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Abstract

We describe development of a fast multipole method accelerated iterative solution of boundary element equations

for large problems involving hundreds of thousands elements for the Laplace and Helmholtz equations in 3D. The BEM

requires several approximate computations (numerical quadrature, approximations of the boundary shapes using elements)

and the convergence criterion for iterative computation. When accelerated using the FMM, these different errors must

all be chosen in a way that on the one hand excess work is not done and on the other that the error achieved by the

overall computation is acceptable. We show results of developed and tested solvers for the boundary value problems for the

Laplace and Helmholtz equations using the BEM/GMRES/FMM. The performance tests for both were conducted in the

rangeN . 106 and kD . 150 (in the Helmholtz case) and showed good performance close to theoretical expectations.

1 Introduction

For many problems boundary integral (or element) methods have long been considered as very promising. They can handle

complex shapes, lead to problems in boundary variables alone, and lead to simpler meshes as the boundary alone must be

discretized rather than the entire domain. Despite these advantages, one issue that has impeded their widespread adoption

of these methods is that the integral equation techniques lead to linear systems with dense and possibly non-symmetric

matrices, for which efficient iterative solvers may not be available. For problems withN unknowns this requires storage of

O
¡
N2
¢

elements of these matrices. The computation of the individual matrix elements is expensive requiring quadrature

of singular or hypersingular functions. To reduce the singularity order and achieve symmetric matrices, many investigators

employ Galerkin techniques, which lead to further O
¡
N2
¢

integral computations. Direct solution of the linear systems

has an O(N3) cost. Use of iterative methods can reduce the cost to O(NiterN
2) operations, where Niter is the number of

iterations required, but this is still quite large. An iteration strategy that minimizes Niter is also needed. These expenses

have meant that the BEM was not used for very large problems.

The development of the fast multipole method (FMM) [4] and use of Krylov iterative methods presents a promising

approach to improving the scalability of integral equation methods. The FMM allows the matrix vector product to be

performed to a given precision ² in O(N logN) operations, and further does not require the computation or storage of

all N2 elements of the matrices, reducing the storage costs to O(N logN) as well. Incorporating this fast matrix vector

product in a quickly convergent iterative scheme allows the system to be rapidly solved with O(NiterN logN) cost.

The FMM for the Laplace and Helmholtz equations exploits factorized local and far-field (multipole) expansions of the

Green’s function obtained via the addition theorem. The basic idea of the FMM is to truncate the infinite series up to p2

terms in 3D, and use translation operators for reexpansion of the solution about an arbitrary spatial point. The translation

operators are also replaced by approximate (truncated) operators. In the original FMM the translation cost for a O
¡
p2
¢

representation was O
¡
p4
¢
. Subsequent improvements lead to translation methods with costs of O

¡
p3
¢
, O
¡
p2 log p

¢
and

even O
¡
p2
¢
, though in the latter two cases the asymptotic notation hides a large constant cost. Later this method was

intensively studied and extended to solution of many other problems. While the literature and previous work is extensive,

reasons of space do not permit us to discussion them. We refer the reader to the comprehensive review [9].

Our particular interest is in the combination of the FMM with the BEM in 3D for solving the Laplace equation, and

the Helmholtz equation at low to moderate frequencies. The case of the Helmholtz and the related Maxwell equations

is somewhat more complicated, and the development of boundary-element/FMM combinations for different equations is

a matter of more recent research. Of particular interest to the initial authors were relatively high frequency applications

for which the FMM based on spherical expansion representations of multipoles was not competitive with direct matrix

vector products. The development of diagonal translation operators [11] alleviated this difficulty. However, these made

the implementation of the FMM/BEM more complex and subject to instabilities at low frequencies, and as a consequence

again not too widely adopted.

Contributions of the present paper: In fact the FMM for both the Laplace and Helmholtz equations at moderate

frequencies can be handled well by O
¡
p3
¢

translation techniques based on a decomposition of the translation to rotation

and coaxial translations (see [5, 8]). As discussed earlier the FMM requiresO(N) or O(N logN) storage space and O(N)
or so operations for the matrix-vector product. While one may wonder about the accuracy of the FMM, where exactness is
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sacrificed for the speed, we should emphasize, first, that in practice this accuracy can be made close to machine precision,

second, that in the iteration procedures the accuracy should be consistent with the criterion to stop the iterative process,

and, finally, that the accuracy of the FMM should be considered together with accuracy of the BEM technique, which

employs surface approximation via discretization and approximate computation of the boundary integrals, and based on

our experience introduce larger errors than the FMM does. Moreover, we note that for accurate solution of the Helmholtz

equation the size of the boundary elements should be much smaller than the wavelength, which produces severe constraints

for high frequency problems. Given these considerations it is possible to develop effective large scale FMM solutions. We

must emphasize that several other authors (e.g., [10, 13]) have developed FMM/BEM algorithms. Here our intention is to

present some aspects of our implementations. In particular our approach is characterized by the use of the Green’s identity

or layer potentials (“indirect” BEM), collocation techniques, Krylov iterative methods that may be preconditioned, and an

overall choice of techniques that have a consistent accuracy in all aspects of the algorithm. The results of solutions of the

test problems and issues related to errors and performance of the methods employed are discussed.

2 Problem formulation

We consider boundary value problems for a complex potential satisfying the Laplace or Helmholtz equations on a finite

or infinite domain V in 3D, and subject to boundary conditions on S, the boundary of the domain:

2 = 0, 2 + k2 = 0, x V R
3, k R, (1)

(x) (x) + (x) q (x) = (x) , x S, q (x) =
n
(x) = n (x) · (x) . (2)

Here , , and are some specified complex valued functions on S and n is the exterior normal. For infinite domains we

assume decays to zero for the Laplace equation and satisfies the Sommerfeld condition for the Helmholtz equation,

lim
|x|

= 0, lim
|x|

µ
|x|

µ
|x|

ik

¶¶
= 0. (3)

Arbitrary solutions to these equations can be expressed as sums of the single and double layer potentials

(y) = K ( (x)) + L (p (x)) , x S, y V (4)

K ( (x)) =

Z
S

(x)G (x y) dS (x) , L (p (x)) =

Z
S

p (x)
G (x y)

n (x)
dS (x) ,

where and p are surface densities, while G is the free space Green’s function for the Laplace or the Helmholtz operators:

G (x y) =
1

4 |x y|
, G (x y) =

eik|x y|

4 |x y|
, (5)

respectively. For both equations Green’s identity holds, which is equation (4) with (x) = ±q (x) and p (x) = ± (x)
(here the upper sign refers to the interior and the lower sign to the exterior problem), and which can be used to obtain in

the domain if the potential and its normal derivative are known on the boundary. This leads to the integral equation

±
1

2
(y) = K (q (x)) + L ( (x)) , x S, y S, (6)

which can be used together with Eq. (2) for determination of the boundary values. To avoid spurious eigenvalues for

the external BEM one of possibilities to resolve this is to stay within the layer potential formulation [1], which provides

according to the jump conditions:

± (y) = ±
1

2
p (y) +K ( (x)) + L (p (x)) , x S, y S, (7)

q± (y) = ±
1

2
(y) +K0 ( (x)) + L0 (p (x)) , x S, y S,

K0 ( (x)) =
n (y)

K ( (x)) , L0 ( (x)) =
n (y)

L ( (x)) , x S, y S. (8)

This can be used for solution of the Helmholtz equation, with (x) = i p (x) ,where is some complex parameter. In this

case equations (7) and (2) lead to the following single integral equation for the layer potential density

(y)

½
±
1

2
p (y) + i K (p (x)) + L (p (x))

¾
+ (y)

½
±
1

2
i p (y) + i K0 (p (x)) + L0 (p (x))

¾
= (y) . (9)

Particularly for the external (scattering) problems, which solution is unique, this avoids spurious internal resonances.

80 Eds: B.Gatmiri, A.Sellier, M.H.Aliabadi



3 BEM speed up with the FMM

Several schemes of coupling the BEM with the FMM can be thought, and we also tried a few until we came to the following,

rather simple scheme. A matrix-vector product of typeAu is required. A is represented as

A = Asparse +Adense, (10)

where Asparse can be computed directly using standard quadratures over the element i, for elements j which are in the

neighborhood of i. This neighborhood size is a user controllable parameter, and can be varied as needed. The dense part

includes most pairwise interactions. As it includes only remotely located elements relatively low order quadrature can

be used for them to achieve the required accuracy. Moreover, in our test implementations we used surface discretization

with flat triangular elements, for which we used a constant approximation of the unknown function (potential or its normal

derivative) over the panel. In this case we also can expect that the Greens function and its derivatives for relatively distant

interactions can be approximated in the same way at the same accuracy, and was confirmed by our numerical experiments.

BEM and FMM data structures: Detailed description of the FMM for the Laplace and Helmholtz equations can be

found elsewhere [4, 7] and here we just point out few details on the use of the FMM with the BEM. First we note that the

data structure of the FMM is based on the octree space subdivision up to some level lmax. Selection of lmax is dictated

by an optimization problem for FMM costs, which balances the costs of the translation and direct summation operations.

Deviations from optimal lmax are not desirable, as they heavily influence the FMM performance [7]. On the other hand the

split in (10) is dictated by the accuracy of the BEM and therefore the size of the neighborhood where we perform direct

computations of integrals may not coincide with the sizes of neighborhoods at different levels of the FMM. Our numerical

tests show that (fortunately) the size of the neighborhood at the optimal maximum space subdivision level is larger than the

size required for direct integral evaluations. This means that all elements which intersect the neighborhood of an element

i at the finest level, and whose contribution to the potential at the element center can be classified into two sets. First are

the elements j that are closer than some distance rmin from the center of i to the closest corner of j. The contribution

of these elements is performed using higher order quadrature or special integral treatment (for singular and hypersingular

integrals) as in the conventional BEM. The second set of elements are located further than rmin. Their contribution is taken

into account using low order quadrature, as they are remote in the sense of BEM, but close in the sense of the FMM.

Iterative methods: The basic iterative method we used is the Generalized Minimal Residual Method (GMRES) and

its modifications (flexible GMRES, fGMRES) [12], which allow the use of various FMM-based preconditioners [6]. In all

cases for the Laplace equation and for the Helmholtz equation at low frequencies unpreconditioned GMRES showed good

results, while the convergence rate of this method for the Helmholtz equation substantially reduces at higher frequencies.

Computation of normal derivatives in the FMM: Eq. (9) requires four matrix-vector products, and the use of Eq. (6)

requires two matrix-vector products (in the case of mixed boundary conditions). These can be performed by the FMM in a

single run, as for a single matrix-vector product. Indeed, the first step of the regular FMM is to build multipole expansions

about the centers of the source boxes, x . We handle this step using expansions of Greens function over the multipole basis

functions Smn (r):

G (y x)

p 1X
n=0

nX
m= n

Cmn S
m
n (y x ) , Cmn = Cmn (x,x ) , (11)

where p is the truncation number, and expressions for coefficients Cmn for the Laplace and Helmholtz equations can be

found elsewhere [7, 8]. We compute the normal derivative of arbitrary function F (x), which can be expanded into a series

over the basis functions with coefficients {Cmn } using sparse-matrix differential operators
n
Dmm0

nn0

o
:

n· xF (x)

p 1X
n=0

nX
m= n

Bmn S
m
n (y x ) , {Bmn }=

n
Dmm0

nn0 (n)
on
Cm

0

n0

o
, Bmn =

p 1X
n=0

nX
m= n

p 1X
n0=0

n0X
m0= n0

Dmm0

nn0 C
m0

n0 . (12)

Expressions forDmm0

nn0 for the Helmholtz equation can be found in [7], while for the Laplace equation can be derived from

relations in [3]. Therefore far field expansions of the boundary integrals can be written as

j

Z
Sj

G (y x) dS (x) + pj

Z
Sj

n· xG (y x) dS (x) (13)

j

QX
q=1

w(j)q G
³
y x(j)q

´
+ pj

QX
q=1

w(j)q nj · xG
³
y x(j)q

´ p 1X
n=0

nX
m= n

A(j)mn Smn (y x ) ,

A(j)mn =

QX
q=1

w(j)q

³
jC

m
n

³
x(j)q ,x

´
+ pjB

(j)m
n

³
x(j)q ,x

´´
, {Bmn } =

n
Dmm0

nn0 (nj)
on
Cm

0

n0

o
,
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where Q is the order of quadrature over the boundary element Sj with weights w
(j)
q and abscissas x

(j)
q . A similar situation

holds at the evaluation step if using the method of layer potentials, where derivatives n (y) · y can be computed using

respective sparse-matrix differential operator on the expansion coefficients.

4 Laplace equation

Performance tests for the Laplace equation were conducted for multiparticle geometries of type shown in Fig. 1. Analytical

solution was generated as a sum of monopoles placed at the center of each ellipsoid, which total intensity was 1. The

Dirichlet problem was solved using the BEM and the obtained normal derivatives were compared with the analytical values

to evaluate the error of the numerical method. The function values and normal derivatives were computed at mesh vertices

(using standard averaging over the elements containing the same vertex), which number is referred further asN (the number

of elements was approximately twice larger).

Figure 1: Geometry of the test problems for performance

tests for the Laplace equation. Centers of M3 equal ellip-

soids were placed on a cubic grid and each ellipsoid was

randomly rotated.

Four methods implemented in Fortran 90 in double pre-

cision and compared. First, we used standard BEM, where

the BEM matrices were computed, stored, and the linear sys-

tem resulting from Green’s identity was solved using LU-

decomposition from LAPACK. Second, the BEM matrices

were computed and stored, while unpreconditioned GMRES

(CERFACS software available online) was used for itera-

tive solution of the resulting system with a prescribed error

² =10 5 for termination of the process. We checked that in

all cases this was sufficient to provide the same error in the

numerical solution (relative error of order 10 2). The first two

methods require O(N2) memory for storage of the BEM ma-

trices, and our computational resources limited us to compute

problems of size smaller than N ' 104). The other two meth-

ods tested required only O(N) memory and so could be used

for computation of larger problems on the same computer.

Method 3 was the same as Method 2 with the only difference

that the entries of the BEM matrices were recomputed each

time the matrix-product was requested, thereby avoiding stor-

age. The last method used combined the same GMRES with

the same termination error and the FMM for matrix-vector

multiplication, where we used truncation number p = 8 for

all cases. We checked that the error of solution was practically

the same forN . 104 as for other methods, while for largerN

the error decays and stays within the range 10 2-10 4.Higher

accuracy ( 10 6) was achievable for larger N by increasing

p and decreasing ².

Fig. 2 shows that the CPU times for methods 1-4 are scaled approximately as O(N3), O(N2), O(N2), and O(N),
respectively, which is consistent with the theory assuming that the number of iterations does not change with N . In fact,

the number of iterations do increase slowly with N as shown in Fig. 2 right, which explains deviation of the total CPU

time from the linear dependence at larger N . The number of iterations was the same for methods 2-4, except for N = 488
where the first two methods converged for 10 iterations, while the FMM-based needed 13 iterations. For N =843,264

(1,679,616 elements, 1728 ellipsoids) the number of iterations was 31 (total CPU time for solution 28 min 19 s, which

includes precomputations of the near element interactions, preset of the FMM, and the iterative process with 48 s per

matrix vector multiplication).

5 Helmholtz equation

The tests of the BEM for the Helmholtz equation were performed by solution of acoustic scattering problems off objects

of different shape. The objects were sound-hard leading to an external Neumann problem for the scattered field. As a test

we selected scattering of the plane incident wave from a single sphere, which has an analytical solution in the form of the

infinite series (due to Lord Rayleigh, can be found elsewhere, e.g. [7]). These series can be appropriately truncated and

the error of the solution can be accurately estimated. We performed tests using the same four methods as reported for the

Laplace equation, plus we compared solutions obtained using boundary integral equations resulting from the layer potential

and Green’s identity. Also some tests using the fGMRES with different preconditioners were performed.

In this paper we report only results obtained using the unpreconditioned GMRES and Green’s identity. Fig. 3 shows

scattering off a sphere. The numerical solution reproduces fine oscillating structure of the acoustic field near the point

= 180 which happens at large ka, where a is the sphere radius. Even the use of high frequency mesh with 480,000
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Figure 2: Left: Performance of the 4 BEM methods for the Dirichlet problem for the Laplace equation on the domain with

a collection of ellipsoids shown in Fig 1. Right: CPU time for a single matrix vector multiply. Between 13 and 31 iterations

are needed for convergence and are indicated via crosses. (Intel Xeon 3.2 GHz processor with 3.5 GB RAM.)

elements for ka = 30 provided k = 0.4, where is the size of the largest boundary element (about 16 elements per

wavelength). Computations of this were performed with 6 levels of the octree with maximum truncation number p = 22 at

level 2, and convergence to error ² = 10 5 took 115 iterations.

dB

Plane wave scattering from a sphere, ka=30 (kD=103.9)
Incident Wave

BEM/FMM, 240002 vertices, 480000 elements

Figure 3: Scattering of a plane wave from a sound-hard sphere. The inci-

dence angle is 0 for the front point and 180o for the rear point.

The CPU time required for solution of

the problem with ka = 10 using different

methods is shown in Fig. 4. As the kD

for different N is fixed (kD = 34.64) the

methods as in the case of the Laplace equa-

tion show scaling close to O(N3), O(N2),
O(N2), and O(N), respectively. In the re-

ported case the accuracy of the solution was

0.15 for case N = 1016, was ' 10 2

for N 104 and dropped to 10 4 for

N 106) despite the maximum trunca-

tion number used in the FMM (p = 12)
and the GMRES termination criteria (² =
10 5) were the same. This change in the

accuracy is due to two factors, first, for the

low frequency mesh parameter k was large

enough, and second, that finer mesh approx-

imated the sphere better. In contrast to the

Laplace equation the number of iterations

slightly decreased at increasing N (see Fig.

4 right). This explains the deviation of the

total CPU time below the linear asymptote, as the CPU time for the FMM matrix vector product scales almost linearly (Fig.

4 right). For N & 103direct matrix vector product with recomputation of matrix elements was slower. Note that the FMM

for the Helmholtz equation is slower than for the Laplace equation since for the Helmholtz case all variables are complex.

Finally we applied the software for solution of some scattering problems related to hearing. This requires solution of

the Helmholtz equation in domains with complex boundaries, such as a human or animal head, and ears for a range of

audible frequencies, in the range kD . 100, for which the developed BEM/FMM works well. Parameters such as sound

pressure or head related transfer functions (HRTF) are computed. Fig. 5 provides one such case. (A color movie visualizing

scattering can be viewed online on the web sites of the authors.)
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Abstract. This paper investigates the inverse problem of determining a spacewise dependent heat
source in the parabolic heat equation using the usual conditions of the direct problem and information
from a supplementary temperature measurement at a given single instant of time. The spacewise
dependent temperature measurement ensures that the inverse problem has a unique solution, but this
solution is unstable, hence the problem is ill-posed. For this inverse problem, we propose an iterative
algorithm based on a sequence of well-posed direct problems which are solved at each iteration step
using the boundary element method (BEM). The instability is overcome by stopping the iterations at
the first iteration for which the discrepancy principle is satisfied. Numerical results are presented for a
typical benchmark test example which has the input measured data perturbed by increasing amounts
of random noise. Provided that the iterative algorithm is stopped once this discrepancy principle is
satisfied then a stable numerical solution is obtained. Furthermore, as the amount of noise included
in the input data decreases the stable numerical solution approaches more accurately the available
analytical solution. Work in progress involves a rigorous mathematical analysis of the procedure in-
cluding proof of convergence and stability. Further work will be concerned with developing a similar
approach for solving a more severe inverse problem in which measurements of the temperature in the
solution domain at two different instants are used to determine both the spacewise dependent source
and the initial temperature.

Introduction

The inverse problem of determining an unknown inhomogeneous spacewise dependent heat source
function in the heat conduction equation has been considered in a few theoretical papers concerned
with the existence and uniqueness of the solution, notably in [1, 2] and [3]. However, as yet no
numerical algorithms have been attempted under such rigorous mathematical back-up. In this paper,
the determination of the unknown heat source is sought from the usual conditions of the direct problem
and a temperature measurement along the domain at a given single instant of time. Although sufficient
conditions for the solvability of the inverse problem are provided, the problem is still ill-posed since
small errors, inherently present in any practical measurement, give rise to unbounded and highly
oscillatory solutions. Therefore, in this paper, in order to overcome the instability of the solution,
an iterative regularizing algorithm is proposed which recasts the inverse problem into a sequence of
well-posed direct problems. These direct problems are solved numerically at each iteration step using
the BEM until a prescribed stopping criterion is satisfied.

Formulation of the Inverse Problem

Let T > 0 and � > 0 be fixed numbers. Let L2((0, �)) be the space of square integrable real-valued
functions on the interval (0, �) with the usual norm. The space Hk((0, �)), where k = 1, 2, . . . , denotes
the standard Sobolev space on (0, �), i.e., the space of functions with generalized derivatives of order
≤ k in L2((0, �)). By H1

0
((0, �)) we mean the subspace of functions u in H1((0, �)) with u(0) = u(�) = 0.
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We consider the following inverse problem: Find the temperature u and the heat source f which
satisfy the heat conduction equation with a space-dependent heat source, namely

ut(x, t) = uxx(x, t) + f(x), for (x, t) ∈ (0, �) × (0, T ), (1)

subject to the Dirichlet boundary conditions

u(0, t) = h0(t), u(�, t) = h�(t), for t ∈ (0, T ), (2)

the initial condition

u(x, 0) = ψ0(x), for x ∈ (0, �), (3)

and the overspecified (upper-base) condition

u(x, T ) = ψT (x), for x ∈ (0, �). (4)

Under suitable conditions, this inverse problem has a unique solution. Indeed, let the following
consistency condition be satisfied, hj(0) = ψ0(j) and hj(T ) = ψT (j), for j = 0, �. Using the trace
theorem, it is sufficient to consider the case when h0 = h� = 0 which will be assumed in the remainder
of the paper. Then uniqueness follows from the following theorem, see [4].

Theorem 2.1. Let h0 = hl = 0 and assume that ψ0, ψT ∈ H1
0
((0, �)) ∩ H2((0, �)). Then the inverse

problem (1)–(4) has a unique solution among sources f ∈ L2((0, �)) and temperatures u with

∫ T

0

(
‖ut(·, t)‖

2

L2((0,�)) + ‖u(·, t)‖2

H2((0,�))

)
dt < ∞.

There also exist uniqueness results in Hölder spaces, see [3].
In order to overcome the instability of the inverse problem (1)–(4) with respect to noise in the

data (1), we develop an iterative BEM regularizing algorithm, as described in the next section.

An Iterative Algorithm for Finding the Source Term

The procedure for the stable reconstruction of the solution u and source term f in (1)–(4) runs as
follows:

(i) Choose a function f0 ∈ L2((0, �)). Let u0 be the solution to (1)–(3) with f = f0.

