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Abstract The aim of the present work is to examine the performance of thehp-
Cloud method in the analysis of thin plates (Kirchhoff’s theory). The partition
of unity (POU) is constructed using the Shepard functions. The enrichment is
made through Trefftz functions, i.e., functions that are homogeneous solutions of
the governing equation of the problem. As this approximation does not possess
the Kronecker-delta property, the essential boundary conditions are relaxed and
imposed via Lagrange multiplier method.

Introduction
The mesh requirements usually associated with traditional finite element meth-

ods (FEM) may be reduced in, basically, two ways: by using boundary-type of
formulations, such as boundary element methods (BEM) and Trefftz techniques,
amongst others; or by establishing approximations based on nodes instead of ele–
ments. This latter approach is behind most of themeshless methods that have
been presented in recent years such as SPH method, the DEM, the EFG method,
and the RKPM. For a review see Belytschkoet al [2]. Using the concept of the
partition of unity, other methods such as the Partition of Unity FEM [1] and the
hp-Cloud method [3] were devised. Except for the SPH method, which uses collo-
cation, all other methods require a background cell structure in order to integrate
the variational form of the problem. Alternative meshless collocation procedures
(which totally avoid integrations) were used by the authors in the fields of Radial
Basis Functions (RBF) [5] and Trefftz Methods [6] but will not be discussed here.
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The hp-Cloud method may be seen to be more flexible [3] than most of the
other meshless methods due to the possibility of improving accuracy, without
remeshing, in two ways:h-type refinement whereby extra points (i.e. clouds
centers) are added to the domain;p-type refinement whereby the approximate so-
lution is enriched by adding specific functions (polynomials, trigonometric, etc)
to some (or all) nodes. In this method, the partition of unity is constructed us-
ing the minimal set of monomials that result from the application of moving least
squares (MLS) [2], i.e., the Shepard functions.

In a previous work of Garciaet al. [4] the hp-clouds method was applied to
Mindlin’s thick plate model where shear locking was avoided by usingp refine-
ment. In the present work the method is applied to the thin plate model. The thin
plate model uses differential operators (in the expression of the internal energy)
of higher order than those occurring for the thick plate and this poses some dif-
ficulties as compared to the thick plate implementation of thehp-clouds method.
Enrichment is achieved with functions that satisfya priori the Lagrange homoge-
neous equation. The final governing system is obtained by enforcing stationarity
on a functional including the potential energy and Lagrange multipliers.

Plate bending equations
The main equations for the analysis of thin plates are now briefly described on the
plate of uniform thickness,t, domainΩ, kinematic boundaryΓw

⋃
Γ ∂w

∂n
and static

boundaryΓMn

⋃
ΓVn , where the subscriptn stands for outside normal.

Equilibrium: Collecting the bending moments and shear forces in the vectors
MT =

{
Mxx Myy Mxy

}
andQT =

{
Qx Qy

}
, respectively, the equi-

librium equations can be written asLTM − Q = 0 and∇TQ + p = 0 wherep
is the transverse load,L and∇ are the usual differential operators.

Applying the∇T to both sides of the first equation and substituting in the

second it follows(L∇)TM + p = 0 and(L∇)T =
[

∂2

∂x2
∂2

∂y2 2 ∂2

∂x∂y

]
.

Compatibility: Collecting the curvatures and shear strains in the vectorsχT ={
χxx χyy 2χxy

}
andγT =

{
γxz γyz

}
, respectively, the compatibility

equations can be written asχ = Lθ andγ = ∇w + θ whereθT =
{

θx θy

}
is a vector containing the rotations. Neglecting the shear strains,γ = 0, the
rotations vector and the curvatures are given byθ = −∇w andχ = −(L∇)w.
Constitutive relations: Assuming a plane stress state for each fiber, the constitu-
tive relations are given byM = Dχ whereD represents the stiffness.
Boundary conditions: The two appropriate boundary conditions of each bound-

ary point arew = w or Vn = V n and ∂w
∂n = ∂w

∂n or Mn = Mn

whereV is the efective shear force.
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hp-Clouds approximations
The notation used here follows closely the work of Garciaet al. [4]. In the follow-
ing, only a brief description of the functions used is given. Consider an arbitrary
set ofN pointsxα ∈ Ω, α = 1, . . . , N . Associated with each of these points there
is a open set called domain of influence orcloud, ωα = {x ∈ Ω; ‖x−xα‖ ≤ hα}.
Theseclouds are chosen in such a way that they form a finite open covering of the
domain,�N = {ωα}N

α=1. Associated with theclouds there is a set of functions
LN = {ψ}N

α=1 that form a partition of unity. In this work Shepard functions are
used to build the POU:

ψα(x) =
Wα(x)∑
β Wβ(x)

β ∈ {γ : Wγ(x) �= 0} (1)

The weight function appearing in (1) depends only on the normalized radius or
distancerα = ‖x−xα‖

hα
between the pointx under consideration and the pointxα.

