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Abstract. In this article, after a brief discussion about the formulation of unsaturated soils including the 
equilibrium, air and moisture transfer equations, the closed form Green’s functions of the governing 
differential equations for an unsaturated two-dimensional deformable porous media with linear elastic 
behavior for a symmetric polar domain, considering suction effects and dissolved air in water, have been 
introduced. The results have been compared with their corresponding elastostatic Green’s functions. 

Introduction 

Numerical modeling has been largely developed in soil mechanics behavior by different methods. Among 
them, the development of the boundary element method, which is the most suitable one for domain with 
infinite boundary conditions like soils media, has been restricted by the necessity of deriving the Green’s 
functions of the governing differential equations. 

The Green’s functions for elastostatic problems have been derived by classical methods. Particularly, the 
Green’s functions for poroelastic and thermoelastic problems have been introduced in static and dynamic 
cases [1]. These Green’s functions have been all derived for fluid saturated soils [2,3]. Although the most of 
the difficulties arises in deriving the Green’s function for time-dependent problems, they have not been 
presented yet for unsaturated case even for time independent problems. 

In unsaturated soils the differential equations are different from those of saturated case due to the 
presence of one more parameter (air pressure) and one more equation in one hand and the presence of 
suction and dissolved air in water effects in the other hand. This research is an attempt to derive such time-
independent Green’s functions for a two-dimensional axisymmetric domain in polar coordinates and 
specially consider the mentioned effects. In the following paper the corresponding Green’s functions will be 
presented for the three-dimensional case. 

Governing differential equations 

The governing differential equations using the effective stress concept consist of [4]: 
Solid skeleton. Equilibrium and (linear-elastic) constitutive equations for soil’s solid skeleton including 
suction effects: 

( ) 0=++− ii,aj,aijij bppδσ  (1) 

( ) ( )wasaijij dpdpDdDpd −+=− εδσ  (2) 

considering the strain-deformation relations: 

( )i,jj,iij uu +=
2
1ε  (3) 

may be written as: 

( ) ( ) 01 =+−−+++ ii,wsi,asjj,iij,j bpDpDuu µµλ  (4) 
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where λ  and µ  are Lamé’s coefficients of soil elasticity and  is the coefficient of deformations due to 
suction effect. Also 

sD
σ  , ε  ,  ,  ,  and  stand for stress, strain, soil’s dispacement in direction , air 

and water pressure and body force in direction , respectively. 
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Fig. 1: Unsaturated soil scheme 

Air phase. Time-independent continuity and transfer equations for the air phase, considering dissolved air in 
water: 

( )[ ] 0=+ waa Huudiv ρ  (5) 
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au  ,  , wu H  ,  and  are air and water velocity, Henry’s coefficient for dissolved air in water and 
density and specific weight of air, respectively. The air coefficient of permeability is defined as: 

aρ aγ
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in which , e  and are air dynamic viscosity, void ratio and degree of saturation, respectively and  and 
 are constants [5]. 
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It seems reasonable to dispense of the variations of  due to  and consequently of  for the 
simplicity, since deriving the considered Green’s functions will become too difficult, at least with common 
methods, due to the nonlinearity of the governing differential equations. Therefore, the effects of  have 
been considered in air coefficient of permeability by assuming  as a multilinear function of  for 
each finite domain. However eq (5) may be written as: 
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Water phase. Time-independent continuity and transfer equations for the water phase: 

[ ] 0=wwudiv ρ  (9) 
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where the water coefficient of permeability is defined as: 
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0wzK  is the intrinsic coefficient of permeability and  is the residual degree of saturation. A discussion 
similar to that made for  shows that it is inevitable to dispense of the variations of  in finite domains of 

. Assuming constant  for the specified regions of  is, indeed, assuming it as a multilinear function of 
 which simply reflects the basic concept of the relation between  and . Therefore: 

ruS

aK wK

rS wK rS

rS wK rS



02 =∇ w
w

ww pK
γ

ρ  (12) 

The mentioned differential equations are simplified so that make possible to derive the acceptable 
Green’s functions, while the main features of the unsaturated soils such as suction effects and dissolved air in 
water have been kept in consideration. One can arrange the governing differential equations (4,8,12) in the 
matrix form: 

[ ] fuCij
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where  and: ijijij dcC =
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ijd  are the differential operators. 

Green’s functions 

One of the few methods for deriving the Green’s functions matrix of a system of differential equations is the 
method of Kupradze [6], which is a straightforward mathematical method. Based on this method the Green’s 
functions are the cofactors of  : ijC

[ ] [ ]ϕ*
ijij Cg =  (17) 

in which ϕ  is a potential function and satisfies the equation: 

( ) ( ) 0=+ xCdet ij δϕ  (18) 

in which  is the Dirac delta function in two-dimensional domain. By definition of the potential function ( )xδ
ϕ , a set of fundamental solutions will be achieved. This leads to such equation: 

( ) 08 =+∇ xD δϕ  ( ) 3121121112 cccccD +=  (19) 

where  is  occurrence of the Laplacian operator. The solution of eq (19) in an axisymmetric 
domain is: 
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and the  or Green’s functions are: ijg
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04334 == g~g   043 == ii gg 21,j,i =  (21) 

It is evident that while H  and  approach to zero, the Green’s functions in eq (21) approach to 
elastostatic Green’s functions [1,7]: 
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For instance the derived Green's functions are drawn through Figs. 2 to 5 with the following parameters: 

kPaE 4103×=  350.=ν  020.H =   2=sD

32931 mkg.a =ρ  
31000 mkgw =ρ  smkg.a

510851 −×=µ  

sm.aKw
91021 −×=     5=Kwα 50.S r = 050.S ru =

24101 mDKa
−×=    62.EKa = 7500 .e = 28069 sm.g =  (23) 
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 Fig. 2: Green’s function  Fig. 3: Green’s function  
Solid skeleton displacement in direction one Solid skeleton displacement in direction one 

11g 12g

 due to Hevisaide point load in direction one. due to Hevisaide point load in direction two. 
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 Fig. 4: Green’s function  Fig. 5: Green’s function  
Solid skeleton displacement in direction one Solid skeleton displacement in direction one 
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 due to injection of air unit volume. due to injection of water unit volume. 



Conclusion 

In this research the closed form Green’s functions of two-dimensional governing differential equations of 
unsaturated soils, including equilibrium equations with linear elastic constitutive equations and two 
equations of air and water transfer, considering suction effects and dissolved air in water, have been derived. 
For verification of the results, it has been demonstrated that if the conditions approach to elastostatic case, 
the Green’s functions will approach to elastostatic Green’s functions exactly. Although the mathematical 
procedure is not very complicated, it seems to be a new experience to introduce a set of fundamental 
solutions for the unsaturated case, probably for the first time. The derived Green's functions may be used to 
develop a boundary element computer program for modeling unsaturated soil's problems in steady state. 
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