(ii) Assume that fk and uk have been constructed. Let vk solve (1)–(3) with f(x) = uk(x, T )−ψT (x)
and ψ0 = 0.

(iii) Let

fk+1(x) = fk(x) − γvk(x, T ),

where γ > 0, and let uk+1 solve (1)–(3) with f = fk+1.

The procedure continues by repeating the last two steps until a desired level of accuracy is achieved.

Well-Posedness of the Problems in the Iterative Procedure

Here, we discuss the well-posedness of the problems used in the iterative procedure given in the
previous section. The space L2(0, T ; X), where X is a Hilbert space, denotes the space of measurable
functions u : (0, T ) → X, such that ∫ T

0

‖u(t)‖2

X dt < ∞.

By C([0, T ];X) we mean functions u such that the mapping u(·, t) : [0, T ] → X is continuous. A proof
of the following lemma is given in Chapter 3 of [5].
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Lemma 4.1. Let h0 = h� = 0. Suppose that ψ0 and f belong to L2((0, �)). Then (1) has a unique
solution u ∈ L2(0, T ; H1

0
((0, �))∩C([0, T ];H1

0
((0, �)) in the distributional sense which satisfies (3), and

‖u‖L2(0,T ;H1
0 ((0,�)) ≤ C(‖f‖L2((0,�)) + ‖ψ0‖L2((0,�))).

Note that the boundary condition is satisfied since u(·, t) ∈ H1
0
((0, �)) for t ∈ (0, T ). Moreover, the

restriction u(x, t0) is well-defined for 0 ≤ t0 ≤ T , since u ∈ C([0, T ];H1
0
((0, �)), so especially u(x, T ) is

well-defined. We have thereby shown that the problems used in the iterative procedure given in the
previous section are well-posed and the restriction of solutions are well-defined.

A Stopping Rule

The procedure proposed in this paper is a regularization method and it therefore works with inexact
data. More precisely, consider the case when there is some error in ψT in (4), namely

‖ψT − ψδ
T ‖L2((0,�)) ≤ δ, (5)

with δ > 0. The elements uδ
k and f δ

k , are obtained by using the procedure of Section “An Iterative
Algorithm for Finding the Source Term” with data ψ0 and ψδ

T .
Given the noise levels, we can use the discrepancy principle of [6], to obtain a stopping criterion

for ceasing the iterations of Steps (ii) and (iii) of the iterative algorithm of Section “An Iterative
Algorithm for Finding the Source Term”. This suggests choosing the stopping index k = k(δ, γ) as
the smallest index for which

‖uδ
k(·, T ) − ψδ

T ‖L2((0,�)) ≈ δ. (6)

The Boundary Element Method (BEM)

By applying Green’s formula we can recast eq (1) in the integral form

η(x)u(x, t) =

∫ t

0

[
G(x, t, ξ, τ)

∂u

∂n(ξ)
(ξ, τ) − u(ξ, τ)

∂G

∂n(ξ)
(x, t, ξ, τ)

]ξ=�

ξ=0

dτ

+

∫ �

0

G(x, t, y, 0)u(y, 0) dy +

∫ �

0

f(y)

∫ t

0

G(x, t, ξ, τ) dτ dy,

(7)

for (x, t) ∈ [0, �]×(0, T ], where η(0) = η(�) = 1/2, η(x) = 1 for x ∈ (0, �), n is the outward unit normal
to the space boundary {0, �}× [0, T ], i.e., n(0) = −1 and n(�) = 1, and G is the fundamental solution
of the one-dimensional heat equation, namely,

G(x, t, y, τ) =
H(t − τ)√
4π(t − τ)

e−(x−y)
2/(4(t−τ)),

where H is the Heaviside function.
Then the BEM, see [7], based on the boundary integral eq (7) is employed for solving the direct

well-posed problems at each iteration of the recursive algorithm described in Section “An Iterative
Algorithm for Finding the Source Term”.

Numerical Results and Discussion

In this section, we present and discuss the numerical results obtained by the iterative algorithm
proposed in Section “An Iterative Algorithm for Finding the Source Term” numerically implemented
using recursively the BEM described in the previous section for a typically benchmark test example
which has the analytical solution

u(x, t) = (2 − e−π2t) sin(πx) for x ∈ [0, 1] × [0, 1], (8)

f(x) = 2π2 sin(πx) for x ∈ [0, 1]. (9)
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This analytical solution satisfies eq (1) and generates the input data (2)–(4) as given by

u(0, t) = 0 = h0(t), u(1, t) = 0 = h1(t) for t ∈ [0, 1], (10)

u(x, 0) = ψ0(x) = sin(πx), u(x, 1) = ψT (x) = (2 − e−π2
) sin(πx) for x ∈ [0, 1]. (11)

A BEM discretisation with 40 constant boundary elements uniformly distributed on each of the bound-
aries {0}× [0, 1], {1}× [0, 1] and [0, 1]×{0} was found to be sufficiently large to ensure that any further
increase in this discretisation did not significantly affect the accuracy of the numerical solution of the
direct problem (1)–(3) if f(x) was known. The supplementary condition (4) was imposed also at 40
internal nodes uniformly located on [0, 1] × {1}. An arbitrary initial guess such as f0 = 0 was chosen
to initiate the iterative algorithm. The measured data ψT in (11) was perturbed by p ∈ {1, 3, 5}%
random Gaussian noise with mean zero and standard deviation σ = (2 − e−π2

)p, such that

‖ψT − ψδ
T ‖L2((0,1)) ≤ δ(p) =

⎧⎨
⎩

0.0079 for p = 1%,
0.0240 for p = 3%,
0.0402 for p = 5%,

(12)

in eq (5). According to the discrepancy principle stopping criterion (6) we cease the iterations of the
algorithm at the iteration number k(p, δ) given in Table 1. The corresponding errors in predicting the
heat source i.e.

e(k) = ‖uδ
k(·, T ) − ψδ

T ‖L2((0,1)) and E(k) = ‖f δ
k (·, T ) − f‖L2((0,1)), (13)

are tabulated in Table 2.

p�
��γ

1% 3% 5%

1 648 539 482

2 323 268 240

3 214 178 159

10 62 52 46

100 2 2 2

p�
��γ

1% 3% 5%

1 0.0375 0.1149 0.1962

2 0.0372 0.1149 0.1956

3 0.0371 0.1144 0.1948

10 0.0366 0.1109 0.1941

100 0.0242 0.0615 0.0989

Table 1. The stopping itera-
tion given by (6), with δ given
by (12).

Table 2. The values of the errors E(k) in
predicting the heat source at the iteration
number k given in Table 1.

The algorithm was found convergent for values of γ up to 200 after which the algorithm diverged. As
expected, as δ increases, the attainability of the stopping criterion (6) becomes faster. These values
can also be inferred from Fig. 1 which shows the errors e(k) and E(k) as a function of the number of
iterations k for various amounts of noise p ∈ {1, 3, 5}% obtained for γ = 1. From this figure it can be
seen that the error e(k) decreases as k increases but the error E(k) starts increasing once

k >

⎧⎨
⎩

795 for p = 1,
706 for p = 3,
662 for p = 5.

(14)

Then based on (6) with δ given by (12), one obtains the values given in Table 1 above for γ = 1.
Figure 2 shows the numerical solution for the source f δ

k (x) at the discrepancy principle iteration k
given in Table 1 for γ = 1, for various percentages of noise p ∈ {1, 3, 5}% in comparison with the exact
solution (9). From Fig. 2 it can be seen that, as the amount of noise p decreases, the numerical solution
approximates better the exact solution (9). Finally, we note that in the post-processing, from eq (7),
we also obtain the numerical solution for the heat flux of qk = ∂nuk at the boundaries {0}× [0, 1] and
{1} × [0, 1] and the interior solution uk(x, t).
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Figure 1. The errors ek (—–) and E(k)
(− − −) given by (13), as functions of
the number of iterations k, for various
amounts of noise p ∈ {1, 3, 5}% when
γ = 1. The values of δ given by (12) are
also shown (− · · · · −).

Figure 2.The analytical solution (9) (—–) and
the numerical solutions for the heat source,
for various amounts of noise p = 1% (−−−),
p = 3% (− · · · ·−) and p = 5% (−+−), when
γ = 1.
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Abstract. The study is the first step in a wider investigation of biomimetic systems. A computer program

based on a potential flow panel method was devised to evaluate the forces acting on a harmonically heaving 

and pitching two-dimensional rigid foil. A comparison with existing experimental data has been carried out 

and the initial results are encouraging but show the need of introducing inertia related effects. There was a

very good agreement in the low range of the Strouhal number (St  0.25) followed by sharp divergence in 

the higher range.

Introduction

Over millions of years in a vast and often hostile realm birds and fish have inevitably produced rather 

refined means of generating fast movement at low energy cost. Their flying and swimming capabilities are 

also far superior in many ways to those have been achieved by current science and technology. Aquatic and

avian species instinctively use their streamlined bodies to exploit fluid mechanics principles, achieving high 

propulsive efficiency and manoeuvrability [1]. The idea of utilizing the thrust generated by flapping wings 

for the propulsion of man-made objects emerged from the observations of birds and fish behaviour. A 

number of theoretical and experimental studies [2,3,4,5] were performed over the past decades about this 

subject. The complex and multi-disciplinary character of the problem was underlined and key areas of 

interest identified, e.g. the effects of flow unsteadiness, wing flexibility and three-dimensionality. In any 

case, these issues have not been adequately investigated. Moreover, the existing studies focused either on 

aquatic or avian species. There have not been any published studies on biomimetic vehicles capable of both

flying and submerging in water, i.e. machines able to fly in water. For example, the penguins, which are

very special birds, have lost their ability to fly in the air but are capable of flying in the water faster than 

most fish swim. The possible technology exploitation of the penguins’ swimming behaviour appears

especially convenient for the development of a vehicle flying in water or another medium denser than air, 

e.g. an atmosphere denser than the terrestrial one. Such hybrid machine should be also able to change 

appropriately its shape and adapt itself autonomously to the variable environmental conditions. In others

words, it could be called a smart structure.

The paper presents the first step of a project that focuses on a theoretical and computational analysis of a

feasible design for a hybrid wing, i.e. for the flexible and flapping wing of a vehicle that could fly and

submerge in water. In particular, a potential flow based panel method code was developed to study the

unsteady motion of a two-dimensional rigid foil and the main aim is to compare the numerical results with

existing experimental data [6,7].

Computational Method 

An unsteady panel method program was developed to estimate the forces acting on a harmonically heaving 

and pitching two-dimensional rigid foil. A NACA 0012 symmetric foil was used according to [6,7]. For a 

foil of chord c, moving forward at an average, steady velocity Q, oscillating harmonically with a linear 

(heave) motion z(t) transversely to the velocity Q and with an angular (pitch) motion (t), which is also the

instantaneous angle between Q and the chord, the following kinematic equations hold 

( )  t)(sinz=tz 0  (1) 
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( ) )+ t (sin=t 0   (2) 

where  is the phase angle between heave and pitch motions, z0 the heave amplitude, 0 the pitch amplitude

and  the frequency of oscillation (in radians over second). The pitch axis was set at one third of the foil

chord. The instantaneous angle of attack (t) is defined as 

( ) )
Q

(t)z
(atan-(t)=t    (3)

where  is the time derivative of z(t), i.e. the heave velocity.(t)z

The initial parameters of the above system are the heave amplitude z0, Strouhal number St, maximum angle

of attack max and phase angle between heave and pitch . The heave amplitude was set equal to three

quarter of the foil chord. The Strouhal number indicates how often vortices are created in the foil’s wake

and how close they are: it is the product of the frequency of vortex formation behind the foil (in Hz) and the

width of the wake (which is assumed equal to two times the heave amplitude), divided by the mean speed of 

the flow, i.e. 

Q

z
=St

0
      (4)

If Q, z0 and St are fixed, it is then possible to compute the frequency of oscillation . Besides, the

instantaneous angle of attack has not a simple relation to the so defined initial data. In general, for each 

Strouhal number St, when the maximum of the angle of attack max is fixed, there are two possible 0, i.e.

two possible angle of attack time paths: one corresponding to drag production and the other to thrust

generation. The phase difference between the heaving and pitching motions  was assumed equal to 90

degrees, which corresponds to the optimum propulsion, as reported in [6,7]. For a visual explanation of foil

motion kinematic parameters see Fig. 1 and 2. 

According to [8], the foil is approximated by a finite number of panels N. A constant strength source  and 

doublet µ are posed at the midpoint of each panel, which is also called panel’s collocation point. A Dirichlet

boundary condition is imposed, meaning that a potential function is specified inside the foil in order to meet

Q

2 z0

Q · 2  / 

Fig. 1. Kinematic parameters of the foil motion: c=0.1 m, Q=0.4 m/s, z0=0.075 m, St=0.3, =90 deg, 

max=15 deg, 0=28.304 deg (thrust generation) and =5.027 rad/s.
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the zero normal flow condition. At each foil’s collocation point the source strength is known, kQn= ,

where n  is a unit vector normal to the foil’s surface pointing into the body and Qk is the fluid’s kinematic

velocity due to the motion of the foil. The governing integral equation was derived by using Laplace’s

equation and Green’s third identity. In the body-fixed coordinate system, at time t, for each foil’s

collocation point it can be written as 

Q

z0

0

0

Fig. 2. The pitch amplitude 0 is assumed positive and the initial angle of attack 0 is then negative and

equal to -15 deg, if the other initial motion parameters are the same used in Fig. 1.

wS

ww

S

0=dS])rln(
n

µ[
2

1
-dS])rln(

n
µ-rln[

2

1
   (5)

where S and Sw indicate the foil’s and wake’s surfaces, respectively. The discretized form of eq (5) is 

0=B+µC+µC

N

1=j
jj

M

1=l
lwl

N

1=j
jj   (6)

where

jS

jj dS)rln(
n2

1
-=C (7)

and

jS

jj dSrln
2

1
=B      (8) 

are the appropriate two-dimensional doublet and source influence coefficients of panel j at the considered 

collocation point, respectively. They are only dependent on the foil geometry, where r is the distance

between the panel j and the respective collocation point and Sj is the length of panel j. M indicates the

number of wake panels at time t, each with a constant strength doublet µw placed at the panel midpoint. At 
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each time step a new wake panel is added and its contribution evaluated. An unsteady Kutta condition, 

necessary to obtain a unique solution, is imposed at the foil trailing edge, at each time step, i.e. 

0=)µ+µ-(µ twul      (9) 

where  and  are respectively the lower and upper surface doublet strengths at the foil trailing edge. 

The unknowns are then N+1, as the equations, since at time t the doublet strengths of the previously shed

wake panels are already known. Besides, the wake influence coefficients C

lµ uµ

l, which are defined as Cj and are

only related to the foil and wake geometries, have to be calculated at each time step because the position of

the shed wake panels changes with time. Moreover, at the first time step, the second addendum of eq (6) is

null, i.e. the linear system is the same of the steady case. 

The code is able to evaluate the flow potential function, which is related to µ, at each time step. It is then

possible to calculate the velocities distribution over the foil in the body-fixed coordinate system, which is 

moving together with the foil. The calculation of the accelerations in the inertia frame of reference is the 

following step. Besides, the mass of the wing used in the experiments had to be estimated. According to

[6,7], a 0.6 m wing span s and a 300 kg/m3 wing average density (which is the wood mean density) were 

assumed. The calculated wing mass was then 0.15 kg. The foil wake had also to be carefully modelled.

Since the foil is moving, the position of the wake collocation points in the body-fixed coordinate system has 

to be calculated at each time step starting from their position in the inertia frame of reference. In other 

words, it was imposed that the wake follows the foil's path.

Preliminary Results 

The results attained to date are promising even though they are still not sufficiently close to the

experimental ones. In Fig. 3 the instantaneous forces due to the foil motion, in the x and z directions of the

inertia coordinate system (Fx and Fz) are shown as a function of the time t. In this case, if Fx is negative,

there is thrust and, if Fz is positive, there is lift. It should be noted that, over one cycle, the maximum thrust

is larger than the maximum drag. One thousand and two hundred time steps were generally used for the

calculation, i.e. ten complete oscillations and one hundred and twenty time steps for each loop were 

performed.

In Fig. 4 a comparison with existing experimental data is displayed. The force coefficient in the x direction

(CFx) is plotted as a function of the Strouhal number St. CFx is set to
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Fig. 3. The instantaneous forces Fx and Fz in the inertia coordinate system over two periods, i.e. from t=0

s to t=4 /  s. The motion parameters are the same used in Fig. 1 and 2. 
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2

x

x

Qsc
2

1

F-
=CF        (10) 

where xF  is the time-averaged force in the x direction of the inertia frame of reference and  is the water 

density (1000 kg/m3). In this case, CFx positive means thrust. For example, if St=0.3 and N=200, then CFx

equals to 0.93, which is larger than the values found in [6,7]. The computational curve trend is also steeper 

than the experimental ones. However, the force coefficient in the z direction is always close to zero, as

expected.

Moreover, the considerable influence of the number of panels N on the results indicates that the developed 

code is still not stable: in the three central columns of Table 1 some computed values of CFx are presented

as a function of N (see the tags on the second row) and St (see the first column). The experimental data, as

reported in [6] and [7], respectively, are displayed in the two last columns for comparison.
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Read
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Fig. 4. ‘Read’ and ‘Schouveiler’ labels indicate the experimental data, from [6] and [7], respectively, and

‘200’ the computational results (200 denotes N). The motion parameters are c=0.1 m, s=0.6 m, Q=0.4

m/s, z0=0.075 m, =90 deg and max=15 deg. 

St 0 CFx

[deg] 100 200 400 Read Schouveiler

0.20 17.14 0.08 0.15 0.24 0.23 0.20

0.30 28.30 0.47 0.93 1.46 0.39 0.36

0.40 37.74 1.45 2.88 4.55 0.60 0.52

Table 1. The influence of the number of the panels N on the force coefficient CFx is shown as a function

of the Strouhal number St. The displayed values of 0 correspond to thrust generation.
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Conclusions and Future Work 

The preliminary results of a potential flow panel method program able to evaluate the forces acting on a 

harmonically heaving and pitching two-dimensional rigid foil has been briefly presented together with a 

comparison with existing experimental data. They indicate that the developed code is still not stable and has 

to be improved in order to obtain more realistic results. The large influence of the number of panels on the 

computational results has especially to be better analyzed and then reduced. Moreover, since in the potential 

formulation the flow is assumed inviscid, incompressible and irrotational, the introduction of inertia related 

effects seems to be a suitable option to better represent the experimental conditions. In other words, as a 

first step, it is planned to evaluate the effect of the added mass (i.e. the mass of the fluid moving with the 

body while the body is in motion) because it could have a significant impact on the calculation of the 

forces. The movement of the surrounding water requires in fact an additional force over and above that 

necessary to accelerate the wing itself. The influence of the wake modelling and the NACA 0012 non-zero 

thickness trailing edge have also to be carefully investigated. 

There is then the intention of estimating the forces acting on diverse foils, e.g. those that Bannasch [9] 

indicated as similar to penguins’ flippers profiles. As a further step, the chordwise flexibility of the foil will 

be introduced in the program. Another, more distant aim is to obtain a three-dimensional version of the 

code.
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Abstract. Waterflooding by far is the most dominant secondary recovery technique for an oil reservoir, 

which unable to produce through natural drive mechanisms. Its popularity is partly due to water ability in 

displacing the remaining oil and the general availability of water. Besides, injection of water into the 

system will help to maintain the reservoir pressure, as the productivity (flow rate) of a well in the 

presence of other wells is a function of the prevailing reservoir pressure. This paper try to investigate 

other factors that one should consider such as the effect of water temperature on its ability to displace oil. 

In this study, in addition to the reservoir pressure, other factors which are reservoir rock permeability, 

reservoir oil viscosity and the area of the reservoir will also be considered. A custom made Oil Reservoir 

Simulator based on BEM was used to obtain the flow rate of each individual well under study. Taguchi 

method, one of the most popular designs of experiment techniques, was used to rank factors (reservoir 

pressure, permeability, viscosity and area) that affect the flow rates of the wells. Numerical values 

obtained from the BEM analysis will be used as input data for the Taguchi statistical analysis. Results 

indicated that oil viscosity is the most important factor that affects the productivity performance of the oil 

well followed by the reservoir pressure, the rock permeability and area of the reservoir. Therefore, 

waterflooding project can be improved if hot water is used as the hot water helps reduces the oil viscosity 

and the same time maintain the reservoir pressure. 

Taguchi Method 

In this study, Taguchi Robust Design Technique (TRDT) was used to rank factors that may affect the 

productivity of oil reservoir. The use of Taguchi orthogonal array helps to determine the minimum 

number of simulation runs needed to produce the most favorable output for a given set of factors. These 

factors are rock permeability, reservoir oil viscosity, reservoir pressure and area of the reservoir. The 

comparison between full factorial design and Taguchi design is shown in Table 1. The orthogonal array 

L9 was used to study the influence of these four factors. Each factor was considered at three levels. The

factors involved and their levels are shown in Table 2. If full factorial experimental design were used, it 

would require 81 (34) trials runs for all possible combinations of these factors to get the optimum result 

[1]. By using the Taguchi orthogonal array L9 for experimental design, the number of trials runs was 

reduced to 9 simple and effective experiments. 
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Total number of experiments Factors Level

Factorial design Taguchi design 

2

3

4

7

15

4

2

2

2

2

2

3

4 (22)

8 (23)

16 (24)

128 (27)

32,768 (215)

81 (34)

4

4

8

8

16

9

Table 1   :  Comparisons of factorial design and Taguchi design

Level Number Column Factors

1 2 3

1

2

3

4

Permeability (md) 

Viscosity (cp) 

Reservoir Pressure (psi) 

Reservoir Area (acre) 

50

0.5

1,000 

10

100

1.0

2,000 

15

150

1.5

3,000 

20

Table 2   : Design factors and their levels for orthogonal experiment 

 Table 3 illustrates the orthogonal array L9 [1]. Since there were four of three levels factors, these 

factors were assigned to all four columns in the L9 array. For example in trial number 1, the value for rock 

permeability, oil viscosity, reservoir pressure and reservoir area is 50 md, 0.5 cp, 1,000 psi and 10 acre 

respectively. For trial number 2, the value for permeability, viscosity, reservoir pressure and reservoir 

area is 100 md, 1.0 cp, 2,000 psi and 15 acre respectively. Nine trials simulation runs using the Boundary 

Element Oil Reservoir Simulation software with particular combination of factors levels in the array were 

carried out [2, 3, 4].  