In this paper the following quartic spline was used:

W (rα) =
{

1 − 6 rα
2 + 8 rα

3 − 3 rα
4 for 1 > r ≥ 0

0 for r ≥ 1
(2)

In the hp-cloudmethod, higher order approximations (than that given by the
POU) are made possible through the enrichment of the POU functions (1) by a
suitable set of functions,Lα i(x), i = 1, . . . , Mα. Thus, the approximatioñu(x)
of u(x) on each point can be written as

ũ(x) =
N∑

α=1

ψα(x)

{
uα +

Mα∑
i=1

Lα i(x)bα i

}
= Φu (3)

whereuα andbα i are the unknown coefficients.
As the number of enrichment functionsMα depends on thecloud under con-

sideration, it is easy to use differentp refinement on different parts of the domain.
Amongst the many possible enrichment functions, the one chosen in this work

stems from the so-called T (or Trefftz)-functions which, for thin plates, may be
given by

wh = � [
ζΦ + χ

]
. (4)

whereζ = x + iy, ζ = x − iy andΦ = Φ (ζ) andχ = χ (ζ) are complex valued
series. By choosing

Φ (ζ) =
M∑
i=1

ai (ζ)i and χ (ζ) =
M∑
i=2

bi (ζ)i , (5)
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the terms of equation (4) constitute the enrichment functions used in this work
which may be written asLα(x) =

[
L1 L2 · · · LMα

]
whereL1 =

[
r2

]
andLi =

[
r2� (ζ)i−1 −r2� (ζ)i−1 � (ζ)i −� (ζ)i

]
with r2 = x2 + y2

andi = 2, 3 . . . Mα.

Governing system
A generalization of the Principle of Minimum Potential Energy (which includes
the kinematic boundary conditions through the inclusion of Lagrange multipli-
ers [7]) was used. Note that, in this case, the solution is not obtained by mini-
mization of the variational principle but by enforcing stationarity conditions.

Π I =
1
2

∫
Ω

χTDχdΩ −
∫

Ω
pwdΩ −

∫
ΓV n

V nwdΓV n

−
∫

ΓMn

Mn

(
−∂w

∂n

)
dΓMn

−
∫

Γw

λw (w − w) dΓw

−
∫

Γ ∂w
∂n

λ
∂w
∂n

(
∂w

∂n
− ∂w

∂n

)
dΓ ∂w

∂n
(6)

whereλw andλ
∂w
∂n are Lagrange multipliers.

In this work the Lagrange multipliersλw andλ
∂w
∂n are expressed by linear

combinations of the same Lagrange interpolants,N =
{

N1 N2 . . .
}

:

λw = Nλw λ
∂w
∂n = Nλ

∂w
∂n (7)

were the column vectorsλw andλ
∂w
∂n collect the associated weights.

Stationarity of the variational principle (6),δΠ I = 0, is:

∂Π I

∂u
δu +

∂Π I

∂λw δλw +
∂Π I

∂λ
∂w
∂n

δλ
∂w
∂n = 0 (8)

which leads, for arbitrary variations ofδu, δλw andδλ
∂w
∂n , to the standard

form  K Gw G
∂w
∂n

GwT

G
∂w
∂n

T 0




u
λw

λ
∂w
∂n

 =


f

qw

q
∂w
∂n

 (9)

The domain integrals are
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Figure 1: Normalized central displacement.

K =
∫

Ω
BTDBdΩ

f =
∫

Ω
ΦT pdΩ +

∫
V n

ΦT V ndΓV n
+

∫
Mn

(
−∂ΦT

∂n

)
MndΓMn

whereB = −(L∇)Φ and the essential boundary conditions are

Gw = −
∫

Γw

ΦTNdΓw qw = −
∫

Γw

NT wdΓw

G
∂w
∂n = −

∫
Γ ∂w

∂n

∂ΦT

∂n
NdΓ ∂w

∂n
q

∂w
∂n = −

∫
Γ ∂w

∂n

NT ∂w

∂n
dΓ ∂w

∂n

Numerical examples
The numerical tests here presented concern a square simply supported plate of
which only a quarter was analysed due to symmetry. The following data was
used: length,a = 2, 0 m, thicknesst = 0, 1 m, Young’s modulusE = 30 · 106

