the variational formulation of the elastic problem in 2D half-
plane, because the total potential energy of the solution of the elastic problem is itself unbounded.
From the computational side, this fact led to using weighted functional spaces that give rise to the
Petrov-Galerkin method. A further publication will be devoted to the afore sketched issues.

In the present note, three different elements have been proposed: a polynomial decaying element,
where the displacement field is approximated by high order lagrangian polynomials truncated “suit-
ably” far away from the loaded zone; a reciprocal 1/r decaying element, analogous to [2]; a constant and
logarithmic decaying element. In all three cases, analytical integrations for the hypersingular kernel
have been produced. The polynomial decaying element has a usual finite domain: accordingly, making
use of analytical integrations that apply to standard polynomial boundary elements [8] is allowable.
For the reciprocal 1/r decaying element analytical integrations have been performed in the general
case. For the constant and logarithmic decaying element analytical integrations have been performed
in the easy case of field point collinear or inside the unbounded element, whereas for the general case
suitable numerical schemes [9] are considered.

The proposed elements have been compared in a benchmark application in terms of accuracy. The
constant logarithmic element shown to be the most accurate and effective.
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