Column Number Trial Number 

1 2 3 4

1

2

3

4

5

6

7

8

9

1

1

1

2

2

2

3

3

3

1

2

3

1

2

3

1

2

3

1

2

3

2

3

1

3

1

2

1

2

3

3

1

2

2

3

1

Table 3   : L9 (3
4) Orthogonal Array [1]
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Results and Discussion 

The results of the nine trial conditions are shown in Table 4. These simulation results are for the case of 

the following circular oil reservoir with single production well having the following properties:

rw = 0.25 feet (well-bore radius), 

 = 15 % (porosity), 
 = 62.4 lb/ft3 (reservoir fluid density), 

pw = 100 psi (well-bore pressure), 

 h = 35 feet (reservoir thickness) and,  

Scale = 1: 5,000 

In the Taguchi analysis, there are three of quality characteristics with respect to the target design, 

namely “smaller is better” and “bigger is better” [1]. In this study, the high value of oil production is 

desirable, therefore the “bigger is better” quality characteristic was chosen. 

Trial Number Total Oil Production in barrel per day 

 (bbl/d) 

1 2,105.9 

2 2,222.9 

3 2,261.9 

4 8,891.5 

5 6,785.6 

6 1,403.9 

7 20,356.9 

8 3,158.8 

9 4,445.8 

Grand Average 5,737.02 

Table 4   : Simulation results

 Different factors affect the wells productivities to different degrees. The relative effect of the 

different factors can be obtained by the decomposition of total variation into its appropriate components, 

which is commonly called analysis of variance (ANOVA). ANOVA is also needed for estimating the 

error variance. The results of ANOVA are shown in Table 5. Data generated in Table 5 especially the 

Sum of Squares, Variance and Percent were obtained from TRDT educational software, Qualitek-4 [5]. 

Column Factors DOF Sum of Squares Variance F Percent

1

2

3

4

Permeability (md)

Viscosity (cp) 

Reservoir Pressure (psi) 

Reservoir Area (area) 

2

2

2

2

76126966.421 

102756985.448 

87515453.336 

23092672.93 

38063483.21 

51378492.724 

43757726.668 

11546336.465 

-

-

-

-

26.296 

35.495 

30.23 

7.976 

All others/error 

Total

0

8

0

289492096.277 

0

100.00 % 

Table 5  :  ANOVA  table
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 The review of the ‘Percent’ column in Table 5 showed that the oil viscosity factor contributed the 

highest percentage (35.5%) to the factor effects; followed by the reservoir pressure (30.2%), rock 

permeability (26.3%) and area of the reservoir (8.0%). Since the contribution of area of the reservoir was 

the smallest and less than 10% therefore it was considered insignificant. Thus, this factor was pooled 

(combined) with the error term. This process of disregarding the contribution of a selected factor and 

subsequently adjusting the contribution of the other factor is known as pooling. The new ANOVA after 

pooling is shown in Table 6. It was observed that as the smallest factor effect (reservoir area) was pooled, 

the percentage contributions of the remaining factors decreased slightly, but the ranking of factor effects 

still remained the same. In estimating the performance at optimum condition, only the significant factors 

were used. An examination of the average effects as shown in Table 7 indicates that level 1 of viscosity 

and level 3 of both permeability and pressure factors will be included in the optimum condition (after 

excluding area of the reservoir factor). This is due to the highest value of average effects for each factor. 

With this levels combination, one should get the total oil production as 20,357 bbl/d. 

Column Factors DOF Sum of 

Squares

Variance F Percent

1

2

3

4

Permeability (md)

Viscosity (cp)  

Reservoir Pressure 

(psi)

Area Reservoir 

(acre)

2

2

2

(2)

76126966.421 

102756985.448 

87515453.336 

(23092672.93) 

38063483.21 

51378492.724 

43757726.668 

3.296 

4.449 

3.789 

POOLED

18.319 

27.518 

22.253 

All others/Error 

Total

2

8

23092691.07 11546345.535 31.91 

100.00 % 

 Table 6   : Pooled ANOVA table

Level Number Column Factors

1 2 3

1

2

3

4

Permeability (md) 

Viscosity (cp) 

Reservoir Pressure (psi) 

Reservoir Area (acre) 

2196.899 

10451.433 

2222.866 

4445.766 

5693.666 

4055.766 

5186.733 

7994.566 

9320.5 

2703.866 

9801.466 

4770.733 

Table 7   : The Average Effects of Factor for Each Level  

Most data generated in Table 6 and Table 7 especially were obtained from TRDT educational 

software, Qualitek-4 [5] 

Conclusions

Among four factors considered in this study, reservoir oil viscosity found to be the most influenced factor 

in producing oil from the reservoir. It’s followed by the reservoir pressure, rock permeability and area of 

the reservoir. Designing an Enhance Oil Recovery technique that can improve the oil viscosity such as hot 

waterflooding/steam flooding would be a good idea in order to improve the productivity of the reservoir. 

Less viscous oil is easier to be displaced compared to more viscous fluid.  
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 Further analysis shows that (by keeping the viscosity, reservoir pressure and rock permeability at 

their optimum levels), regardless of any area of the reservoir value used in the simulation runs, the oil 

productivity values are still the same. This proves that area reservoir has very small contribution towards 

the productivity of the reservoir. 
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Abstract.  In general, internal cells are required to solve elastoplastic problems using a conventional 

boundary element method (BEM). However, in this case, the merit of BEM, which is ease of data 

preparation, is lost. Triple-reciprocity BEM can be used to solve two-dimensional elastoplasticity problems 

with a small plastic deformation. In this study, it is shown that three-dimensional elastoplastic problems can 

be solved, without the use of internal cells, by the triple-reciprocity BEM. An initial strain formulation is 

adopted and the initial strain distribution is interpolated using boundary integral equations. A new computer 

program was developed and applied to solving several problems.  

1. Introduction 

The finite element method (FEM) requires several repetition of remeshing for large-plastic-deformation 

analysis. Elastoplastic problems can be solved by a conventional boundary element method (BEM) using 

internal cells for domain integrals [1, 2]. In this case, however, the merit of BEM, which is ease of data 

preparation, is lost. On the other hand, several countermeasures have been considered. Ochiai and 

Kobayashi proposed the triple-reciprocity BEM without the use of internal cells for elastoplastic problems 

[3]. By this method, a highly accurate solution can be obtained using only fundamental solutions of a low 

order and by diminishing the need for data preparation. Ochiai and Kobayashi applied the triple-reciprocity 

BEM (improved multiple-reciprocity BEM) without internal cells to two-dimensional elastoplastic problems 

using an initial stress and strain formulations [3,4].  

    In this study, triple-reciprocity BEM is applied to three-dimensional elastoplastic problems. The 

initial strain formulation is adopted and the theory is expressed using a few fundamental solutions. In this 

method, only boundary elements are used. The arbitrary distributions of the initial strain for elastoplastic 

analysis are interpolated using boundary integral equations and internal points. This interpolation 

corresponds to a thin plate spline. In this method, strong singularities in the calculation of stresses at internal 

points become weak. A new computer program was developed and applied to several elastoplastic problems 

to clearly understand the theory.  

2. Theory 

2.1  Initial strain formulation   To analyze the elastoplastic problems using the initial strain formulation, 

the following boundary integral equation must be solved [1,2]. 

dqqPdQuQPpQpQPuPuPc
jkIjkijijjijjij )(),()](),()(),([)(),(
]1[]1[]1[                (1)

Here,  is the initial strain rate and c][

jkI
1

ij is the free coefficient. Moreover, uj and pj are the j-th components 

of the displacement rate and the surface traction rate, respectively. On the other hand,  and  are the 

boundary and the domain, respectively. As shown in eq (1), when there is an arbitrary initial strain rate, a 

domain integral becomes necessary. Denoting the distance between the observation point and the loading 

point by r, Kelvin's solution  and  are given by  ][
iju 1

ijp

},,)43{(
)1(16

1]1[
jiijij rr

Gr
u     (2)         

)},,)(21(],,3)21{[(
)1(8

1
2 ijjijiijij nrnr

n

r
rr

Gr
p  ,               (3) 

where  is Poisson's ratio and G is the shear modulus. The i-th component of a unit normal vector is denoted 

by ni. Moreover, let us set r,i= r/ xi. The function  in eq (1) is given by [1] ]1[
ijk
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2.2  Interpolation of initial strain   Interpolation using boundary integrals is introduced to avoid the 

domain integral in eq (1). The distribution of the initial strain  in the case of a three-dimensional 

problem is interpolated using the integral equation to transform the domain integral into a boundary integral. 

he following equations are used for interpolation [5-8]:  
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,                             (6) 
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where . From eqs (6) and (7), we obtain  2222222 /// zyx
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]1[4

where the function 
PA

jkI

]3[
 expresses a state of a uniformly distributed polyharmonic function in a spherical 

region with radius A. We must emphasize that eqs (6) and (7) can be used for interpolating the complicated 

distribution of the initial strain . These equations are the same as those used to generate a free-form 

surface using an integral equation [6]. In this method, each component of initial strain 

][

jkI
1

][

jkI
1

(j, k=1,2,3) is 

nterpolated.i

2.3 Representation of initial strain by integral equation   The distribution of the initial strain is 

represented by an integral equation. The polyharmonic function T
[f]

 and its normal derivatives are given by  

       
!224
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                     (9)

Figure 1 shows the shape of polyharmonic functions; the biharmonic function 
]2[T  is not smooth at r=0. In 

the three-dimensional case, a smooth interpolation cannot be obtained using solely the biharmonic function 
]2[T . In order to obtain a smooth interpolation, the polyharmonic function with volume distribution 

AT ]2[

is introduced. A polyharmonic function with volume distribution 
AfT ][

 is defined as [12] 

A
fAf daddaTT
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2

0 0

2][][ ]}sin{[  .                                 (10)  

The function 
AfT ][

 can be easily obtained using the relationships  and cosaR2aRr 222

dsinaRdr . This function is written using r instead of R, similarly to eqs (8) and (9), though the 

function in eq (10) is a function of R. The newly defined function 
AfT ][

 can be explicitly shown as 
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Denoting the number of points  as M, the curvature of the initial strain rate  is given by 

Green's second identity and eq (6) as [4-6] 
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The initial strain rate  is given by Green's theorem and eqs (5) and (6) as [4-6] 
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where c=0.5 on the smooth boundary and c=1 in the domain. It is assumed that (Q) is zero. For 

internal points, the next equation is obtained similarly to eq (14). 
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If the boundary is divided into N0 constant elements, and N1 internal points are used, the simultaneous linear 

uations with (2N0+N1) as unknowns must be solved.  algebraic eq
         

2.4  Triple-reciprocity boundary element method  The function  is defined as  ][ f
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Using eqs (5), (6) and (16) and Green's second identity, eq (1) becomes  
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2.5  Internal stresses   The internal stress is given by  
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2.6 Initial strain  An iterative process is used for elastoplastic analysis. The load at first yield F is

obtained. Denoting the final load as F  and the number of iterations as N, incremental load (F F ) N is 

added gradually. It is assumed that  corresponds to the uniaxial yield stress at load step k. The uniaxial k
O
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yield stress at the next load step k+1 is obtained by  

                               (27) P
e

k
O

k
O Hd1

where H is strain hardening and is the equivalent plastic strain increment. The von Mises yield 

criterion is considered. The deviatoric stress tensor  is obtained from the stress rate of eq (22), and the 

equivalent stress 

P
ed

ijS

e  is calculated as follows:  
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 The von Mises yield criterion can be defined as  

    .                        (29) 0Oe

The plastic strain increment  is determined by using the following Prandtl-Reuss equation:  P
ijd

d  ,                           (30) S dij

P

ij

where d  is a proportionality factor. Using eq (30), the provisional plastic strain increment  is 

calculated. Using the initial strain rate on the boundary and at internal points, the initial strain rate is 

interpolated using eqs (5) and (6). The displacement rate and traction rate are obtained by eq (17), and the 

strain rate is obtained by eq (22). The initial strain rate is converged by iterating the above process. 

Afterwards, the next load increment is added.  

P
ijd

3. Numerical examples 

In order to ensure the accuracy of the present method, the stress in a thick cylinder, which is made of an 

elastoplastic material, subjected to internal pressure is obtained. It is assumed that the inner and outer radii 

are 10 and 30 mm. The von Mises yield criterion is used, and the cylinder is restricted in the z direction. 

Young’s modulus E =210 GPa and Poisson’s ratio = 0.30 are assumed. Internal pressure pO= 1.2 GPa,  

yield stress Y = 1.2 GPa and strain hardening H=0.1E are assumed. The numbers of discretized boundary 

elements and internal points are 680 and 315, as shown in Fig. 1. Internal points are used to interpolate the 

distribution of initial strain. Figure 3 shows the circumferential and radial stress distributions. Boundary 

element results are shown with FEM solutions in Fig. 2. The stress distributions agree well with the FEM 

solutions.

4. Conclusion  

It was shown that three-dimensional elastoplastic analysis can be carried out, without the use of internal 

cells, using the triple-reciprocity boundary element method. The fundamental solutions for this analysis 

were shown. In this method, the strong singularity that appears in the calculation of internal stress by the 

conventional boundary element method becomes weak. Using numerical examples, the effectiveness and 

accuracy of this method were demonstrated. In this method, the merit of BEM, which is ease of data 

preparation, is not lost because internal cells are not necessary.  
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 (a) Boundary elements    (b) Internal points 

Fig.1  Boundary elements and internal points in quarter-region (Number of boundary elements: 680)

Fig.2   Stress distribution in hollow cylinder with internal pressure 
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Abstract

A boundary element formulation for the analysis of isotropic cracked sheets, repaired with 

adhesively bonded anisotropic patches is presented. The sheet and the patch were modeled using 

the direct boundary element method. The crack in the isotropic sheet was modeled using the 

dual boundary element method. The interaction between the isotropic sheet and the patch was 

modeled considering shear body forces uniformly distributed on the interaction zone using a 

linear elastic relationship. Two different techniques were used in the present boundary element 

implementation to treat domain integrals that arise in the formulation due to shear interaction 

forces. These techniques were the cell domain integration and the dual reciprocity boundary 

element method.  

1. Introduction 

Adhesively bonded patches are extensively used in aircraft structure repairs to increase the life 

of cracked structures and avoid high expenses due the change of cracked components by new 

ones. When a crack is detected by a non-destructive technique, in aeronautical applications, it is 

necessary to drill the crack tip region to decrease the stress concentration and then apply a layer 

of adhesive patch on this region to avoid the crack growth. The patch transfers the load from the 

cracked structure, avoiding crack opening and a new crack propagation. The main advantages of 

bonded patches repairs when compared to other types of repairs such as riveted repairs, are the 

homogeneous load transfer between the cracked plate and the repair and the absence of bolt 

Advances in Boundary Element Techniques 109



holes which are stress concentrators. 

Many authors have studied the behavior of adhesively patched sheets. In general, the sheet, the 

patch, and the adhesive layer are considered to be thin. Thus, the whole component does not 

bend out of its plane, and the problem can be solved using the two-dimensional elasticity theory. 

Early works analyzing isotropic patches in structures were presented by Ratwani [1], and 

Erdogan and Arin [2] in the seventies. These works have presented the study of bonded repairs 

in infinite plates with cracks. They used analytical solutions for the deformation and 

compatibility of displacements between the cracked plate and the repair. 

Michell and Wooley [3] used the finite element method (FEM) to study the reinforcement of 

plates induced by the application of repairs. They used two-dimensional finite elements with 

constant stresses and the plate and the repair were coupled through nodes where conditions of 

displacement compatibility were imposed. They also analyzed the presence of a crack in the 

plate. However, they haven’t considered the stress singularity in the crack tip and haven’t 

evaluated stress intensity factors. 

Jones and Callinan [4,5,6] used the FEM for the analysis of metallic plates repaired with a layer 

of composite material. They developed a stiffness matrix to couple the plate, the adhesive layer, 

and the composite repair. Special singular elements were used in the tip of the crack. 

Young, Cartwritght and Rooke [7] modeled the cracked plate and the repair using the boundary 

element method (BEM). Shear stresses in the adhesive layer as well as body forces acting on the 

plate and on the repair were modeled. A special Green function for domains with cracks are 

used to model straight cracks, which limits the applicability of the model. 

Tarn and Sherk [8] studied the problem of cracked plates repaired by bonded composite 

materials. A spring model was used to couple the cracked plate model with the repair model. 
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The repair was modeled using the FEM and the crack using the BEM. Young et al. [9] modeled 

the interaction force between the plate and the repair by discretizing the bonded repaired area 

using internal cells in the boundary element formulation. 

Salgado and Aliabadi [10] used the dual boundary element method (DBEM) to model the 

metallic cracked plate and the direct boundary element method to model the repair. The 

distributed force between the plate and the repair was considered through the dual reciprocity 

boundary element method (DRBEM). This formulation was applied by Salgado and Aliabadi 

[11] to the analysis of metallic thin plates reinforced with bonded isotropic repairs. The 

reinforced plate was modeled using the BEM. Shear stresses in the adhesive layer were modeled 

as action-reaction body forces exchanged between the plate and the repair. Widagdo and 

Aliabadi [14,15] presented a DBEM formulation for composite repair patches adhesively 

bonded and mechanically fastened to metallic cracked sheets. 

In this work, the sheet and the patch were modeled using the BEM and the crack in the isotropic 

sheet was modeled using the DBEM. The interaction between the isotropic sheet and the patch 

was modeled considering shear body forces uniformly distributed on the interaction zone using 

a linear elastic relationship. Two different techniques were used to treat domain integrals that 

arise in the formulation because of interaction shear forces: the cell domain integration method 

and the DRBEM. 

2. Problem description 

Figure 1 presents a finite isotropic sheet, containing an inner crack and an adhesive patch. In 

this case, the interaction forces can be treated as unknown body forces exchanged by the sheet 

and the patch over the attachment subregion. This interaction occurs in the region of the 

attachment. If the sheet and the patch remain flat after deformation, two-dimensional elasticity 

theory can be used to study the problem. In this case, displacements at the sheet and at the patch 

have to be compatible with the shear deformation of the adhesive layer connecting them. 
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3. DBEM for cracked repaired sheets

When the sheet is deformed due to applied loads on its boundaries, interaction forces occur

between the sheet and patch the repair. Considering that the structure remains flat after the

deformation, the two-dimensional elasticity theory can be used to model this problem. In this 

two-dimensional case, interaction forces on the sheet and on the patch can be treated as

unknown body forces (action-reaction pair). As shown by Salgado [11], the boundary integral

equation for displacement of a source point x’ on the sheet is given by (see figure 1): 
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where is a coefficient which depends on the position of the source point in relation to the 

boundary of the sheet 
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S; and are the Kelvin’s fundamental solutions for 

bidimensional elastic media; and  are displacement and traction vectors at the boundary of 

the sheet; b
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j are the interaction forces exchanged between the sheet and the patch on the region 

of the patch, R;  and hS is the thickness of the sheet.
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Figure 1. Sheet with patch repair
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In a similar way, the displacement of a source point x’ on the repair is given by:
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Similar to the sheet,  is a coefficient which depends on the position of the source point in

relation to the boundary of the repair 

R

ijc

R; and  are the Kelvin’s fundamental solution

for bidimensional elastic media; and  are displacement and traction vectors at the 

boundary repair, b
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j are the interaction forces exchanged between the sheet and the patch on the

region of the patch, R; and hR is the thickness of the sheet. In this work, Kelvin’s fundamental

solution for bidimensional elastic media, , was used to model the mechanical response of

the isotropic sheet. A fundamental solution for anisotropic elastic media was used to model the 

mechanical patch response. 

R
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The crack in the isotropic sheet was modeled using the DBEM. The traction equation is used in

a crack face and the displacement equation in the other face. The traction equation is given by:
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where  and  are linear combinations of derivatives of  and

, respectively, and n
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ijU i is a unit vector outward to the boundary in the collocation

p

Advances in Boundary Element Techniques 113



Now, consider a uniform shear deformation through the adhesive thickness, as proposed by

Salgado [10], and neglect shear deformations in the sheet and in the patch. Differences u

int x’ (x’ R) on the sheet and of corresponding

oints on the patch, can be written as: 

j

between the displacements uj of a po
R

ju

p

2,1''' jb
G

h
uu j

A

AR

j

S

j xxx (4)

j is the shear stress in the adhesive, which has the same meaning of the

teraction force bj.

ain integration method and the DRBEM.

the cell method, the domain is subdivided, so that: 

 (5) 

ted as f unknown coefficients d multiplied by approximating

nction

where hA is the thickness of the adhesive layer, GA is the transversal stiffness modulus of the 

adhesive material,

in

4. Domain integral computation

As can be seen, equations (1) and (2) require to calculate domain integrals. Two different 

techniques were used to treat domain integrals that arise in the formulation due to shear

interaction forces. These techniques were the cell dom

In
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and the integration is carried out on each cell. In the DRBEM, interaction forces are

approxima a sum o

fu s xx ,ddf , so that: 
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The approximating function used in this work is rf dd 1,xx  in the sheet formulation. For 

e anisotropic patch, an approximation function given by Albuquerque and Sollero [12] was

used. Then, equation (5) can be expressed as: 
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where  and  are particular solutions for displacements and tractions corresponding to a 

redefined function

d

kjû d

kjt̂

rf dd 1,xxp  for the sheet. A similar approach was used to model

.1 Matrix formulation

In a matrix form, the equation for isotropic sheet (including traction equa n) can e writ
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here subindex “ext” and “int” identify boundary and domain collocation and field points on 

sheet. In compact form, we have: 

body forces in the patch. 
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In a similar way, equations for the repair can be written as: 
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here subindex “ext” and “int” identify boundary and domain collocation and field points on 

the patch. Similary in a c

the general case, when the sheet and the patch are made of different materials, the coupling

equation (4) can be written for the sheet and the repair, as: 
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he constant k contains the mechanical properties of adhesive layer. Introducing these equations 

in (9) and (11) we obtain the coupling equation system for the problem of repaired sheet: 
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5. Applications 

5.1 A circular composite patch over an uncracked square sheet. A square sheet whose edge 

length is 200 mm is subjected to a uniform constant tension of 1 GPa towards the y axis, as

shown in the figure 2. A central crack of length 2a = 30 mm in the sheet is considered. The 

sheet has a thickness of 1.5 mm. A circular repair of radius equal to 30 mm and
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mm is bonded at the center of the sheet using an adhesive with 0.15 mm of thickness and shear

odulus G = 0.6 GPa. Properties of the sheet and the patch are given in table 1. 

heet

m

S Patch

Young modulus (E) = 72400 Mpa E1 = 25000 MPa 
Poisson’s ratio(v) = 0.3 E2 = 208000 MPa 

G12 = 72400 MPa 
v12 = 0.02 

Table 1. Mechanical properties of the sheet and the composite patch 

Figure 2. Boundary elements and internal cells (and DRBEM points) for the cracked
plate and the patch. 

ments on the edge of the plate and on the edge of the repair, as 

hown in figure 2. The shear stress distribution in the adhesive layer obtained using the

RBEM is shown in figure 3. 

The problem was analyzed using the method of cells and the DRBEM. The mesh comprises of

28 discontinuous quadratic ele

s

D
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  Figure 3. Normalized shear stress distribution in the adhesive 
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The shear distribution obtained in the model with cells is similar and will not be shown here. As
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can be seen in figure 4 the convergence of the solution is obtained as the number of internal 

points increases. Further refinement in the boundary mesh hasn’t significantly affected the 

results. Obtained results are compared with analytical solution given by Rose [13] for a cracked 

isotropic sheet repaired with an orthotropic patch. It can be seen that good agreement was 

obtained even for relatively coarse internal points grids when the DRBEM were used. Slowest 

convergence to Rose’s solution was found with cell method. 

6. Conclusions 

 new boundary element formulation for modelling cracked sheets repaired with composite 

d laminate structures. AIAA Journal 

ack.

44-749. 

inite element analysis of patched cracks. Journal of Structural 

 design study in crack patching. Fibre Science and Technology 

inite sheets. Proceddings of the 4rd International conference on 

A

patches was developed. The cracked sheet was modeled with the DBEM and the patch was 

modeled with the BEM. The interaction between the isotropic sheet and the patch was modeled 

considering shear body forces uniformly distributed on the interaction zone using a linear elastic 

relationship. The cell domain integration and the dual reciprocity have been used to treat the 

domain integrals that arise in the formulation due to shear interaction forces. DRBEM method 

showed faster convergence to analytical solution than the cell method. It can be concluded that 

the new formulation can be used with reasonable accuracy to study the mechanical behaviour of 

adhesively bonded repairs. 
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Abstract. The aim of the present work is to show the formulation and application of the dual reciprocity 

boundary element method (BEM) to free vibrations of two-dimensional piezoelectric structures. The 

piezoelectric materials are modelled as homogenous, linear – elastic, transversal isotropic and dielectric. 

The static fundamental solutions, which are required in the proposed approach, are derived using the Stroh 

formalism. The domain inertial integral is transformed to the equivalent boundary integral using the dual 

reciprocity method (DRM). The developed method is used to compute frequencies and mode shapes of 

natural vibrations of two-dimensional piezoelectric structures. The boundary conditions are imposed using 

the condensation method. The numerical results are compared with the available analytical solutions given 

in the literature.  

Introduction 

In piezoelectric materials, mechanical and electric fields are coupled, namely, they produce an electric field 

when deformed or conversely, they deform when subjected to an electric field. Dynamic analysis of 

piezoelectric materials requires the solution of coupled electric and mechanical partial differential equations 

of motion [1]. These equations, particularly for piezoelectric structures with arbitrary geometries and 

boundary conditions, are usually solved by numerical methods. One of the versatile computer methods, 

which is intensively applied in piezoelectricity in the last decade, is the boundary element method (BEM). 

In this paper the BEM [2] is implemented to solve a free vibration problem of the linear piezoelectricity.  

The most popular piezoelectric materials are ceramics. These piezoelectrics are solids, which belong to 

the hexagonal symmetry class of the crystals [1]. Piezoceramics have anisotropic physical properties (both 

mechanical and electrical), therefore in the present work homogeneous, transversal isotropic, linear elastic 

and dielectric model of the piezoelectric material is considered. The anisotropy of the material increases the 

number of the material constants, and derivation of the fundamental solutions becomes difficult. 

The Stroh formalism[3, 4, 5] is a powerful and elegant analytic technique for the anisotropic elasticity, 

which is expanded to the linear piezoelectricity in this work. For the free vibration problem or transient 

analysis, derivation of the dynamic fundamental solution is much more complicated [6]. The dual 

reciprocity boundary element method allows the use of the static fundamental solution for dynamic 

problems [2, 7, 8]. The dual reciprocity formulation is derived from the reciprocal relation between a static 

state and a dynamic state in which the inertia forces are treated as body forces. This method is used to 

transform the domain integral, which depends on inertia, into the boundary integral. After discretization the 

system matrices are independent of time. 

A numerical example is presented and it shows that the dual reciprocity boundary element method 

allows to analyze efficiently the free vibration problem of linear piezoelectricity. 

The dual reciprocity BEM formulation of linear piezoelectricity 

The coupled field equations of piezoelectricity are given by the following system of partial differential 

equations [1, 7]: 
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The tensors Cijkl, elij, εil denote elastic moduli, measured in a constant electric field, piezoelectric constants 

and dielectric constants, measured at constant strains, respectively; uk is the displacement vector, φ denotes 

the electric potential; bj is the body force vector per unit volume and ρ denotes the density. Double dots 

denote the second derivative with respect to time. In equations (1) the intrinsic electric charge q is 

neglected. 

     To get the classical boundary-initial value problem formulation, equations (1) must be completed with 

the boundary and initial conditions. The boundary conditions are both mechanical and electric and they are 

related to the parts of the boundary where diplacements, tractions, potentials and charge fluxe densities are 

prescribed. The coupled field equations with boundary and initial conditions formulate the direct problem of 

linear piezoelectricity. 

The boundary-initial value problem of linear piezoelectricity can be formulated in a much more 

convenient form using generalized quantities. The following vectors are introduced: 
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where UK, TJ and BJ are the generalized displacement, traction and body force vector, respectively. Then, 

the coupled field equations are given by the operator equation: 

JKJKKJK BUDUL −= ,                                                                            (5) 

where LJK is the 2D elliptic operator of static piezoelectricity and DJK is a differential operator. 

     In the present work homogeneous, transversal isotropic, linear elastic and dielectric model of the 

piezoelectric material is chosen. For this model, the operator LJK , for the two - dimensional case, has a 

form: 

( ) ( )

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

∂ε−∂ε−

∂+∂∂+∂

∂+∂+∂+∂

=

22221111

2222111322221133

12132112131222331111

sym

eecc

eecccc

LJK
,                                            (6) 

where 
ij∂  is a differential operator, which denotes differentation with respect to the spatial coordinates. The 

coefficients cij, eij and εij are the values of the elastic, piezoelectric and dielectric constants, respectively. 

The next step in the BEM formulation is application of a reciprocity relation. This process is well known 

[2, 7]. The system of equations (5) is weighted with a test function and integrated by parts. 

When the test function is chosen as a fundamental solution of the static piezoelectric operator LJK and a 

limiting process to the boundary is done, the boundary integral formula is given by: 

∫∫ ∫
ΩΓ Γ

Ω−Γ=Γ+ dUDUdTUdUTUc LJLKJJKJJKJJKJ
,                                                             (7) 

where cKJ denotes a free term coefficient at the source point, UMJ  is the test function – the fundamental 

solution, and TMJ depends on the derivative of the fundamental solution and Ω denotes the region which is 

occupied by the piezoelectric body. In this equation the generalized body force vector is neglected. 

To obtain the fundamental solutions, the Stroh formalism is used [3, 4, 9]. 

The domain integral in equation (7), which describes the inertia effect, will be transformed into the 

boundary integral using the reciprocal theorem between two static states [2, 7]. 

Let the generalized accelerations be approximated using a sum of functions multiplied by unknown 

coefficients: 

∑
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m
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.                                                                              (8) 

In the above equation unknown coefficients depend on time, but functions F are time independent. The 

functions F are related to the inhomogeneous differential equation of static piezoelectricity: 
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m

JN

m

KNJK FUL = .                                                                                  (9) 

Weighting the equation above with the static fundamental solution ULJ one can obtain: 

∫ ∫ ∫
Ω Γ Γ

Γ+Γ−−=Ω dTUdUTUcdFU m

JNLJ

m

JNLJ

m

KNLK

m

JNLJ
.                                                  (10) 

Using this new reciprocal relation and approximation of the generalized acceleration field leads to the dual 

reciprocity formulation of the dynamic piezoelectricity [7]: 

m

N

M

m

m

JNKJ

m

JNKJ

m

JNKJJKJJKJJKJ dTUdUTUcdTUdUTUc α⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Γ−Γ++Γ=Γ+ ∑ ∫ ∫∫ ∫

= Γ ΓΓ Γ 1

.                       (11) 

To solve approximately the boundary integral equation, the boundary element method is applied. 

     The operator DJK shows that the electric potential has no influence on the inertia term, hence the 

approximation of the generalized acceleration field, has a special form [7]. 

The discretized equation (11) is applied to all boundary nodes, and it leads to the following linear system 

of equations: 

α−=− )ˆˆ( TGUHGTHU ,                                                                       (12) 

where Û and T̂ denote the nodal values of the particular solution of equation (9), H and G denote the 

standard BEM matrices. The vectors U and T contain discretized values of the boundary generalized 

displacements and tractions. Next, one can obtain the following system of linear ordinary differential 

equations: 

GTHUUM =+�� .                                                                                (13) 

The mass matrix M is equal to: 

1

*)ˆˆ( −−ρ= FUHTGM ,                                                                           (14) 

where matrix 
1

*

−F  is the modified inverse of matrix F. 

     The present system of equations, with the boundary and initial conditions is an approximated discrete 

form of the boundary-initial value problem of linear piezoelectricity. 

The Stroh formalism 

Since piezoelectric materials are anisotropic, the fundamental solutions are rather complicated, even for the 

transversal isotropic model of the material [7]. To obtain the fundamental solutions, the Stroh formalism is 

used. The Stroh formalism is a powerful and elegant analytic technique for the anisotropic elasticity [4, 5], 

which is expanded to the linear piezoelectricity in this case [3, 9]. The formalism requires the solution of 

the special eigenvalue problem with respect to the material constants of the piezoelectric material.  

In the Stroh formalism it is assumed that the field of the generalized displacements has a form [3, 4, 9, 10]: 

)(zafU = ,                                                                                     (15) 

where a is the unknown vector and f(z) is an analytic complex function and z is a complex variable: 

21 pxxz += ,                                                                                    (16) 

where x1 and x2 are the coordinates, p denotes the unknown complex constant. Introducing equations (15) 

into the coupled field equations (1) for a static case, the quadratic eigenvalue problem is obtained: 

{ } 0)( 2 =+++ aTpRRpQ T
,                                                                       (17) 

where the matrices Q, R and T depend only on the material constants. The above equation can be 

transformed into the standard eigenvalue problem. 

     It is known, that the eigenvalue problem (17), in a two – dimensional case, gives three pairs of complex 

conjugate eigenvalues and corresponding eigenvectors. 

     For piezoelectric materials eigenvalues are distinct, so it can be written that the solution (15) is equal to: 
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JJJJJJ zfazfaU ,                                                                 (18) 

where functions f1 ,…, f6 have arguments in the form: 

21 xpxz JJ += .                                                                                   (19) 

Most often functions f have the same form, but with a different complex coefficient vector. 

     Now, the fundamental solution can be obtained. The complex function fJ will have a form [3]: 

)ln()( JJJ szzf −= ,                                                                              (20) 

where: 

0

2

0

1 xpxs JJ += .                                                                                  (21) 

The Green functions (the fundamental solutions) of piezoelectric elliptic operator LJK (6) is then given by: 
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                                                              (22) 

where matrices A, B and V depend on the eigenvectors of eigenvalue problem given by (17). 

Particular solutions 

The dual reciprocity method requires the solution of the inhomogeneous partial differential equation of the 

static piezoelectricity (9). The procedure, which leads to the solution, is quite difficult for piezoelectric 

materials because the anisotropy introduces many material constants. An alternative is to assume a 

particular solution and find the corresponding functions. 

     In this formulation the particular solution is assumed as a radial basis function with a constant term [7]: 

)( 23 CrrU KN

m

KN ++δ= ,                                                                         (23) 

where δKN is a Kronecker isotropic tensor. To obtain the corresponding traction field and an “artificial” 

body force term, the derivatives of the assumed particular solution are calculated: 

]3)23[(

)23(

,,,

,

2

,

liliKN

m

liKN

lKN

m

lKN

rrrrU

rrrU

+δ+δ=

+δ=
.                                                                  (24) 

Then the traction field and body force field are desribed by the following equations: 

m

liKNiJKl

m

JN

i

m

lKNiJKl

m

JN

UCF

nUCT

,

,

=

=
.                                                                               (25) 

The eigenvalue problem formulation 

When the boundary conditions are known, the matrix equation of motion can be written in the form [8]: 
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,                                            (26) 

where the subscript u is related to the part of the boundary, where the generalized displacements are 

prescribed and t corresponds to the part of the boundary, where the generalized tractions are known, hence 

the generalized displacements are unknown on this part of the boundary. Eliminating the unknown 

generalized tractions and assuming that the known generalized tractions are equal to zero, the following 

system of equations can be obtained: 
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0=+ tredtred UHUM �� ,                                                                            (27) 

where: 

utuututtredutuututtred HGGHHMGGMM 11    , −− −=−= .                                                (28) 

In the free vibration problem it is assumed that the solution of the equation of motion are harmonic 

functions, then the generalized eigenvalue problem is described by the equation: 

XMXH redred

2ω= ,                                                                              (29) 

where X is an amplitude and ω is an angular frequency. From the formulation of the dynamic problem of 

linear piezoelectricity it is known that the electric potential does not influence the inertia term. The process 

of eliminating the electric degrees of freedom is equivalent to the Guyan reduction method, which is exact 

in this formulation. The two - step condensation process reduces number of degrees of freedom. The above 

equation can be transformed into the standard eigenvalue problem.  

Numerical examples 

The eigenvalue problem for the rectangular piezoelectric plate made of PZT-4 ceramic [10] is considered. 

The length of the plate is equal to L=0.04 m, and height is equal to H=0.01 m, as shown in Figure 1. 

 
Figure 1: Piezoelectric strip 

The piezoelectric plate is simply supported – the nodes on the vertical edges can only move in the 

horizontal direction. The edges are electrically grounded to zero potential – this boundary condition is 

called the closed condition. To discetize the boundary of the plate 100 constant boundary elements are 

applied. When only the boundary is discretized, the inertia is modelled inaccurately [8]. The internal nodes 

are necessery to improve the accuracy of the solution. 

    The results of the eigenfrequencies analysis for the smallest 5 thickness modes using 114 internal nodes 

are given in Table 1. In this table a comparison between the obtained results and analytical [10] is 

presented. A good agreement between both formulations can be observed. The eigenfrequencies are scaled 

[10]. 

mode 0ω  analytical 0ω  BEM relative error [%] 

1 2.26 2.31 2.21 

2 10.09 9.88 2.08 

3 24.09 24.10 0.04 

4 41.66 41.83 0.41 

5 49.51 50.00 0.99 

Table 1: Comparison between analytical and BEM solution 

When on the bottom and top edges of the plate the charge flux density is equal to zero – the boundary 

conditions are called open [11]. The influence of the boundary conditions on normalized eigenfrequencies 

are given in Table 2 and for the same mode, the eigenfrequencies for the open circuit are bigger. 
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mode cω  closed (φ=0) oω  open (q=0) 

1 2.31 2.38 

2 9.88 10.77 

3 24.10 28.40 

4 41.83 44.21 

5 50.00 54.08 

Table 2: Comparison between open and closed boundary condition 

Summary 

In this paper, the dual reciprocity BEM for the free vibration problem of linear piezoelectricity is 

considered. The results confirm that the present formulation allows to solve the eigenvalue problem of 

linear piezoelectricity with different electric boundary conditions. The two step condensation method 

reduces degrees of freedom. This is an important property of the present method, because an accurate 

analysis requires many internal degrees of freedom, which allows to avoid complex eigenfrequencies.  
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Abstract. This paper formulates a local version of the classical meshless radial basis function collocation 

(Kansa) method. The formulation copes with the general transport equation, applicable in solution of a

broad spectra of scientific and engineering problems. The method is structured on multiquadrics radial basis 

functions. Instead of globally, the collocation is made locally over a set of overlapping domains of influence 

and the time-stepping can be performed in an implicit or explicit way. Only small systems of linear

equations with the dimension of the number of the nodes included in the domain of influence have to be

solved for each node. The computational effort thus grows roughly linearly with the number of the nodes. 

The developed approach overcomes the principal large-scale problem bottleneck of the original Kansa 

method. Formulations for solving the steady Darcy natural convection in porous media and natural 

convection in Newtonian fluids are described.

Introduction

A common complication in the polygon-based (FVM, FEM, BEM) numerical methods is the need to create 

a polygonisation, either in the domain and/or on its boundary. This type of meshing is often the most time

consuming part of the solution process and is far from being fully automated. In recent years, a new class of

methods is in development which do not require polygonisation but use only a set of nodes to approximate

the solution. The rapid development of these types of meshfree (meshless, polygon-free, mesh-reduction) 

methods and their classification is elaborated in the very recent monographs [1,2,3,4,5]. A broad class of

meshfree methods in development today are based on Radial Basis Functions (RBFs) [6]. The RBF 

collocation method or Kansa method [7] is the simplest of them. This method has been further upgraded to

symmetric collocation [8], to modified collocation [9], and to indirect collocation [10]. The method has 

been already used in a broad spectrum of computational fluid dynamics problems [11] such as the solution

of Navier-Stokes equations or porous media flow [12] and the solution of solid-liquid phase change

problems [13]. In contrast to advantages over mesh generation, all the listed methods unfortunately fail to

perform for large problems, because they produce fully populated matrices, sensitive to the choice of the

free parameters in RBFs. One of the possibilities for mitigating this problem is to employ the domain

decomposition [14]. However, the domain decomposition re-introduces some sort of meshing which is not 

attractive. The concept of local uncoupled collocation in the context of RBF-based solution of transport

phenomena has been introduced in [15,16]. For interpolation of the function value in a certain node the

authors use only data in the (neighbouring) nodes that fall into the domain of influence of this node. The 

procedure results in solving a matrix of the size of the number of the nodes in the domain of influence for

each nodal point. This paper formulates a meshless two time-level uncoupled radial basis function

collocation method for transport phenomena. Its implicit variant overcomes the inherent instability

problems encountered in explicit timestepping, used in our previous research. 

Governing Equations 

Consider a general transport equation defined on fixed domain  with boundary , standing for a 

reasonably broad spectra of mass, energy, momentum and species transfer problems 
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S
t

v DA A ,     (1) 

with , , , , , and  standing for density, transport variable, time, velocity, diffusion tensor and

source, respectively. Scalar function A  stands for possible more involved constitutive relations between

conserved and diffused quantities. The solution of the governing equation for the transport variable at the

final time  is sought, where  represents the initial time and 

t v D S

0t t 0t t  the positive time increment. The

solution is constructed by the initial and boundary conditions that follow. The initial value of the transport

variable  at point with position vector p  and time  is defined through the known function,tp 0t 0

0, ;tp p p

R

.  (2)

The boundary  is divided into not necessarily connected parts D N  with Dirichlet,

Neumann and Robin type boundary conditions, respectively. These boundary conditions are at the boundary

point  with normal  and time  defined through known functionsp n 0 0t t t t D , R ,
R

ref

;D

Dp , ;N

N
n

p , ;R R

ref R
n

p ,   (3,4,5)

Solution Procedure 

The involved parameters of the governing equation and boundary conditions are assumed to depend on the 

transport variable, space and time. The solution procedure thus involves iteration process. Let us assume the

two-level time discretisation with the implicitness parameter . For 1 , the scheme is fully implicit and 

for 0 , the scheme is fully explicit. The discretisation in time can respectively be written as

0 0
0 0 0

0 0

1

1 1

t

S S

v v

D D

A A
A A

0

.      (6)

The nonlinearity of the functions  and A S  is treated by the Taylor expansion

d

d

A
A A ,

dS
S S

d
.      (7,8)

The unknown  can be calculated from the equation 

2

0
0

2
0 0 0 0 0 0 0 0

:

1 1 1 :

d dS d

t d d d

d dS d
S

t t t d d d

S

v D D I

v

v D D I

A A

A A
A A A

A 1

. (9)

Let us for brevity assume the diffusion tensor to be in the isotropic form DI  with the scalar D  (depending 

on  in general) and identity tensor  in the continuation. The value of the transport variable  is solved

in a set of nodes  of which 

I n

; 1,2,...,n np N N  belong to the domain and  to the boundary. The

iterations over one timestep are completed

N

max n n itr , 0max n ste ,  (10,11)

when the equation (10) is satisfied, and the steady-state is achieved when the equation (11) is achieved. The 

representation of the transport variable over a sub-set of l  arbitrarily spaced nodes

that fall into subdomain l

N ; 1,2,...,l n ln Np

 is made in the following way

l k l kp p ,   (12) 
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where l k  stands for the shape functions, l k  for the coefficients of the shape functions, and l  is the 

number of the shape functions. The Einstein summation convention is used in this text, i.e. any index which

is repeated twice in a product is summed-up. An underlined index is not summed-up. Index l  runs from 1

to , and indeces ,  and  from 1 to l . The left lower index on entries of expression (12) 

represents the domain of influence (subdomain) l

N

N k m n N

 on which the coefficients l k  are determined. The

domains of influence l  can in general be contiguous (overlapping) or non-contiguous (non-overlapping).

Each of the domains of influence l  includes l  nodes of which lN N  can in general be in the domain and 

 on the boundary, i.e. . The domain of influence of the node l  is defined with the

nodes having the nearest  distances to the node l  in uniform gridpoint arrangements. The 

coefficients can be calculated from the subdomain nodes in two distinct ways. The first way is collocation 

(interpolation) and the second way is approximation by the least squares method. Only the simpler

collocation version for calculation of the coefficients is considered in this text. Let us assume the known 

function values l  in the nodes  of the subdomain l

l N l l lN N N p

1l N p

n l np . The central node of subdomain l  is denoted 

. The collocation impliesl p

l n l k l n l kp p .   (13)

For the coefficients to be computable, the number of the shape functions has to match the number of the

collocation points , and the collocation matrix has to be non-singular. The system of equations (13) 

can be written in a matrix-vector notation 
l lK N

; ,l l l l kn l k l n l n l np p .       (14) 

The coefficients l  can be computed by inverting the system (14) 

1

l l l .      (15) 

By taking into account the expressions for the calculation of the coefficients l , the collocation 

representation of transport variable p  on subdomain l  can be expressed as 

-1

l k l kn l n l n l np p p .      (16) 

Let us introduce a two dimensional Cartesian coordinate system with base vectors ; ,x yi  and 

coordinates ; ,p x y , i.e. x x y yp pp i i . The first partial spatial derivatives of p  on subdomain l

can be expressed as 

, ; ,-1

l k l kn l n l n l n x y
p p

p p p .       (17) 

The second partial spatial derivatives of p  on subdomain l  can be expressed as 

2 2

, ; , ,-1

l k l kn l n l n l n x y
p p p p

p p p .   (18) 

The radial basis functions, such as multiquadrics, can be used for the shape functions 

1/ 2
2 2 2

01 / ;l k l l k l l k l k l kc r r rp p p p p p ,  (19) 

where  represents the dimensionless shape parameter. The scaling parameter  is set to the maximum

nodal distance in the domain of influence
l c

2

0l r

2 2

0 maxl l n lr r pk .    (20) 
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Let us introduce domain, Dirichlet, Neumann, and Robin boundary indicators for this purpose. These 

indicators are defined as 
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The unknown values of the transport variable are for each l  calculated from the system of linear equations 
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    (22) 

The solution procedure requires the following steps: Step 1: The matrices ,l k l np ,l k l np ,

,l k l np  are pre-calculated. Step 2: The initial conditions are set in the domain and boundary nodes and 

the unknowns  are calculated from the square systems of linear equations (22) of the size l . Step 3:

The field of  at time 

l k N

n 0t t  is set from calculated central node values n l n l p . Step 4: Timestep

iteration and steady-state checks (10,11) are performed. Step 5: New timestep values of the present

timestep are set to the old timestep values of the next timestep and the new timestep is attempted.

Example of Solution Procedure for Darcy Porous Media Flow and Navier - Stokes equations. 

The solution of Darcy porous media flow (DP) and Navier - Stokes (NS) flow in the context of developed 

method for steady natural convection is represented in the following form. Governing equations are: mass

conservation, DP or NS momentum conservation, and energy conservation:

0v , DP: 0 P v f
K

, NS: 2Pvv v f T,   (23)
2

pc T kvc

with  representing velocity,v  viscosity,  permeability and  the Bussinesq body forcek f

ref[1- ( - )]T Tf añ , and  for heat capacity with  and standing for temperature and reference 

temperature, for acceleration and 

pc T refT

a  for thermal expansion. Boundary conditions are in the case of DF of 

the impermeable type , and in the case of NS equations of the impermeable and no-slip

type . The boundary conditions for the energy equation are of the Dirichlet and Neumann

0;v n p

0;v n p
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type ,;r DT T p ;r

T
k F

n
p N . The Pressure is calculated from the pressure Poisson

equation, for t :
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2 1 (
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)j j jP
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with the pressure Poisson boundary conditions: 

DP:
1
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j
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1
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j j j jP

n
) ;v v v f n p ,    (25)

Where the pressure needs to be defined at least in one domain or boundary point: .

Velocity is calculated as: 

1

ref;j

m refP P p p

DP: 1 1ˆ j jPv f
K j ,    NS: 2 1 11

ˆ j j j jPv v
j

v f .   (26)

Since the velocity 1ˆ j
v  does not correspond to the mass conservation (in general) it is corrected by the

velocity correction . The velocity correction is assumed to be a function of the 

pressure correction
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and the respective pressure correction Poisson equation is formulated, with the boundary conditions 

. The Pressure correction is calculated from the pressure correction Poisson equation, 

for :
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The steady-state temperature field is calculated from the diffusion equation for t
1

2 1 1 1
j

j j

p p

T
c k T c T

t
vc j

,       (29) 

and the body force is updated as . Iteration
1

ref[1- ( - )]j j+1T Tf a 2j  is attempted next. 

Conclusions

This paper represents a new simple meshfree formulation for solving a wide range of nonlinear transport

phenomena. The time-marching might be performed in an implicit or explicit two time-level way. The 

governing equation is solved in its strong form. No polygonisation and no integration is needed. The

developments are almost independent on the problem dimension. The complicated geometry is easy to cope 

with. The method appears efficient, because it does not require a solution of a large system of equations like

the original Kansa method. Instead, small systems of linear equations have to be solved in each timestep for

each node and associated domain of influence, probably representing the most natural and automatic

domain decomposition. This feature of the developed method represents its principal difference from the 

other related local approaches [17], where the resultant matrix is large and sparse. The method requires the 

same computational effort for any timestep parameter . The fully explicit version of the represented

method has been already used in temperature field model of the DC casting [18] and twin-roll casting of 

aluminium alloys [19]. Several other numerical examples will be shown at the conference. 
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Abstract This paper presents a dual reciprocity boundary element formulation for heat conduc-
tion in a nonlinear anisotropic medium with temperature dependent thermal conductivity based on
the Fundamental solution of Laplace equation. The radial basis interpolation has also been used for
approximation of the spatial derivatives of the temperature involved in the source term. The choice
of approximation for the second order derivative of the temperature leads to two formulations whose
performance has been investigated in conjunction with a set of higher order radial basis functions.
Boundary element results have been compared with the finite element solution to assess the perfor-
mance of the dual reciprocity formulations and radial basis functions.

1 Introduction

Most of the commonly used anisotropic materials exhibit a strong temperature dependence for material
properties. Hence, the thermo-mechanical simulation of these systems in design analysis must be based
on nonlinear material models. These nonlinear models result in nonlinear partial differential systems
which must be solved numerically. The finite element techniques have been most commonly used for
numerical simulation of these nonlinear anisotropic problems. In contrast, boundary element methods
have been mostly applied to nonlinear isotropic problems and linear anisotropic problems.

In the case of isotropic problems, boundary element techniques have emerged as a powerful alter-
native to the finite element techniques. Although these techniques were initially thought as a viable
alternative only for linear homogeneous problems, the introduction of the dual reciprocity method
(DRM) by Nardini and Brebbia [1] in 1982 has significantly altered this view. Since then the dual
reciprocity boundary element method has been applied to a variety of linear and nonlinear prob-
lems [2, 3, 4].

Boundary element research related to anisotropic problems has been mostly focused on linear
elasticity and coupled linear thermo-elastic problems [2, 5]. Heat conduction analysis in the cou-
pled problems has been performed with a formulation based on the use of anisotropic fundamental
solution [5, 6]. This formulation, though very elegant, is limited to linear homogeneous anisotropic
problem. For non-homogeneous and/or nonlinear anisotropic problems, one has to resort to the dual
reciprocity method to handle the volume integrals arising from the source term introduced to model
the problem using the fundamental solution of the linear homogeneous operator. We can devise an
even simpler approach by casting the governing equation as Poisson equation in which the source
term includes the effects of anisotropy, inhomogeneity and nonlinearity. The dual reciprocity method
can then be used to model the effect of the source term. This approach was initially used by Par-
tridge [7, 8] for linear orthotropic heat conduction. Building on this approach, Singh et al. [9] have
recently developed and applied the dual reciprocity formulation to the steady state heat conduction
in linear homogeneous anisotropic medium. Objective of the present work is to extend this approach
further and develop boundary element formulations for heat conduction in nonlinear homogeneous
anisotropic medium. In the sequel, we present the dual reciprocity formulation proposed in this work,
numerical results and conclusions.

1
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2 Dual reciprocity boundary element formulation

The steady state heat conduction in a homogeneous anisotropic domain Ω with temperature dependent
thermal conductivity is governed by the field equation

[λij(u)u,j ],i + qg = 0 in Ω̄, (1)

with associated boundary conditions. In the preceding equation, qg is the heat generation, and λij is
the conductivity tensor which is assumed to symmetric and positive definite so that eq. (1) is elliptic.
In the preceding equation as well as the rest of the paper, standard summation convention holds for
repeated indices unless otherwise specified, and the comma operator denotes partial differentiation
with respect the coordinate variable specified by the following index.

For dual reciprocity formulation, we first transform eq. (1) into a Poisson equation. For this
purpose, we introduce a modified conductivity tensor kij given by

kij(u) = (λij(u) − λ0δij)/λ0, (2)

where λ0 is a scalar constant, and δij denotes Kronecker delta function. Using eq. (2), we can rewrite
eq. (1) as Poisson equation

∇2u = b(x, u) where b(x, u) = −qg/λ0 − [kij(u)u,j ],i . (3)

We can now use the standard product-type approximation for b using radial basis functions f j(x)
given by [4]

b(x, u) ≈

N+L∑
j=1

f j(x) αj , (4)

where αj are unknown coefficients, and N and L denote the number of boundary and internal
collocation points, respectively. Functions f j(x) are so chosen that we can easily find ûj(x) satisfying
∇2ûj = f j. Use of approximation (4) in conjunction with direct boundary element formulation
transforms eq. (3) into the following boundary integral equation:

ciui +

∫
Γ
(q∗u − u∗qI) dΓ =

N+L∑
j=1

[
ciû

j
i +

∫
Γ
(q∗ûj − u∗q̂j) dΓ

]
αj , (5)

where qI = ∂u/∂n, and q̂j = ∂ûj/∂n. Use of the standard boundary element discretization proce-
dure [4] leads to the following algebraic system:

Hu −GqI = (HÛ − GQ̂)F−1 b. (6)

where H and G are the global matrices of boundary integrals with kernels q∗ and u∗, respectively; u,
qI and b denote global nodal vectors of u, qI and b; F, Û and Q̂ are the coordinate function matrices
with their columns as the nodal vectors f j ûj and q̂j respectively.

We need to substitute the expressions for b and qI in terms of u and q to obtain the final algebraic
system. To express b in matrix form, we introduce diagonal matrices Rrs and Srs defined as

Rrs
ij = krs(ui)δij , Srs

ij =
∂krs

∂xr

δij =

(
∂krs

∂u

∂u

∂xr

)
(xi) δij . (7)

Using the preceding definitions, b can be expressed as

b = −qg/λ0 − (Srs u,s + Rrs u,rs) . (8)

To obtain an expression for the derivatives of u involved in the definition of b, we can again use the
approximation similar to eq. (4) for u and thereby obtain [4]

u = Fβ =⇒ β = F−1 u, (9)
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where β �= α. Differentiation of the preceding equation and substitution for β yields

u,r = F,r F−1 u, u,rs = F,rs F−1 u. (10)

An alternative expression for the second derivatives can be obtained by using the radial basis approx-
imation for the first derivative which can be expressed as

u,r = Fγ (γ �= β �= α) =⇒ u,rs = F,s F−1 F,r F−1 u. (11)

Substituting expressions for derivatives of u into eq. (8), we obtain

b = −
qg

λ0
−

(
Srs F,s + Rrs F

′′

rs

)
F−1 u. (12)

In the preceding equation, and F
′′

rs is either F,rs or F,s F−1 F,r depending on whether eq. (10) or
eq. (11) has been used for the second derivative.

Let us note that the heat flux for an anisotropic medium is given by

q = λiju,jni = λ0kiju,jni + λ0u,ini =⇒ qI =
q

λ0
− kiju,jni. (13)

Let us introduce diagonal matrices As defined by As
ij = (krsnr)(xi) δij , which leads to

qI =
q
λ0

− As F,s F−1 u. (14)

Substituting eq. (12) and eq. (14) into eq. (6), we obtain the following nonlinear algebraic equation:

Φ(z) ≡ Hu + M(u)u −
1

λ0
Gq −

1

λ0
Cqg = 0, (15)

where Φ(z) denotes the system of equations with z representing the nodal unknowns (u or q), C =
(GQ̂ − HÛ)F−1, and matrix M is given by

M = GAs F,s F−1 − C(Srs F,s + Rrs F
′′

rs)F
−1. (16)

We would use the term DRM1 to denote the dual reciprocity formulation based on the first order
derivatives of F, and DRM2 to denote that based on second order derivatives of F for the approximation
of u,rs. Further, we have employed the following set of radial basis functions in numerical experiments:

Type description Abbreviation f j(x)

Polynomials

Second order RB2 1 + r + r2

Third order RB3 1 + r + r2 + r3

Thin-plate splines

Second order (augmented) TP2 r2 log r + r + 1
Fourth order TP3 r4 log r
Fourth order(augmented) TP4 r4 log r + r3 + r2 + r + 1

CS-RBF of Wendland [10] CSR (1 − r)4+ (4r + 1)

3 Numerical results

To assess the performance of the dual reciprocity formulation for nonlinear anisotropic heat conduction
problems, we have applied it to a set of test problems. We include herein the results with two
representative problems. The first one is essentially an isotropic problem with known exact solution
which has been modeled as an orthotropic problem for initial testing. The second one is an anisotropic
problem.

All the computations have been performed in double precision arithmetic using a nonlinear solver
based on globally convergent Newton’s method [11] and LAPACK routines [12] for linear algebra.
Initial guess has been provided by the solution of the linearized system. For convergence check, we
have used the tolerances FTOL = 10−14 for function values, and XTOL = 10−12 for incremental
correction of the solution vector. Quadratic boundary elements, with partially discontinuous elements
at the corners, have been used for the discretization of the boundary.
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Figure 1: Isotropic nonlinear problem in a thick cylinder: (a) geometry, boundary conditions and
discretization; (b) temperatures along x − axis obtained with DRM1 and DRM2. (For clarity, results
with only three RBFs are included; results with others are very similar.)

Table 1: Isotropic nonlinear problem: Heat flux values at θ = 22.5◦. At inner surface (r = 0.2),
qexact = −6.8419; at outer surface (r = 0.4), qexact = 3.6598. Figures in the parentheses denote the
relative error.

At inner surface (r = 0.2) At outer surface (r = 0.4
RBF DRM1 DRM2 DRM1 DRM2

CSR -7.213 (5.43%) -7.213 (5.43%) 3.607 (1.45%) 3.607 (1.45%)
RB2 -7.213 (5.43%) -7.214 (5.44%) 3.607 (1.45%) 3.608 (1.42%)
TP2 -7.218 (5.49%) -7.214 (5.43%) 3.606 (1.46%) 3.608 (1.41%)
TP3 -7.215 (5.45%) -7.213 (5.43%) 3.606 (1.48%) 3.607 (1.45%)
TP4 -7.213 (5.43%) -7.214 (5.43%) 3.607 (1.45%) 3.608 (1.42%)

3.1 Nonlinear isotropic conduction in a thick cylinder

Let us consider a long thick-walled circular cylinder made of a homogeneous isotropic material. The
inner and outer surfaces are held at constant temperatures of 0 and 100 degrees respectively. For the
thermal analysis, we have selected an angular sector of 45◦. Figure 1(a) shows the geometry, boundary
conditions (in non-dimensional form) and discretization of the problem domain. This problem has been
modeled as an orthotropic heat conduction problem. The variation of the thermal conductivity tensor
with temperature is given by

λij = (ai + biu + ciu
2) δij , (17)

where ai = 1, bi = −0.10326, ci = 3.39×10−4 for i = 1, 2. Exact solution can be easily obtained using
Kirchhoff transform.

Numerical temperature values obtained by using either of the dual reciprocity formulations (DRM1

or DRM2) and any of the radial basis functions are almost identical and very accurate as can be seen
from Figure 1(b). Heat flux values at inner and outer surfaces are presented in Table 1. Flux results
are also very accurate. These are within 5.5% and 1.4% of the exact values at the inner and outer
surfaces respectively.

3.2 Nonlinear anisotropic problem

We again consider the heat conduction problem on the annular sector shown in Figure 1(a). However,
the material is anisotropic and the variation of the thermal conductivity tensor with temperature is
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Figure 2: Nonlinear anisotropic problem: (a) temperatures on boundary along x − axis, (b) temper-
atures at interior points along r = 0.3.

given by

λij = k0
ij(a + bu), (18)

where a = 1, b1 = −0.3, k0
11 = 45, k0

12 = 25, and k0
22 = 35. DRM results have been compared with

the finite element results obtained using NASTRAN with 256 linear quadrilateral elements.
Figure 2 presents temperature results. Excellent agreement with the finite element solution can

be observed for the results obtained with either of the dual reciprocity formulations (DRM1 or DRM2)
and any of the radial basis functions. Flux values along the outer boundary (r = 0.4) (not included
here due to space constraints) show that (a) results with DRM1 are more accurate than those with
DRM2, (b) their is considerable scatter in the results obtained with the radial basis functions CSR,
TP2 and TP3, and (c) the results with rest of the radial basis functions show excellent agreement with
the finite element solution.

The preceding examples clearly demonstrate that both the dual reciprocity formulations can be
used for accurate simulation of nonlinear anisotropic problems. Of the two formulations considered
herein, DRM1 seems to yield more accurate results than DRM2. Amongst the radial basis functions,
RB2 and TP4 seem to be the most robust choices.

4 Conclusions

We have presented a dual reciprocity boundary element formulation for heat conduction in a nonlinear
anisotropic medium with temperature dependent thermal conductivity. Heat conduction equation has
been re-cast into a Poisson equation with a nonlinear source term. Fundamental solution of Laplace
equation has been used for boundary element formulation in conjunction with the dual reciprocity
approximation of the nonlinear source term. The derivatives of the temperature occurring in the
source term have also been approximated using radial basis interpolation. There are two options for
the approximation of the second order derivative of the temperature — one based on the first order
spatial derivatives and the other based on the second order derivatives of the radial basis functions.
These choices result in two formulations denoted by DRM1 and DRM2 respectively. We have employed
a set of higher order radial basis functions in view of the regularity requirements of the derivatives.
Numerical experiments have been performed with an isotropic (modelled as orthotropic) nonlinear
problem with exact solution and a nonlinear anisotropic problem. Boundary element results for these
examples have been compared with the finite element solutions obtained with NASTRAN to assess
the accuracy of the dual reciprocity formulations and the radial basis functions. Both the formulations
yield very accurate results, with DRM1 being more accurate than DRM2. Amongst the radial basis
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functions, the second order polynomial RB2 and the augmented thin-plate spline TP4 seem to be the
most robust performers.
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Abstract A integral equation method, displacement discontinuity method, is presented

for elastodynamic response of a orthotropic strip with straight cracks under impact loads.

Dynamic Green’s function for mode I displacement discontinuity is derived for an or-

thotropic strip using the Fourier transform method in the Laplace transform domain.

The time domain dynamic stress intensity factors at the crack tip are obtained directly

by these coe cients of the Chebyshev polynomials along with the Durbin’s Laplace trans-

form inversion method.

1 Introduction

Material anisotropy may occur in many engineering materials, such as fiber-reinforced

composites and laminates, which are ideal for aircraft structural applications where high

strength-to-weight and sti ness-to-weight ratios are required. Elastodynamic analysis for

cracked anisotropic components is of particular interest to quantitative non-destructive

material testing by ultrasonics. In advanced experimental solid mechanics, the measure-

ment of travel time from crack tips can be used to detect the location of defects/flaw in

the components of structure. Although there are some closed form solutions for stationary

and propagations cracks in isotropic material under dynamic loads [1] [2], there are very

few closed form solution for cracked anisotropic body. For the dynamic isotropy, most of

these research reduce the problems to a Fredholm integral equation in the Laplace trans-

form domain and obtain the solution in time domain using di erent numerical Laplace

inversion. For example, a closed form solution for semi-infinite crack under uniform dy-

namic load on the crack surfaces was presented in [2][3] for mixed modes of fracture.

In this paper, a Green’s function for a discontinuity displacement in an orthotropic

medium strip is derived in a form of the finite integral with boundary influence function
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in the Laplace transform domain. As this Green’s function is of hypersingularity in the

sense of Hadamard finite-part integrals, the Chebyshev polynomials of the second kind

need to be employed to evaluate the integral equation in the transformed domain. The

transformed stress intensity factors are able to be determined directly from the coe cients

of Chebyshev polynomials. The e ect of elasticity waves on the normal stress and stress

intensity factors is investigated for a straight cracked orthotropic strip.

2 Green’s function in Laplace transform domain

Di erential equations of equilibrium for two dimensional problem can be written as

c11
2u

x2
+

2u

y2
+ (1 + c12)

2v

x y
=
1

c2s

2u

t2
,

2v

x2
+ c22

2v

y2
+ (1 + c12)

2u

x y
=
1

c2s

2v

t2
(1)

where c11, c12 and c22 are non-dimensional parameters, c
2

s(= µ12/ ) represents the velocity

of the in-plane shear wave propagating along the principal material axes and is the mass

density. Considering the conditions for opening mode displacement discontinuity along

axis x at origin

v(x, 0, t) = [v+ v ]/2 = (x) (t), xy(x, 0, t) = 0

yy(x, h, t) = 0; xy(x, h, t) = 0 (2)

where [v+ v ] presents the displacement discontinuity. Since only straight opening mode

crack along the axis x is considered in this paper, the Green’s function Y (x, p) = y(x, 0, p)

can be presented as

Y (x, p) =
2µ12

lim
y 0

4X
i=1

Z
0

(c12 + c22
0

i i)Ai( , p)e iy cos( x)d

=
2µ12

lim
y 0

Z
0

f(y, , p) cos( x)d . (3)

where coe cients Ai are functions of material constants, Laplace transform parameter

and thickness of the layer. The Green’s function for stress Y (x, p) can be defined as

function f( , p) in the Fourier transform domain. As the function f( ) has following

behavior, for large value of , as

f(y, , p) =
4X
i=3

·
f0i +

1
f 0i(p) +Oi(

1
3
)
¸
e i

y (4)
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where f0i is a constant defined by material properties only and is the same for static infinite

orthotropic sheet, f 0i is the function of both material constants and Laplace transform

parameter p. The summations of f0
3
+ f0

4
and f 0

3
+ f 0

4
are derived in Appendix. In

addition, i denote the roots of following characteristic equations for large value of

and can be presented as follows

1,2 =
q

1,2, 3,4 = 1,2 (5)

where material constants

1,2 =
1

2c22

·
(c2
12
+ 2c12 c11c22) ±

q
(c212 + 2c12 c11c22)2 4c22c11

¸
. (6)

Thus, the normal stress caused by a displacement discontinuity at origin is given by

Y (x, p) =
2µ12

Z
0

0

g( ) cos( x)d
2µ12f0
x2

2f1µ12
Ci( 0x) (7)

where new function g( ) = f( ) f0, f0 = f
0

3
+f0

4
, f1 = f

0
3
+f 0

4
and Ci denotes consine

integral.

3 Stress intensity factor and example

Suppose there is opening discontinuity displacement defined as (= ṽ = [ṽ+ ṽ ]/2)

on the crack surfaces in the region a x a, where a is the half length of crack as

shown in Figure 3. By using the superposition principle, the integral equation for stress

y in the transformed domain on the crack surface can be written asZ a

a
Y ( , p) ( )d = ˜0( , p), a a (8)

where from ˜0( , p) is the transformed traction (compression) applied on the crack surface

a a. It is worth to notice that the integral equation (8) has a singular kernel of

the second degree of Hadamard’s finite part, from the Green’s function (7), and can be

presented as Z a

a

( )

| |2
d +

Z a

a
G( ) ( )d =

˜0( , p)

2f0µ12
(9)

where function G( ) is of weak singular ln r as discussed in above section, i.e.

G( ) =
1

f0

Z
0

0

g( ) cos( )d +
f1
f0
Ci( 0 ). (10)

Due to the integral formula derived by Kaya and Erdogan [4], integral equation (8) at

collocation point i becomes

KX
k=0

ck

·
(k + 1)Uk( i/a) +

Z a

a
G( i )

q
a2 2Uk( /a)d

¸
=

˜0( i)

2f0µ12
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Figure 1: Dynamic stress intensity factors for a = 5h for di erent medium under uniform

load on the crack surface.

i = 0, 1, 2, ...K. (11)

Finally stress intensity factors, in the Laplace transform domain, can also be determined

straight away by displacement discontinuity as follows

K̃I(±a, pl) = 2f0µ12 lim
r 0

r
2r

(±a) = 2f0µ12
KX
k=0

ckUk(±1), l = 0, 1, 2, ..., L (12)

To demonstrate the accuracy of proposed method, an isolated crack of length 2a in

an infinite strip of width 2h subjected uniform opening load 0H(t) on the surfaces is

investigated. One orthotropic material and one isotropic material are considered and the

material properties are listed in Table 1. The number of sample points in Laplace space

Table 1: Mechanical properties of composites

Steel E-glass-epoxy (A) E-glass-epoxy (B)

c11 3.5 8.38 2.29

c22 3.5 2.29 8.38

c12 1.5 0.52 0.52

µ12 (GPa) 76.92 5.5 5.5

cR/cs 0.9274 0.9725 0.9603
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L = 300, constants in Durbin’s inversion = 0.25, T = 20 and the number of collocation

point on the crack surface K = 20, the thickness of the layer is taken as h = 5a. For the

opening-mode stress intensity factor KI(t), the coordinate of the first kink (a) is given

by cst/a = 2cs/cR which is the time required for stress surface waves to travel from one

crack tip to the other tip. It is clear that the first kink is thus caused by the arrival of this

surface wave. The second one (b) is due to the surface wave staring from one crack tip

and travelling to the other and back. In general, there are many kinks generated by the

di erent waves. Obversely the third kink (c) is due to the arrival of the reflected dilatation

wave from the free boundary starting from the crack surface and the normalized time is

cst/a = 10/ c11 = 5.3452. It is not di cult to identify each sharp kink in Figure 1 by

considering the arrival times for the elastic waves.

4 Conclusions

This paper is an extension of application of DDM from elastostatic orthotropic cracked

strip to elastodynamics. A Green’s function of displacement discontinuity was deduced

for an orthotropic strip in this paper. Integral equation method for cracked strip under

impact load on the crack surface was shown to be e cient and accurate to the evaluation

of dynamic stress intensity factor. The stress intensity factors were evaluated directly

with high accuracy from the discontinuity of displacement on the crack surface by use of

Chebyshev polynomials. In addition, due to the influence on the stress intensity factor

by the elasticity waves is significant, the measurement of arrival time for elasticity waves

can be used to detect the crack position in the structures by using strain gauges.
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Abstract. An advance Boundary Element Method (BEM) for solving mode-I fracture mechanics 

problems in gradient elastic materials is presented. The analysis is performed in the context of a simple 

gradient elastic theory, which can be considered as the simplest case of the general gradient elastic theory 

proposed by Mindlin. A new special, variable order discontinuous element is proposed for the treatment of 

singular fields around the tip of the crack and for the accurate evaluation of the Mode-I stress intensity 

factors (SIFs). The utilized gradient elastic BEM machinery is that recently proposed by Polyzos et al. (Part 

I) and Tsepoura et al. (Part II) in Comp. Meth. Appl. Mech. Engng., Vol. 192, Issue 26-27, 2003. The crack 

profiles and the corresponding SIFs for different internal length scale parameters are obtained and their 

differences as they are compared to the corresponding ones taken classically are discussed. 

Introduction 

In classical elasticity theory all the fundamental quantities and material constants defined at any point of the 

analyzed elastic body are taken as mean values over very small volume elements the size of which must be 

sufficiently large in comparison with the material microstructure. Considering a very simple one 

dimensional example and taking Taylor expansions for displacements around the point of interest, 

Exadactylos and Vardoulakis [1] explain that this assumption is possible only when displacements vary 

constantly or linearly throughout the aforementioned representative volume elements (RVEs). In cases 

where non-linear variations of displacements are observed, higher order Taylor expansion terms and thus 

higher order gradients of displacements should be taken into account. Making use of higher Taylor terms, 

however, some new internal length scale constants correlating the microscopic RVE with the 

macrostructure are introduced in the constitutive equations of the considered elastic continuum [2]. Thus, in 

fracture mechanics problems where near the tip of the crack abrupt changes of strains and stresses are 

observed, enhanced elastic theories that take into account higher order gradients of strains and stresses and 

introduce new internal length scale parameters to describe microstructural effects, should be applied.          

Among those who developed such theories one can mention Mindlin[2,3], Koiter[4], Kleinert[5,6] and 

Vardoulakis[7]. Mindlin’s theory is the most general and comprehensive gradient elastic theory appearing 

to date in the literature. However, in order to make things simpler Mindlin proposed three simplified 

versions of his theory valid for long wave considerations, known as low frequency approximation Form I, II 

and III. In those three simplified gradient elastic theories, the potential energy density is considered to be a 

function of strains and the gradient of displacement gradient, strains and rotation gradient, respectively.  

Thus, beyond the classical Lame constants ,  two new internal length scale parameters l1 and l2 are 

introduced in the constitutive equation of the considered material with microstructural effects. In case where 

l1=l2, the Form II of Mindlin’s theory becomes identical to the gradient elastic one proposed by Aifantis[8]. 

The aforementioned simple gradient elastic theories have been successfully used in the past to eliminate 
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singularities or discontinuities of classical elasticity theory and to demonstrate their ability to capture size 

and edge effects, necking in bars, nano-structured materials behavior and wave dispersion in cases where 

this was not possible in the classical elasticity framework. In fracture mechanics, simple gradient elastic 

theories such those of Vardoulakis[7] and Aifantis[8] have been extensively used for understanding size-

effect and crack-microdefect interaction phenomena in brittle materials and for the evaluation of more 

realistic fields and crack profiles near the tip of Mode-I[9,10,11], Mode-II[11,12] and Mode-III[13,14] 

cracks. 

However, use of the gradient elastic theories in boundary value and fracture mechanics problems increases 

considerably the solution difficulties in comparison with the corresponding cases in classical elasticity. For 

this reason, the need of using numerical methods for the treatment of those problems is apparent. Shu et 

al.[15] and Amanatidou and Aravas[16] have used the finite element method (FEM) for solving two-

dimensional elastostatic problems in the framework of the general theories of Mindlin. For the same 

purpose Tang et al.[17] proposed a Meshless Local Petrov-Galerkin (MLPG) methodology, while Polyzos 

et al.[18] and Tsepoura et al.[19,20] developed a  boundary element method (BEM) for solving two and 

three dimensional elastostatic problems in the context of the simple strain-gradient theories of  

Vardoulakis[7] and Aifantis[8]. 

In the present work, the gradient elastic BEM proposed by Polyzos et al.[17] and Tsepoura et al.[18] is 

employed for the solution of a two dimensional Mode-I fracture mechanics problem. As it is explained in 

[10,12,13,14], near the tip of the crack displacements and strains are regular while double stresses and total 

stresses appear a singular behavior of order 1 2r  and 3 2r , respectively, with r  being the distance from the 

tip.  Adopting the idea of using variable-order boundary elements around the crack’s tip for the evaluation 

of the corresponding SIF [21,22], a new special variable-order discontinuous element is proposed here for 

the treatment of singular fields around the tip of the crack. The paper is organized as follows: the 

constitutive equations, the classical as well as the non-classical boundary conditions and the integral 

representation of the considered gradient elastic fracture mechanics problem are presented in the next 

section. The proposed here new special variable-order discontinuous element is illustrated in the section 

after next. The numerical implementation of the problem and the solution procedure of the utilized BEM 

code are explained in brief in the forth section. Finally, the mode-I crack problem is solved and the obtained 

crack profiles as well as the corresponding SIFs are presented and discussed. 

Integral Representation of the Problem 

In this section the equation of equilibrium and the corresponding boundary conditions that should be 

satisfied by any linear elastic material described by the simple gradient elastostatic theory addressed in 

Polyzos et al. [18] are presented in brief. 

Consider a linear gradient elastic body of volume V surrounded by a smooth surface S. The geometry of 

this body is described with the aid of the unit normal vector n̂  on S and a Cartesian coordinate system with 

its origin located interior to V. Considering isotropic materials properties the storage potential energy-

density has the form [2] 

:W e e  (1) 

where ~  is the Cauchy stress tensor being dual in energy with the macroscopic strain tensor e~ , ~  is a 

third order tensor, called by Mindlin double stress tensor, which is dual to the strain gradient e~  while the 

two and three dots indicate inner product between tensors of second and third order, respectively. 

Considering zero body forces and taking the variation of the potential energy-density (1) over V and 

performing some algebra [18], one obtains the following gradient elastic equation of equilibrium 

0  (2) 

accompanied by the classical boundary conditions 

213

0
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) [ ( ) ] ( )( ) ( )

and/or   ( )

S S S S
n

0

p x n n n : n n n n n : n : p

u x u

 (3) 

and the non-classical ones 

( )
ˆ ˆ( ) ( )

n
0 0

u x
R x n n R q x q and/or  (4) 
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where ,p R  represent the traction and double stresses traction vectors, respectively, u  stands for 

displacements,q is the normal derivative of displacements, 
0 0 0 0u ,p ,R ,q  denote prescribed vectors and the 

symbols  and S  indicate dyadic product and surface gradient, respectively.  

According to [18], strains ije , double stresses ijk , relative stresses ijs , Cauchy stresses ij  and total 

stresses ij  are given by the following relations: 

s  (5) 
2 2gs  (6) 

2 ,    2g e u I  (7) 

2 e u I  (8) 

1

2
e u u  (9) 

where g2 is the volumetric strain energy gradient coefficient, the only constant that relates the 

microstructure with the macrostructure and I  is the unit tensor.  

Adopting the above simple strain gradient theory and inserting the constitutive eqs (5)-(9) into eq. (2) one 

obtains the equation of equilibrium of a gradient elastic continuum in terms of the displacement field u  in 

the form 
2 2 2 2( ) [ ( ) ]gu u u u 0  (10) 

As it is proved in [18], the integral representation of the above described problem is  

*
,

  , ,    ,  
S S

dS dS
n

*

* *

y y

y

u x y
c x u x p x y u y u x y p y R y R x y q y  (11) 

where yxu
* ,~  is the fundamental solution of eq.(10) given in [18], yxRyxp ,

~
,,~ **  are the fundamental 

traction and double stress traction tensors taken by inserting the fundamental displacement yxu
* ,~  in 

relations (3) and (7), respectively and xc~  is the well-known jump tensor being equal to 1 2I  for Sx

and equal to I
~

 when V Sx . All the kernels appearing in the integral eq (11) are given explicitly in 

[18].

Observing eq (11), one realizes that this equation contains four unknown vector fields, xu , xp , xR

and q x . Thus, after the satisfaction of the classical and non-classical boundary conditions, the evaluation 

of the unknown fields requires the existence of one more integral equation. This integral equation is 

obtained by applying the operator xn  on eq.(11) and has the form 

2 * *, , , ,

S S

dS dS
n n n n n n

* *

y y

x x x x y x

u x p x y u x y u x y R x y
c x u y p y R y q y  (12) 

The kernels appearing in eq (12) are given explicitly in [18].  

Integral eqs (11) and (12) accompanied by the classical and non-classical boundary conditions form the 

integral representation of any gradient elastic boundary value problem obeying to eqs (2)-(8). 

Variable-order Discontinuous Element 

According to [10,12-14], near the crack tip, the fields , ,  and u q R p  vary as 3 2 1 2 1 2 3 2, ,  and r r r r

respectively, with r  being the distance from the tip. In the present work, adopting the idea of using 

variable-order boundary elements around the crack’s tip for the evaluation of the corresponding SIF 

[21,22], a new special variable-order discontinuous element is proposed here for the treatment of singular 

fields around the tip of the crack. 

In this special element, the local coordinates of the functional nodes are identical to those of a classical 

discontinuous three-nodded quadratic element, with the discontinuous side residing always on the crack tip. 

The main advantage of using discontinuous elements is that no functional nodes are located on the tip of the 
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crack and thus, despite the singularity of and R p on the tip, the field nodal values are finite and can be 

computed. 

Figure 1: Variable-order discontinuous element transformation 

As shown in Figure 1 the tip of the crack can be located either at 1 or at 1. In order to unify 

these two possible cases, a linear transformation is introduced: 

1 2p c  (13) 

with 1c  if the tip resides at 1 respectively, noting that [0,1]p  and the tip of the crack is always 

located at 0p . The fields, in terms of the asymptotic solutions [21,22], can be expressed as:  

1 2r r1 2F K K C  (14) 

with the symbol F  representing , ,  or u q R p and 1 2,  taking values from Table 1. 

F 1 2

u 3 2 1

q 1 2 1

R 1 2 1

p 3 2 1 2

Table 1: Orders of magnitude of the asymptotic fields 

Writing eq (14) for the three functional nodes of the variable-order discontinuous element we obtain: 
1 2

1 1 1

1 2

1 2

1

2

:

:      
2 2 2

:      

d d dr p L Lp Lp

L L L
r

r L L L

1 2

1 2 3

1 2

K K C F

K K C F

K K C F

 (15) 

where ,  and 1 2 3F F F  are the nodal values of the field, 
1dp is the local coordinate of the discontinuous 

functional node and L is the length of the element. In the present work 
1dp is considered to be equal to1 6 .

The solution to the above linear system yields the values for the parameters ,  and 1 2K K C  as functions of the 

nodal values ,  and 1 2 3F F F . Substituting ,  and 1 2K K C  into eq (14), rearranging with respect to the nodal 

values ,  and 1 2 3F F F  and taking into account that the distance from the tip of the crack is r Lp , the field F

can be written as: 

1 2 3N N N
1 2 3

F F F F  (16) 

with the interpolation functions iN  being: 

Transformation 

1d

1

2

3

Crack Tip 

p

1dp

1 23

1d
1

2

3

Crack Tip 

Geometrical node 

Functional node     
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1 2 1 2 1 2

1 2 1 2 1 2

1 1

1 2 2 1 1 2 1 1 2 2

1 1 1 1

1 2 1 2 1 2

1 1

1 2 2 1

1

1

2

3

2 1 2 1 2 1 2 1

2 1 2 1 2 1 2 1

2 1 2 2 1 2

2 1 2 1 2 1 2 1

2 1 1

d d

d d d d

d d

d d

p p
N p

p p

p p p p p p
N p

p p

p p p
N p

1 2 1 2

1 1 1

1 2 1 2 1 2

1 1
2 1 2 1 2 1 2 1

d d

d d

p p p

p p

 (17) 

It is obvious that for the fields  and R p  the interpolation functions (17) become singular while approaching 

the tip of the crack. It can be easily verified that 1iN  and for 1 22 and 1  the functions (17) 

coincide with the classical discontinuous quadratic element interpolation functions. 

BEM Procedure and SIF Calculation 

The goal of the BEM is to solve numerically the well-posed boundary value problem 

constituted by the system of two integral equations (11) and (12) and the boundary conditions (3) 

and (4). To this end the global boundary S is discretized into three-nodded, quadratic, continuous 

and discontinuous isoparametric boundary elements, while two special variable-order 

discontinuous elements are placed on either side of the crack. Then, the integral eqs (11) and (12) 

for a node k are written as

1 1 1 1

1 1 1 1

1

2

1

2

M M M M
k k k k k

M M M M
k k k k k

u H u K q G p L R

q S u T q V p W R

 (18) 

where M is the total number of nodes. Explicit expressions for , , , , , ,k k k k k k kH K G L S T V  and k
W  are 

given in [19]. Collocating eqs (18) at all nodal points M and applying the boundary conditions (eqs (3) and 

(4)) one produces the final linear system of algebraic equations of the form A X B , where the vectors X

and B contain all the unknown and known nodal components of the boundary fields, respectively. The 

singular and hypersingular integrals involved, are evaluated with high accuracy applying a methodology for 

direct treatment of CPV and hypersingular integrals [19], noting that an extra singularity due to the singular 

behaviour of the interpolation functions (17) near the tip of the crack should be taken into account. Finally, 

the linear system is solved via a typical LU-decomposition algorithm and the vector B comprising all the 

unknown nodal values of , , ,u p R q  is evaluated. 

Approaching the crack tip ( 0r ) the traction p, according to eq (14), admits a representation of the 

form: 
3 1

2 2

0 0
, , lim , , lim

r r
r r1 1 2 3 2 1 2 3p K p p p K p p p  (19) 

where the components of the vectors K1 and K2 stand for the stress intensity factors corresponding to x

and y directions according to the following relations: 

1 1 1

1

1 1

1 1 1

1 1

31 2
3

21

3/ 2 3/ 2 3/ 2

2

3
22

2 2 2 2 2 2

2 2 4 2 2

2 4 4 2 2 1

2 2 4 2 2

d d dx

d

y
d d

d d dx

y
d d

p p pK
L p

K p p

p p pK
L

K p p

1 2 3

1

1 2 3

2

p p p
K

p p p
K

 (20) 
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Mode-I Crack Problem 

A two dimensional problem dealing with a square gradient elastic plate with a central horizontal line 

crack is solved numerically. The plate is subjected to a constant tensile stress P0 = 100MPa, normal to all of 

its sides. Crack length is chosen to be equal to a = 1m and the side of the square plate is L = 8a. The Young 

modulus and the Poisson ratio of the gradient elastic plate is E = 210GPa and  = 0.2, respectively, while 

the volumetric strain energy gradient coefficient takes the values g2 = 5.625 10-5, 0.0025 and 0.04 m.  

The BEM procedure described in the previous section is exploited for the solution of the above 2D fracture 

mechanics problem. Figure 2 displays the upper-right-quarter of the crack shape obtained from the present 

BEM for three different values of the material volumetric strain energy gradient coeficient g2. In the same 

figure, the crack profile provided by the classical elasticity theory (g
2
 = 0) is addressed. The main 

conclusion here is that the crack profile near the tip in the gradient elastic case remains sharp, i.e. the crack 

tip is not blunted as in the classical case. Also, it should be noticed that as the volumetric strain energy 

gradient coefficient increases the crack becomes stiffer.
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Figure 3: Stress Intensity Factors with respect to g2

In Figure 3 the stress intensity factors, K1y ,K2y , normal to the crack, are plotted with respect to g2. The

interesting remark here is that the stress intensity factor K1y tends to zero as the gradient 

coefficient g
2
 tends to zero. As a result eq(19) becomes 

1
2

2
0

lim
yy

r
p K r , with K2y being the classical 

SIF provided by the literature for the present Mode-I problem. 
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Abstract. A boundary element method is used to solve electromagnetic scattering problems relative to an
impedance boundary condition on an obstacle of arbitrary shape in the frequency domain. In particular, a
technique based on the Combined Field Integral Equation (CFIE) is introduced. After discretization, the final
system is solved by an iterative method coupled with the Fast Multipole Method (FMM). Finally, a numerical
comparison with a well-tried method to solve this kind of problem justifies the pertinence of our choice and
proves that we obtain an attractive technique in terms of memory storage and CPU time spent.

Introduction

We address the solution of electromagnetic scattering problems by an obstacle whose surface is covered
with imperfectly conductor materials. This type of materials is generally taken into account by imposing
an impedance boundary condition like the Leontovicth condition [1] on the surface of the object. This latter
connects the tangential component of the magnetic field with the tangential trace of the electric field via an
operator. More precisely, we have the relation n× (E×n) = Z0η(n×H) where E and H are the electric and
magnetic fields respectively, n is the unit normal to the surface of the object, Z0 is the intrinsic impedance of
the vacuum and η is the impedance operator which is not necessary constant. It was recognized that this type
of boundary condition can be extensively used to get a more tractable problem in numerous complex situations
of electromagnetic scattering computations. For example, in order to avoid detection by radar, objects are often
partially coated by a thin dielectric to reduce the radar cross section of the scattering wave. In this case, the
direct scattering problem is a mixed boundary value problem for Maxwell’s equations where on the coated part
of the boundary the electromagnetic field satisfies an impedance boundary condition and on the remaining part
of the boundary the tangential component of the total electric field vanishes. So, it is crucial to have numerical
methods which are able to deal with such a boundary condition.
In the frequency domain, the total electromagnetic fields are expressed in terms of the equivalent electric and
magnetic currents on the scatterer surface to satisfy the boundary conditions. And the boundary integral meth-
ods (BIM) can be used to solve this kind of problem. Nevertheless, several difficulties appear. Firstly, the BIM
lead to the resolution of a dense system which needs the use of an iterative solver when the size of the problem
becomes more important. The convergence rate of most of iterative methods depends, amongst other things,
on the condition number and on the clustering of the eigenvalues of the system’s matrix on the complex plane.
However, we remark that the presence of the impedance operator, especially if it is variable, produces a main
dispersion of the spectrum of the system which significantly deteriorates the convergence rate. The second
difficulty comes from the fact that the electric J and magnetic M currents are linked by the relation induced
by the IBC. This characteristic forces to be cautions when discretizating. Indeed, it is well known that the
flux continuity of M and J across the edges of the mesh is crucial to ensure the charge conservation. Charges
are themselves very important for the numerical scheme consistency. That is why, a direct elimination of one
current via the IBC is not desirable if one wants to stay in the natural framework for the electromagnetism and
a more judicious technique is also necessary to impose the IBC [2] [3]. The main interest of this paper is to
propose a numerical scheme well-adapted to the iterative resolution of impedant problems.

Advances in Boundary Element Techniques 153



Derivation of an integral formulation

Integral representation of the solution

We want to find the radiating electromagnetic fields E and H solution to the Maxwell system satisfying the
impedance boundary condition n×(E|Γ×n)(x)−Z0(η(x)n×H|Γ) = 0 where Γ is the surface of the scatterer
Ω−, n denotes the unit normal to Γ pointing into the exterior, Z0 is the intrinsic impedance of the vacuum and
η(x) is a scalar complex piecewise constant functions satisfying the condition �(η) > 0 (ie the scatterer is
absorbing).
Any radiating electromagnetic field (E,H) is uniquely determined by the knowledge of the two equivalent
currents J(x) = n×H(x) and M(x) = −n×E(x)/iZ0 (we have divided the electric field by iZ0 in order to
work with two homogeneous currents currents J and M) through the well known Stratton-Chu formulae, [4]

⎧⎨
⎩

E(x) = Einc(x) + iZ0

(
T̃J(x) + K̃M(x)

)
x ∈ Ω+ = (Ω−)c

H(x) = Hinc(x) − K̃J(x) − T̃M(x) x ∈ Ω+,
(1)

where (Einc,Hinc) stands for an electromagnetic incident field and the respective potentials T̃ and K̃ are
defined by ⎧⎪⎪⎨

⎪⎪⎩
T̃J(x) = k

∫
Γ
G(x, y)J(y)dΓ(y) +

1
k

∫
Γ

�∇xG(x, y)divΓJ(y)dΓ(y)

K̃J(x) =
∫

Γ

�∇yG(x, y) ∧ J(y)dΓ(y).
(2)

G(x, y) is the Green kernel for the radiating solution of the 3-D Helmholtz equation

G(x, y) =
exp(ik|x − y|)

4π|x − y| , (3)

and divΓJ denotes the surface divergence of J.
The tangential traces on Γ of the potentials T̃ and K̃ are known When x approaches the boundary Γ in (1),

we get

(n× (E − Einc)|Γ × n)(x) = iZ0

(
TJ(x) + KM(x) +

1
2
n× M(x)

)
,

(n× (H −Hinc)|Γ × n)(x) = −KJ(x) − 1
2
n× J(x) − TM(x),

(4)

where T and K are defined by

TJ(x) = lim
y→x

n(x) × (T̃J(y) × n(x)),

KJ(x) =

(∫
Γ
n(x) × (∇yG(x, y) × J(y))dΓ(y)

)
× n(x)

(5)

Using the definition of currents, we can get rid of the tangential trace of the electromagnetic field, we obtain
⎧⎪⎨
⎪⎩

−(n × (Einc)|Γ × n)(x) = iZ0

(
TJ(x) + KM(x) − 1

2
n ×M(x)

)
,

(n × (Hinc)|Γ × n)(x) = +KJ(x) + TM(x) − 1
2
n × J(x)

(6)

This relation holds whatever the boundary condition is; when impedant boundary condition is considered, we
have to add the impedance boundary condition or equivalently

n× M(x) = −iηJ(x) or n × J(x) = −iη−1M(x) (7)

The two unknowns J,M have to be determined using the four previous equations. And several boundary
integral formulations can be constructed to solve the considered scattering problem. The derivations of theses
formulations can be shown for example in [2].



In particular, one can derive a formulation which keeps the two currents as unknowns [3] and that we
note BGLF (Bachelot-Gay-Lange Formulation) in reference to these authors. Note that only classical integrals
operators T and K take place in this formulation and must be evaluated. The main advantage of this formulation
is that the conservation of the electric and magnetic flux through the edges of the surface mesh is ensured in
an independent way. But on the perfectly metallic part of the surface Γ, this formulation degenerates into a
EFIE. We know that in this case, the convergence of the iterative solver is not good. After discretization, the
size of the linear system is twice larger than in the perfect conductor case because of the presence of the two
unknowns. For all these reasons, we propose to construct another formulation with only one unknown, which
degenerates into a CFIE equation when the obstacle is perfectly conductor.
Nevertheness, BGLF is used to compare the performance of the new technique proposed in this paper.

An Impedante Combined Field Integral Equation formulation (ICFIE)

To overcome the main drawback of the BGLF (EFIE on the perfectly metallic parts) and to improve the con-
vergence rates, we have studied the possibility to construct a Combined Field Integral Equation to solve the
impedance problem that we have considered. Indeed, it is well known that, in the case of perfectly metallic
object, this type of formulation leads to linear systems that can be solved by iterative methods with a good
convergence rate. So, we expect that this property will remain true for the impedant case.

As for BGLF, we use a simple combinaison of (6) and (7) to derive our Impedante Combined Field Integral
Equation formulation (ICFIE). More precisely, we make a linear combination of the first equation of (6) with

the second having undergoes a rotation of
π

2
(ie by applying the operator n×·) and we formally obtain the well

known equation: CFIE = αEFIE + γMFIE withγ = (1 − α) or CFIE = EFIE + βMFIE where
α, β are real or complex numbers.
Remark: We keep the designations of EFIE and Magnetic Field Integral Equation (MFIE) because these two
equations degenerate into their classical form on the perfectly metallic part of Γ ie when M = 0.
Now, write the ICFIE system

⎧⎨
⎩

−Einc
t

iZ0
+ βn× Hinc

t =
(
T + βn× K +

β

2
)
J+n× (

βT − n× K − 1
2
)
M

n× M = −iηJ
(8)

We remark that the first equation of ICFIE system (8) could be written under the form CFIE(J) + βn ×
CFIE(M) where the CFIE terms correspond to the case of perfectly conducting obstacle and by taking dif-

ferent coupling parameters (ie β and −1
β

). So after discretization, the matrix-vector product is easy to compute

by the FMM algorithm applied to the “classical” CFIE equation.
To implement a numerical resolution of the system (8), we are confronted to two main difficulties:
A difficulty is the choice of the parameter β. Indeed β acts upon the robustness and the accuracy of the scheme.
For the perfectly metallic case, it is commonly admitted that β = 4 (i.e. α = 0.2) is, in most cases, the best
compromise. One would like to know if this value is still a good choice for the impedant material. In fact, it
is not the case. On can prove theoretically on the spherical geometry that β = −1 allows the best clustering
of eigenvalues of the ICFIE system in the complex plan [5]. Moreover, it is well known that the MFIE term
penalizes the CFIE in term of accuracy. The choice β = −1 is apriori less penalizing that β = 4. Numerical
results in section 5 will show that the ICFIE chosen has a correct behaviour in term of accuracy.
The main difficulty which appears is: how to eliminate the magnetic current and more generally how to treat
the rotation operator n× ·?
When one wants to build an integral equation to solve this type of problems, one is quickly confronted with a
difficulty of functional nature. Indeed, the impedance condition implies a relation between two quantities of
different nature. The discretization with the classical finite elements, which ensures only the conservation of
flux through the edges of the surface mesh, can prove to be problematic. For example, it is legitimate to want
to eliminate one of the currents directly via the impedance condition, unfortunately, one is quickly confronted
with the computation of complicated integral operators [2]. More generally, the mapping Φ : u → n × u is
an isomorphism between the functional spaces H− 1

2 (divΓ,Γ) and H− 1
2 (rotΓ,Γ) and the composition of this



mapping with the single layer potential is not obvious to make numerically (Recall that the single layer operator
T is well-defined on the functional space H− 1

2 (div,Γ)). Moreover, even if the magnetic charges have been
expressed in terms of the electric currents, they stay present in the formulation. Since the conservation of these
charges as well as the electric ones is crucial to the consistency of the numerical scheme, the electric currents
must fulfill the following requirement: their tangentials well as their normal component must be continuous
at each interface between two elements of the mesh. No finite-element method is yet available which, while
remaining simple enough, at the same time satisfies such a degree of continuity constraint and applies to a
surface of arbitrary shape.
All these reasons have brought us to keep the magnetic current as an intermediate variable and not to directly
evaluate the term n×CFIE(M). To take into account this last term, we have considered the following process:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−Einc
t

iZ0
+ βn × Hinc

t =
(
T + βn × K +

β

2
)
J + βn× V

V =
(
T − 1

β
n× K − 1

2β
)
M

n × M = −iηJ

(9)

The goal is to reveal the term
(
T − 1

β
n× K − 1

2β
)
M which is easy to discretize (it corresponds to a

classical CFIE) and to determine an approximate of its composition with n× ·.
After a brief description of the classical Wilton-Rao-Glisson (WRG) finite elements space [6], we will present
the discretization of (9).

Discrete scheme

The discrete problem is obtained by means of Galerkin’s method; the scatterer’s surface Γ is meshed with
triangles, and the surface electric and magnetic currents are expanded as J(x) ≈∑N

j=1 Ijφj(x) and M(x) ≈∑N
j=1 Mjφj(x), where the φj(x)’s are WRG basis functions associated to the mesh ; for each edge j, each

φj(x) is supported by the two triangles T±(j) having j as an edge. If v±(j) are the vertices of T±(j) opposite
to the edge j, we have

φj(x) = +
x − v+(j)

2Area(T+(j))
on T+(j), − x − v−(j)

2Area(T−(j))
on T−(j), 0 elsewhere. (10)

We denote by WRG the space spanned by the WRG basis functions.

(a)-Evaluation of the term T + βn × K +
β

2
(CFIE(J)):

The term
(
T + βn × K + β

2

)
J is transformed to the matrix form Zh,βJ where J is the column vector which

contains the degrees of freedom of the electric current and Zh,β is the matrix of interactions between the basis
fuctions given by:

Z i,j
h,β =

∫
Γ

∫
Γ
G(x, y)

(
φi(x) · φj(y) − 1

k2
�∇Γ · φj

�∇Γ · φi

)
dΓ(x)dΓ(y)

+
β

2

∫
Γ

φj(x) · φi(x)dΓ(x) + β

∫
Γ

∫
Γ
∇yG(x, y) ∧ φj(y) · (φi(x) ∧ n(x))dΓ(y)dΓ(x)

(11)

(b)-Elimination of the magnetic current:
The first idea which comes at the spirit to determine the current M when we know J is to project the impedance
condition directly onto the H-rot conform boundary finite elements space which corresponds to the space n ×
WRG.
This is written : for all test function M′ belonging to WRG

∫
Γ
(n × M) · (n ×M′)dΓ = −i

∫
Γ

ηJ · (n× M′)dΓ (12)



One can then write the following matrix relation between the discrete electric and magnetic currents

MhM = M η
div/rot,hJ (13)

where J and M are column vectors which contains the degrees of freedom of the electric and magnetic currents
respectively, Mh is the mass matrix of the interactions between the basis functions of the finite elements space
n× WRG and M η

div/rot,h is the matrix of the elementary integrals
∫
Γ ηφi · (n × φj)dΓ.

(c)-Discretization of the second equation of 9:
We choose to find V in WRG (ie V (x) ≈ ∑N

j=1 Vjφj(x)). Now, by taking as Jt(x) the WRG basis functions,
the second equation of 9 immediatly leads to the matrix system:

MhV = Zh,− 1
β
M (14)

Knowing V , they remain us simply to carry out the sparse matrix-vector product Mrot/div,hV where Mrot/div,h

is the matrix of interactions (n× φi, φj).
Formally, we can write the system corresponding to the resolution of the ICFIE by using the steps a, b and c

(
Zh,β + βMrot/div,hM−1

h Zh,− 1
β
M−1

h M η
div/rot,h

)
J = Binc (15)

where the vector column Binc corresponds to the the second member.
After discretization the ICFIE system (15) is solved by an iterative solver in particular the GMRES solver [7]
and by using a SParse Approximate Inverse (SPAI) preconditioner. The only unknown is the electric current
J. The magnetic current M is eliminated during the matrix-vector product needed at each iteration by using
the strategy a. To solve the system (13) and (14), we use a sparse solver which allows a quick and low cost
inversion. In particular, we have used MUMPS (MUltifrontal Massively Parallel sparse direct Solver) [8].

Numerical experiments

We consider a cylinder of height 60m and radius 15m. The mesh is composed of 65392 triangles that corre-
sponds to 98088 degrees of freedoom for the electric current. The value of the wavenumber is fixed to 1.28 and
consequently we have about 10 points per wavelenght for the discretization. We have considered two config-
urations. The first one corresponds to a constant value of the impedance operator η = 0.34 and in the second
case, we have divided the cylinder in three section on which we have imposed different impedances values. In
particular, η = 0.34 for 0 < z < 20 and 40 < z < 60 and η = 0 for 20 < z < 40.
Table 1 sums up the density of the preconditioners and the CPU times spent for their construction. As with the
sphere, we note that the density (The number of non-zero values divided by the number of unknowns squared)
are almost the same for both methods and that the ICFIE is more expensive in terms of CPU time. One can also
note that the CPU spent does not depend on the value of the impedance.

case density CPU time
FBGL ICFIE

case 1 0.07% 40min 80min
case 2 0.075% 40min 80min

Table 1-Density of the preconditioners and CPU times
spent to obtain them

Case currents RCS
case 1 4.6% 0.2%
case 2 6.7% 0.31%

Table 2-Relative error between the currents and the RCS
in function of the value of the impedance operator

We can notice that the two solutions are similar in terms of current and RCS (see table 2). One can also see a
little increase of the error when the impedance operator becomes variable.
Table 3 gives the number of iteration and the CPU times needed for the construction of the solution. One notices
that:

- On the one hand, the number of iterations for the ICFIE does not depend very much of the value of the
impedance operator. On the other hand, the FBGL is very sensitive to the variations of η and particularly
when there is perfectly conducting part on the surface of the obstacle.

- The important gain is obtained by using the ICFIE. Moreover, one can notice that it is directly connected
to the gain in term of number of iterations.
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Figures (1) show the RCS for the case 1 and 2. One sees that they are very close.

Case number of iterations CPU time
FBGL ICFIE FBGL ICFIE

case 1 34 16 48min 24min
case 2 159 17 240min 25min

Table 3-Number of iterations and CPU time needed to obtain the solution in function to the value of η
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Figure 1: RCS for the case 1 (left) and RCS for the case 2 (right) (+:ICFIE: -: FBGL)

Conclusion

In this paper, we have studied a technique based on the CFIE formulation to solve electromagnetic scattering
problems relative to an impedance boundary condition on an obstacle of arbitrary shape in the frequency do-
main. This formulation can rewritten with two terms, one which is directly linked to the CFIE term when the
obstacle is perfectly conducting CFIE(J) and another term which is related to n×CFIE(M). The magnetic
current is computed via the impedance relation. We have proposed to eliminate the magnetic current and we
keep only the electric current as unknown. After discretization, the final system is solved with an iterative
solver coupled with a FMM algorithm. Numerical results are presented. Comparison with a well-tried method
is proposed. Good accuracy is obtained. The proposed method improves the CPU time.
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Abstract. In this work the dual or hypersingular BEM is implemented for the study of fracture applications 

in 2-D magnetoelectroelastic solids under static loading conditions. Previously obtained Green’s functions  

for the infinite plane are implemented, and the integration procedure developed by García-Sánchez et al. [3] 

for anisotropic and piezoelectric materials fracture analysis is extended to the general magnetoelectroelastic 

case. Evaluation of fracture parameters directly from computed nodal values is discussed. The accuracy of 

the boundary element solution is confirmed by comparison with selected analytical solutions reported in the 

literature.

Introduction

Smart structures applications are receiving increasing attention in latter years. Solids showing piezoelectric 

and piezomagnetic couplings are being widely used as ultrasonic transducers, magnetic field probes, etc. The 

most recent advances involve composite materials consisting of both piezoelectric and piezomagnetic phases, 

so that a magnetoelectric coupling effect is obtained as well. Although such coupling is not shown by any of 

the phases alone, the magnetoelectric coupling of the resulting composite may be much larger that that of a 

single phase magnetoelectric material [1]. 

At present, there is a growing interest to solve fracture problems in solids with magnetoelectroelastic 

coupling effects [2,6,7,8]. However, limited work has been done in the field so far, as compared to the cases 

of elasticity and piezoelectricity/piezomagnetism. 

In this work the dual or hypersingular BEM is implemented for the study of fracture applications in 2-D 

magnetoelectroelastic solids under static loading conditions. The aim is to extend the formulation previously 

developed by García-Sánchez et al. [3] for anisotropic and piezoelectric materials crack analysis to  

magnetoelectroelastic fracture. Explicit Green's functions derived by using the extended Stroh's formalism 

are implemented (see, e.g., [4,5]). Quadratic quarter-point elements are used to represent the crack opening 

displacements and the electric and magnetic potential discontinuities at the crack tip. Stress, electric 

displacement and magnetic induction intensity factors are computed from such nodal values. Results for 

various crack configurations are obtained with different mechanical, electric and magnetic loadings.  

Governing Equations and Dual BEM Formulation

The linear magnetoelectroelastic problem may be formulated in an elastic-like fashion by considering a 

displacement vector extended with the electric potential  and the magnetic potential  (see, e.g., [2,5]) 

4I

3I

2,1Iu

u

i

I (1)

where ui are the elastic displacements. 

Similarly, a stress tensor extended with the electric displacement Di and the magnetic induction BBi should be 

considered
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4JB

3JD

2,1J

i

i

ij

iJ (2)

ij being the elastic stresses. 

In this way the field equations may be written as 

0i,iJ (3)

and the constitutive relations as

lKiJKliJ uC , (4)

where

4K;3J

4K;4J

3K;3J

4K;2,1Jh

3K;2,1Je

2,1K,JC

C

il

il

il

ijl

ijl

ijkl

iJKl (5)

Cijkl, eijl, hijl, il, il and il denote elastic stiffness tensor, piezoelectric, piezomagnetic and magnetoelectric 

coupling tensor, dielectric permitivities and magnetic permeabilities, respectively. 

Therefore, the extension of Stroh formalism to the magnetoelectroelastic case permits to obtain the static 

fundamental solution in a form similar to that of the anisotropic and piezoelectric materials cases (see, e.g., 

[4,5]). 

The dual BEM approach for fracture mechanics applications may be then expressed using the extended 

formulation in terms of both the displacement and traction boundary integral equations as usual [3] 

dpdNdusNpcdpudupuc JrIJrJrIJrJIJJIJJIJJIJ

**** ;  (6) 

where Nr is the outward unit normal at the collocation point,  and  are the fundamental solution 

extended tractions and displacements, associated to a line force (I=1,2) or to a line charge (I=3 electric; I=4 

magnetic), and   and   are obtained by differentiation as

*

IJp
*
IJu

*

rIJs
*
rIJd

*

n,MJrIMn

*

rIJ

*

n,MJrIMn

*

rIJ uCd;pCs (7)

Subsequently, the extension of the regularization procedure proposed by García-Sánchez et al. [3] for the 

piezoelectric case to evaluate the singular and hypersingular integrals in (6) for magnetoelectroelastic solids 

may be achieved in a straight-forward manner.  

The BE discretization follows [3], so that discontinuous quadratic elements with the two extreme collocation 

nodes shifted towards the element interior are used to mesh the cracks. The asymptotic extended 

displacements behavior near the tip of the crack is captured by means of discontinuous quarter-point 

elements. For the rest of the boundaries, continuous quadratic elements are employed. 

Stress (KI, KII), electric displacement (KE) and magnetic induction (KM) intensity factors can be directly 

obtained from the extended displacements nodal values from 

2

1

1

8

u

u

r

K

K

K

K

M

E

I

II

Q  (8) 

r  being the distance to the crack tip.  

The mechanical strain energy release rates may be as well obtained from 
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In equations (8) and (9) 

)Re(BQ (10)

where the definition for B follows from the extension of that found for piezoelectrics in ref. [3]. 

Applications

Numerical examples are presented in this section for different crack configurations to show the effectiveness 

of the dual BEM for magnetoelectroelastic crack problems. The accuracy of the BE results is shown by 

comparison with available analytical solutions in the literature. The material considered is a BaTiO3-CoFeO4

(Vf=0.5) whose properties are listed in Table 1.

Table 1. Material constants of BaTiO3-CoFeO4 (Vf=0.5)

C11 N/m2 C12 N/m2 C22 N/m2 C66 N/m2 e21 C/m2 e22 C/m2 e16 C/m2 h21 N/Am 

226×109 124×109 216×109 44×109 -2.2 9.3 5.8 290.2 

h22 N/Am h16 N/Am 11 C/Nm2
22 C/Nm2

11 Ns/VC 22 Ns/VC 11 Ns2/C2
22 Ns2/C2

350 275 5.64×10-9 6.35×10-9 5.367×10-12 2.7375×10-9 2.97×10-4 8.35×10-5

First, a straight crack in an unbounded plane is considered. This simple problem has been taken as a 

benchmark since it has known analytical solution [2]. The obtained stress intensity factor is the same as that 

of an isotropic material, whilst the electric displacement and magnetic induction intensity factors depend on 

the stress intensity factor, but not on the applied electric–magnetic loads, as expected. In all cases BE results 

are within 0.1% of the exact solution. 

Figure 1. Two parallel cracks with remote loading 

Next, interaction between two parallel cracks is considered, as shown in figure 1. The magnetic and electric 

poling directions are normal to the cracks and plane strain conditions are assumed. 

In figure 2 the normalized mode I stress intensity factor at crack tip A ( 22

A

I a/K ) is plotted versus Tian 

and Gabbert [6] results for remote loading conditions given by: ,022 02D  and 

, respectively. Values for different location angles  of the cracks are 

obtained (see figure 1). 

mAmAB 1

22

61

22

6

2 10;10;0

Figure 3 shows the corresponding normalized magnetic induction intensity factor ( 22

6A

M a10/K ) for 

this same loading.  
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Figure 2. Normalized mode I stress intensity factor at crack tip A. 
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Figure 3. Normalized magnetic induction intensity factor at crack tip A. 

Finally, in figure 4 the normalized mode I mechanical strain energy release rate (

normalization as in ref. [6]) is plotted against the location angle  for the following remote loading: 

2

2222

A

I aH25.0/G

022 ,

 and , respectively. 
1

22

9

2 10 CND mA10;mA10;0B 1

22

61

22

6

2

Good agreement between both sets of results is observed for all the cases. 

Conclusions

An approach based on the dual boundary integral equation method has been developed to analyse plane 

cracks in magnetoelectroelastic solids. Green's functions obtained in closed form, by extending the 

anisotropic piezoelectric full-plane Green’s functions -by means of Stroh formalism- to the general 

magnetoelectroelastic case, are implemented together with a generalization of the regularization procedure 

developed by García-Sánchez et al. [3] for anisotropic and piezoelectric materials BEM fracture analysis. 

Field intensity factors and energy release rates are accurately evaluated, as the comparison with analytical 

solutions previously reported in the literature illustrates.  
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Figure 4. Normalized mode I mechanical strain energy release rate at crack tip A. 
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Abstract. A time-domain boundary element method (BEM) for transient dynamic crack analysis in two-

dimensional (2-D), homogeneous and linear piezoelectric solids is presented in this paper. A combination of 

the strongly singular displacement boundary integral equations (BIEs) and the hypersingular traction BIEs is 

applied for this purpose. On the external boundary of the cracked solid strongly singular displacement BIEs 

are used, while on the crack-faces hypersingular traction BIEs are applied. Time-convolution is 

approximated by a convolution quadrature formula, while spatial discretization is performed by using 

collocation method. Numerical results for dynamic intensity factors are presented to show the accuracy of 

the present time-domain BEM. 

Introduction 

Due to the coupling effects between the mechanical and the electrical fields, piezoelectric materials are 

widely applied in transducers, actuators, sensors, and many other smart devices and structures. Dynamic 

crack analysis in piezoelectric solids is an important research issue in fracture and damage mechanics as 

well as non-destructive material testing, to characterize and evaluate the mechanical and the electrical 

integrity, the reliability and the durability of piezoelectric devices and structures. With this motivation in 

mind, transient dynamic crack analysis in 2-D, homogeneous and linear piezoelectric solids is presented in 

this paper. A time-domain BEM is developed for this purpose. The method uses a combination of strongly 

singular displacement BIEs and hypersingular traction BIEs. On the external boundary of the cracked 

piezoelectric solids, the classical displacement BIEs are applied, while on the crack-faces the hypersingular 

traction BIEs are used. For temporal discretization, the quadrature formula of Lubich [1,2] is adopted for 

approximating the Riemann convolution involved in the time-domain BIEs. For spatial discretization, 

collocation method with continuous and discontinuous quadratic elements is implemented. A special feature 

of the present time-domain BEM is that it requires only Laplace-domain instead of time-domain dynamic 

piezoelectric fundamental solutions. 

Hypersingular boundary integrals arising in the present time-domain BEM are computed by using a 

special regularization technique based on a suitable change of variable consistent with the used fundamental 

solutions [3,4]. Regular boundary integrals and line-integrals contained in the dynamic piezoelectric 

fundamental solutions are computed numerically by using standard Gaussian quadrature formula. Quarter-

point elements are applied at the crack-tips, to describe the local behavior of the generalized crack-opening-

displacements (CODs) properly, and to ensure a direct and accurate computation of the dynamic intensity 

factors from the numerically determined generalized CODs. 

To verify the accuracy of the present time-domain BEM, numerical results for the dynamic intensity 

factors are presented and compared with the numerical results obtained by the finite element method (FEM). 

As dynamic loading, mechanical impact, electrical impact, and combined mechanical and electrical impacts 

are considered. The effects of the electrical impact on the dynamic intensity factors and their dynamic 

overshoots are analyzed for different values of the loading parameter.
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Problem formulation and time-domain BIEs 

We consider a two-dimensional (2-D), homogeneous and linear piezoelectric solid with a crack. Using the 

quasi-electrostatic assumption and in the absence of body forces and electrical charges, the cracked 

piezoelectric solid satisfies the generalized equations of motion 
*

,iJ i JK KU , (1)

and the constitutive equations 

,iJ iJKl K lE U , (2)

where  is the mass density, KU , iJ , iJKlE  and 
*

JK  represent the generalized displacements, the 

generalized stresses, the generalized elasticity tensor and the generalized Kronecker delta, which are defined 

by 

,   1, 2,

,   3,    

I

I

u I
U

I
(3)

,   1, 2,

,   3,    

iJ

iJ

i

J

D J
(4)

,   , 1, 2,

,    3, 1, 2,

,    3, 1, 2,

,   3,     

iJKl

Kli

iJKl

Jil

il

c J K

e J K
E

e K J

J K

(5)

*
,    , 1, 2,

0,        otherwise. 

JK

JK

J K
(6)

In eqs (3)-(6), iu , ij  and iD  represent the displacement, the stress and the electric displacement 

components, ijklc  is the elasticity tensor, ijke  is the piezoelectric tensor, il  is the dielectric permittivity 

tensor,  is the electrical potential, and jk  is the Kronecker delta. Throughout the analysis, a comma after 

a quantity represents partial derivatives with respect to spatial variables, while superscript dots denote 

temporal derivatives. Also, the conventional summation rule over double indices is applied. Lower case 

Latin indices take the values 1 and 2, while capital Latin indices take the values 1, 2 and 3. 

As initial conditions, zero initial conditions are assumed 

( , ) ( , ) 0I IU t U tx x  for 0t , (7)

and the following boundary conditions are considered 

( , ) 0IP tx , c c cx , (8)

*( , ) ( , )I IP t P tx x , x , (9)

*( , ) ( , )I IU t U tx x , Ux . (10)

Here, I jI jP n  is the generalized traction vector with jn  being the outward unit normal vector, 

c c c  represents the upper and the lower crack-faces,  and U  denote the external boundaries 

with prescribed generalized tractions 
*

IP  and generalized displacements 
*

IU , respectively. It should be 

noted here that traction-free and electrically permeable boundary conditions on the crack-faces are assumed 

in eq (8). 

Time-domain displacement BIEs can be written as 

( ) ( , ) -

U c

G G G

IJ J IJ J IJ J IJ Jc U t U P P U ds P U ds ,
(11)
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where the coefficients ( )IJc  depend on the smoothness of the boundary, ( ; , )G

IJU tx  and ( , ; , )G

IJP tx

are the dynamic piezoelectric displacement and traction fundamental solutions,  and x  represent the 

observation and the source points, ( , )IU tx  are the generalized crack-opening-displacements (CODs) 

which are defined by 

( , ) ( , ) ( , )I I c I cU t U t U tx x x , (12)

and an asterisk  denotes Riemann convolution 

0

( ) ( ) ( ) ( )

t

f t g t f t g d . (13)

By substituting eq (11) into the constitutive equations (2), using the relation I jI jP n , taking the limit 

process U c , and considering the boundary conditions (8)-(10), time-domain traction BIEs 

can be obtained as

( , ) -

U c

G G G

I IJ J IJ J IJ JP t T P S U ds S U ds .
(14)

In eq (14), 
G

IJT  and 
G

IJS  are the dynamic piezoelectric fundamental solutions higher order, which are defined 

by 

, ( )G G

IJ rIMl MJ l rT E U n , , ( )G G

IJ rIMl MJ l rS E P n . (15)

Time-domain and Laplace-domain dynamic fundamental solutions for homogenous and linear 

piezoelectric solids have been derived by Khutoryansky and Sosa [5], and Wang and Zhang [6]. 

Unfortunately, they cannot be given in closed forms, but they can be represented by line-integrals over a 

unit-circle in 2-D case. It will be shown in the next section that the present time-domain BEM requires only 

the Laplace-domain instead of the time-domain fundamental solutions. Note here that the displacement BIEs 

(11) are strongly singular and should be understood in the sense of Cauchy-principal value integrals, while 

the tractions BIEs (14) are hypersingular and should be regarded as Hadamard finite-part integrals. 

Numerical solution procedure 

To solve the strongly singular displacement BIEs (11) and the hypersingular traction BIEs (14), the 

convolution quadrature formula of Lubich [1,2] is applied for the temporal discretization while the 

collocation method is used for the spatial discretization. In the convolution quadrature formula of Lubich 

[1,2], the Riemann convolution is approximated by 

00

( ) ( ) ( ) ( ) ( ) ( ) ( )

t n

n j

j

f t g t h t g t h d t h j t , (16)

where the time t  is divided into N  equal time-steps t , and the weights ( )n  are determined by 

1
2 /

0

ˆ( ) ( ) /
n N

imn N

n m

m

r
t g t e

N
, (17)

in which ˆ ( )g  stands for the Laplace-transform of the function ( )g t , and 

2
2 / 1/(2 )

1

( ) (1 ) / 2,     ,     j im N N

m m m

j

r e r , (18)

with  being the numerical error in computing the Laplace-transform ˆ( )g .

For the spatial discretization of the crack-faces, discontinuous quadratic shape function for elements away 

from the crack-tips and discontinuous quarter-point shape function for elements adjacent to the crack-tips 

are applied. For the spatial discretization of the external boundary, standard continuous quadratic shape 

function is used. Hypersingular boundary integrals are computed analytically and numerically by using a 

special regularization technique based on a suitable change of variable consistent with the used fundamental 

solutions [3,4]. Regular boundary integrals and line-integrals over a unit-circle contained in the dynamic 

piezoelectric fundamental solutions are computed numerically by using standard Gaussian quadrature 

formula. 

After temporal and spatial discretizations, a system of linear algebraic equations can be obtained as 
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0 0

n n
n j j n j j

j j

H U G P , 0,1, 2,..., ,n N (19)

where
n j

G  and 
n j

H  are the time-domain system matrices, 
j

U is the vector containing the generalized 

boundary displacements and the generalized CODs, and 
j

P  is the traction vector for the external boundary 

and the crack-faces. The time-domain system matrices  
n j

G  and 
n j

H  can be obtained by using eq (17), 

i.e.,
( ) 1

2 ( ) /

0

ˆ( ) ( ) /
n j N

n j im n j N

m

m

r
t t e

N
H H , (20)

( ) 1
2 ( ) /

0

ˆ( ) ( ) /
n j N

n j im n j N

m

m

r
t t e

N
G G , (21)

where ˆ ( )G  and ˆ ( )H  are the Laplace-domain system matrices, whose computation requires only the 

Laplace-domain instead of the time-domain dynamic piezoelectric fundamental solutions. This special 

feature distinguishes the present time-domain BEM from the classical time-domain BEM formulation. In 

this analysis, the Laplace-domain dynamic piezoelectric fundamental solutions derived by Wang and Zhang 

[6] are implemented. 

By invoking the boundary conditions (8)-(10), equation (19) can be rearranged as 

0

n
n j j n

j

A X Y , 0,1,2,..., ,n N (22)

where
j

X  denotes the vector of the unknown boundary quantities, while 
n

Y  is the vector of the known or 

prescribed boundary quantities. By using the initial conditions (7), we obtain an explicit time-stepping 

scheme as 
-1

1
0

1

n
n n n j j

j

X A Y A X , 1, 2,..., .n N (23)

Equation (23) can be used for computing the unknown boundary quantities including the generalized CODs 

time-step by time-step. Subsequently, the dynamic stress intensity factors and the dynamic electrical 

displacement intensity factor can be computed from the numerically determined generalized CODs.   

Numerical results and discussions 

As numerical example, we consider a finite crack of length 2a in a homogeneous and linear piezoelectric 

plate as shown in Fig. 1. The corresponding crack problem in an infinite, homogeneous and linear 

piezoelectric solid has been investigated by Garcia-Sanchez et al. [4]. The cracked plate is subjected either 

to an impact tensile mechanical loading of the form 22 0( ) ( )t H t , or to an impact electrical 

loading of the form 2 0( ) ( )D D t D H t , or a combination of both impact loadings, where 0  and 0D

are the loading amplitudes and ( )H t  is the Heaviside step function. PZT-5H with the following material 

properties is considered in the numerical calculations: 

11C =126.0GPa; 12C = 84.1GPa; 22C =117.0GPa; 66C = 23.0GPa;

21e = -6.5C/m2; 22e = 23.3C/m2; 16e = 17.0 C/m2;

11 = 15.04C/GVm; 22 =13.0C/GVm; 

 Mass density = 7500.0kg/m3.

The geometry of the cracked plate is described by h 40mm and a 2.4mm. Plane strain condition is 

assumed. For convenience of the presentation, the following normalized dynamic stress intensity factor and 

dynamic electrical displacement intensity factor are introduced 

* ( )
( ) I

I st

I

K t
K t

K
,          

* ( )
( ) IV

IV st

I

K t
K t

K
, (24)

where
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22

22

e
,          0

st

IK a . (25)

To measure the intensity of the electrical impact, the following loading parameter is defined 

22 22

22 22

e D
. (26)

On the external boundary of the cracked plate, 24 standard continuous quadratic elements are used, while 

10 discontinuous quadratic elements on the crack-faces including two discontinuous quarter-point elements 

at the crack-tips are applied. The use of quarter-point elements at the crack-tips enables us to describe the 

local behavior of the generalized CODs at the crack-tips correctly, and ensures a direct and accurate 

computation of the dynamic intensity factors from the numerically computed generalized CODs. 

Fig. 1: A crack of length 2a in a piezoelectric plate subjected to an impact loading 

To check the accuracy of the present time-domain BEM, numerical calculations are carried for 1.0  by 

using a time-step 0.2 / Lt a c , where 
2

22 22 22( / ) /Lc C e  is the velocity of the longitudinal wave 

along the second principal material axis. Numerical results for the normalized dynamic intensity factors are 

presented and compared with the FEM results in Fig. 2. The FEM results are obtained by using ANSYS. A 

comparison of both numerical results shows a very good agreement. 
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Fig. 2: Normalized dynamic intensity factors versus the dimensionless time 
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For several values of the loading parameter , the normalized dynamic intensity factors are shown in Fig. 

3 versus the dimensionless time. Figure 3 implies that the maximum values of the normalized dynamic 

intensity factors are reduced with increasing loading parameter . Also, the electrical impact could cause a 

crack-face contact, which is characterized by a negative value of 
* ( )IK t . Similar to the elastodynamic case 

without piezo-effects, the normalized dynamic stress intensity factor 
* ( )IK t  shows a dynamic overshoot 

over its corresponding static value. For dynamic crack problems in linear piezoelectric solids as considered 

here, the dynamic overshoot of 
* ( )IK t  depends also on the intensity of the electrical impact as can be seen 

in Fig. 3.        

Finally, figure 4 shows the effects of the direction of the applied electrical impact on the normalized 

intensity factors. A change of the sign in the loading parameter , which means a change of the direction in 

the applied electrical impact loading for a fixed mechanical impact loading, does not change the amplitude 

of the normalized dynamic intensity factors, but it leads to a change of the sign in the normalized dynamic 

intensity factors.     
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Fig. 3: Normalized dynamic intensity factors for different values of the loading parameter 
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Fig. 4: Effect of the direction of the electrical impact on the normalized dynamic intensity factors 
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Conclusions

In this paper, a 2-D time-domain BEM for transient dynamic crack analysis in homogeneous and linear 

piezoelectric solids is presented. The present time-domain BEM uses a combination of the strongly singular 

displacement BIEs and the hypersingular traction BIEs. The convolution quadrature formula of Lubich [1,2] 

is adopted for the temporal discretization, while collocation method is implemented for the spatial 

discretization of the time-domain BIEs. To verify the accuracy of the present time-domain BEM, numerical 

results for the dynamic intensity factors are presented and compared with the FEM results. The effects of the 

electrical impact loading on the dynamic intensity factors are analyzed and discussed. 
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Abstract. This paper presents a numerical algorithm for simulating distortion and breakup of a liquid 

conducting droplet in an electric field. The droplet is suspended in a dielectric medium without gravity and

an external uniform electric field is applied. The elongation continues until two thin liquid jets are formed at

both ends of the droplet. The algorithm involves simulation of three different phenomena: electric field, 

droplet distortion and fluid flow. After neglecting space charge and viscosity of the fluid, two of these

problems are governed by the Laplace equation, although in different computational domains and with

different boundary conditions. In both cases the Boundary Element Method was effectively used as a 

numerical tool. Examples of dynamics of the droplet elongation and droplet shapes are shown. 

Introduction

Although the first electrohydrodynamic phenomena were discovered more than 100 years ago, it was not

until 1980’s when researchers and engineers have realized their practical importance [1]. First, this happened 

for electrostatic spraying of liquids in agriculture and industry, more recently in the so-called digital 

microfluidics [2]. Liquid droplets can be produced, transported, deformed, broken-up and coalesced using the 

electric forces. The fluid surface tension can be altered using electric forces (electrocapillary effect) and the

solid surface wetting can be controlled (ellectrowetting effect). Depending on an application, the droplet 

fluids can be conducting, semiconducting or insulating (dielectric). Free droplets suspended in gas or liquid

phases, and sessile or pending droplets have been studied. The typical configuration in microfluidics involves

a sessile droplet placed on a thin dielectric film, backed with conducting electrodes – a voltage is applied

between the droplet and the counter-electrode [3]. A combination of the electrocapillary and electrowetting 

effects allows for the droplet manipulation. The paper presents a numerical algorithm, which can be used to 

predict dynamics of the droplet distortion and break-up.

E0

z

r

Fig. 1 A conducting droplet suspended in dielectric 

medium and exposed to a uniform electric field

Mathematical Model 

In the simplest case of a free liquid droplet in 

an external uniform electric field (Fig.1) the

surface charges are induced on the droplet

surface. The mutual field-charge interaction 

results in the Coulomb force elongating the

droplet in the direction of the field lines. The 

field magnitude and fluid parameters control

the droplet shape, but also the distortion 

dynamics: for the strong electric fields the 

droplet elongation increases, the process is

faster and the droplet can eventually be

disintegrated.

The full simulation of the droplet

distortion involves calculation of the 
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electric field, fluid flow, pressure and the surface shape [4]. Assuming that the droplet is conducting

and that the ambient medium is uniform and uncharged, the electric potential V is governed by the 

Laplace equation

02V (1)

with the Dirichlet boundary conditions 

0V (2)

where  is the droplet surface.

The droplet shape is calculated by solving the Laplace-Young equation, which results from the 

balance of capillary and electric forces: 

0
2

)
11

(
2

21

p
E

RR
gz n (3)

where  is the fluid density, g – the gravitational acceleration, z – the axial coordinate, – the surface 

tension, 1/R1+1/R2 – the sum of principal radii of curvature,  – the permittivity of ambient medium, En – the 

normal component of the electric field and p – the pressure difference. Under normal conditions the gravity is

often negligible.

The fluid flow caused by the surface distortion is usually the most difficult part of the algorithm, as it

requires solution of the Navier-Stokes equation. However, for fast distortions the effects of fluid viscosity 

can be neglected and so-called potential flow can be assumed. A new scalar function, called the flow 

potential  is defined as u , where u is the flow velocity vector. The potential satisfies again the

Laplace equation

02
(4)

but this time with the kinematic boundary conditions

0F
t

F
(5)

where F is the droplet surface equation. 

Finally, the Bernoulli equation has to be also satisfied

02/p
t

(6)

Numerical Algorithm

The numerical algorithm involves four different problems, which are solved iteratively: assuming initially 

stationary and undistorted droplet the electric field is calculated. The normal component of the electric field

is sufficient to calculate the droplet elongation from the capillary equation. The droplet elongation causes the 

fluid motion, so the fluid potential needs to be determined. In the final step, the pressure inside of the droplet 

has to be evaluated from the Bernoulli equation. All these steps are repeated until convergence is achieved

for one time step. The process continues for required number of steps, or until a steady state is reached, or 

until the droplet is disintegrated. 

The total number of iterations in this process can be very high. For this reason fast techniques must be

adopted for all four equations. When the Finite Difference Method is applied to the capillary equation, it is 

converted to a nonlinear algebraic equation, which can be easily solved. The Bernoulli equation leads to a 
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simple adding. For both Laplace equations the Boundary Element Technique has been selected as a

numerical tool, because of a few important reasons: the electric field domain is open, normal electric field is 

proportional to the surface charge density, which is the principal unknown, if an appropriate version of the

BEM is used, only boundary parameters are involved (no need to calculate any parameters at arbitrary points

in space), and easiness of local adjustment of the discretization, if the droplet is elongated. 

For both cases (electric field and fluid flow), a simple layer potential was used to formulate the integral 

equations. The electric potential has to satisfy the Dirichlet boundary conditions, therefore, the Fredholm

integral of the first kind can be derived 

zEdQPEQ 0),()( (7)

where E(P,Q) is the Green function, P and Q field and source points on the droplet surface. As this problem

is two-dimensional in the cylindrical coordinates, the Green function is given as 
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P (8)

where rP and rQ are radial coordinates of points P and Q, respectively, K(k) is the complete elliptic function of

the first order with parameter k equal to 
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The boundary equations for the fluid potential are of the Neumann kind, so the simple layer 

potential formulaation leads to the Fredholm integral equation of the second kind 

n
dQPE

n
Q

P
),()(

2

)(
(9)

where the normal derivative of  is calculated from the kinematic boundary condition (5).

After Eq.(9) is solved for the function (P), the value of potential  at any point of space can be

calculated by simple integration 

dQREQR ),()()(
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Fig. 2 Transient elongation of liquid droplet in an 

electric field for different values of parameter M

The conventional Boundary Element

Method was used to solve Equations (7) and 

(9): first the droplet surface was discretized

into some number (usually between 50 and 

200) of linear elements with two nodes at both

ends. The node distribution was non-uniform:

very small elements were used close to the 

droplet tip, where the most significant surface

distortion was expected, with much larger

elements in other areas. Additional nodes can

be added during iterations, if too large 

elements are created due to the droplet 

elongation. This procedure converts the 

integral equations into sets of linear algebraic

equations, which can be solved easily.
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Results

The numerical algorithm has been tested on many different examples, with varying field strengths and 

voltage waveforms. In order to reduce the number of different parameters affecting the solution all equations 

were written in the non-dimensional form. Normalizing all distances with respect of the radius of an 

undistorted droplet R, the electric field with respect of the intensity of the external uniform field E0, velocity

with
00 / E , and time with 

00 // ER , makes it possible to prove that all equations in the non-

dimensional form remain identical, except for the capillary equation, which assumes the form:

0)
2

1
(

11 **2*

*

2

*

1

GpEM
RR

n (7)

where  is the only non-dimensional parameter affecting the process; physically it is a ratio

of electrical and capillary forces. When M 0 the electric effects are negligible and capillary effects

dominate. When M  the capillary forces can be neglected as compared with the electrical ones. 

/2

00 REM

When the electric field is not very strong the droplet is elongated and eventually starts to oscillate (Fig.2). 

The amplitude and frequency of oscillations depends on the electric field intensity:  When M=0.04 the 

amplitude is very small and frequency high. Theoretically, the oscillations should not be damped – small

attenuation seen in Fig. 2 is probably a numerical artifact. For real droplets a similar effect could be caused 

by the fluid viscosity, but an ideal fluid has 

been assumed in this paper. With increasing M

the oscillations are larger and slower.

Fig. 3 Time evolution of the liquid droplet in a uniform

electric field for M=0.5388
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When a sufficiently high field is applied, the

droplet is elongated and no steady state can be 

reached. The process continues until eventually 

a sharp conical tip and liquid jet is formed (Fig. 

3).  This tip accelerates fast and small droplets

are detached due to the capillary instability.

This happens because the equilibrium between

capillary and electric forces doesn’t exist. The 

relative electric field distributions on the 

surface of the droplet for M=0.5388 and 

different instants of time are given in Fig.4. For 

the ideally spherical droplet at t=0 the 

maximum electric field is three times larger 

than the external field. At the point of the

droplet break-up this ratio can be close to 

hundred.

There is a known theory that the droplet 

surface forms a sharp cone at the point of 

break-up, called the Taylor cone [5]. The 

computational results for different values of the 

non-dimensional number M confirm existence 

of a sharp point (Fig. 6). However, contrary to

Taylor’s prediction, the angle of this cone is not

constant and depends on the value of M. An

additional effect, never reported before, has 

also been noticed. When the electric field is

sufficiently strong the droplet is not only

elongated in the direction of the electric field,

but also a neck is formed in the vertical plane 

of symmetry. The numerical predictions have 

been compared with some experimental data 

obtained in microgravity conditions: agreement

was satisfactory [6]. In particular, the existence 

Fig. 4 Electric field intensity on the surface of 

liquid droplet at different instants of time
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Fig. 5 Shape of the droplet prior to break-up point for

different non-dimensional numbers M

of a neck in the area close the droplet 

symmetry plane and forming a thin jet

from the droplet tip have been confirmed,

if the electric field is sufficiently strong. 

Conclusions

A numerical algorithm for predicting 

dynamic distortion of a water droplet in an 

external electric field has been presented in 

the paper. The important part of this

algorithm is a double solver for the

Laplace equation: one governing the 

electric field distribution, another fluid

flow inside of the droplet. As this equation

has to be sometimes solved thousands of

times, effectiveness of the solver is crucial

for the success of the whole algorithm.

The Boundary Element Method was a preferable technique for three important reasons:  it naturally

handles the electric boundary conditions at infinity, requires discretization of the droplet surface only and is

easily adopted for the moving shape of the droplet. 

The results of computation show behaviour of the distortion of a conducting droplet in a uniform electric 

field: elongation along the field lines, forming a thin jet at the tip and, eventually, forming a neck in the

middle of the droplet. Depending of the electric field magnitude, the droplet will oscillate or will be 

disintegrated.
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