kN/m2, Poisson’s ratioν = 0, 3 and uniform loadp = 10, 0 kN/m. The same
number of clouds was assumed for both directions and the background cell nodes
(necessary for the integrations) coincide with the position of the center of the
clouds. Gauss-Legendre quadrature with six points on each direction was used.
For the interpolation of the Lagrange multipliers linear Lagrange shape functions
were considered. The plate was analysed for different numbers of clouds with
constant radius,hα = 2a, and for the first two terms of the enrichment series,
Mα = 2. Results (normalized central displacement) are shown in Fig. 1.
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Conclusions
The numerical implementation of thehp-clouds method to thin plates was pre-
sented. The possibility of accurately representing continuous derivatives of a pre-
scribed order, thus generatinga priori smooth stress fields, and the use of Trefftz
or T-functions as the enrichment functions were the main motivations for this
work. Implementation aspects like the order of the quadrature used, the num-
ber of points used to impose the essential boundary conditions and the use ofp
refinement need further investigation.
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Abstract. This paper presents a boundary element formulation without
any domain integral for general anisotropic plate bending with loads ap-
plied transversely in the plate surface. The domain integral, which comes
from loads transversely applied in an area of plate surface, are transformed
into boundary integral by exact transformation. Uniformly and linearly dis-
tributed loads are considered. A numerical example concerning orthotropic
plate bending problems is presented. Results show good agreement when
compared with analytical solutions available in literature.

Introduction

In general plate bending boundary element method, domain integrals arise
in the formulation due to the distributed load in the domain (see for ex-
ample Aliabadi [1]). In order to evaluate these integrals, cell integration
scheme can give accurate results, as carried out by Shi and Bezine [2] for
anisotropic plate bending problems. However, the discretization of the do-
main into cells reduces the advantage of boundary element method in that
only the boundary of the problem needs to be discretized into elements.

In this work, domain integrals which come from distributed loads are
transformed into boundary integrals by exact transformation using the ra-
dial integration method. This method was initially presented by Venturini
[3] in 1988 for isotropic plate bending problems. The most attractive feature
of the method is its simplicity since only the radial variable is integrated.
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For domain integrals which include unknown variables, the proposed proce-
dure can be performed using radial basis function as in the dual reciprocity
method (Gao [4]).

Boundary integral equation for bending problems of anisotropic
plates

Using Rayleigh-Green identity, an integral equation for an anisotropic thin
plate under transversal load g(p) can be written as (see Shi and Bezine [2]):

Kw(Q) +

∫
Γ

[
V ∗nw −m∗n

∂w

∂n

]
dΓ +

Nc∑
i=1

R∗ciwci =

∫
Γ

[
Vnw

∗ −mn
∂w∗

∂n

]
dΓ +

Nc∑
i=1

Rciw
∗
ci +

∫
Ω
gw∗dΩ, (1)

where n is the outward unit normal vector to the boundary Γ, mn, Vn are
respectively the normal bending moment and the Kirchhoff’s equivalent
shear force on the boundary Γ, Rc is thin plate reactions of corners, wc is
the deflexion of corners, P is the source point, Q is the field point, and the
symbol ”*” stands for the fundamental solutions.

The constant K is introduced in order to consider that the point Q can
be in the domain, on the boundary, or outside the domain. If the point Q
is on a smooth boundary, than K = 1/2.

Transformation of domain integrals into boundary integrals in
anisotropic plate bending problem

Consider a plate under loading g, applied in a Ωg area. Assuming that
loading g has a linear distribution (Ax + By + C) in the area Ωg, the
domain integral can be written as:

∫
Ωg
gw∗dΩ =

∫
Ωg

(Ax+By + C)w∗ρdρdθ (2)

or

∫
Ωg
gw∗dΩ =

∫
θ

∫ r
0

(Ax+By +C)w∗ρdρdθ, (3)
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where r is the value of ρ in a point of boundary Γg .
Defining F ∗ as the following integral:

F ∗ =
∫ r
0

(Ax+By +C)w∗ρdρ, (4)

we can write:

∫
Ωg
gw∗dΩ =

∫
θ
F ∗dθ. (5)

Considering an infinitesimal angle dθ (Figure 1), the relation between
the arch length rdθ and the infinitesimal boundary length dΓ, can be writ-
ten as:

cosα =
r dθ2
dΓ
2

, (6)

or

dθ =
cosα

r
dΓ. (7)

Figure 1: Transformation of domain integral into boundary integral.

Using the properties of internal product of unity vectors n and r, indi-
cated in Figure 1, we can write:
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dθ =
nr

r
dΓ. (8)

Finally, substituting equation (8) into equation (5), the domain integral
of equation (1) can be written as boundary integral given by:

∫
Ωg
gw∗dΩ =

∫
Γg

F ∗

r
nrdΓ. (9)

Provided that

x = ρ cosθ (10)

and

y = ρ sinθ, (11)

the integral F ∗ can be written as

F ∗ =

∫ r
0

1

8π
(Aρ cosθ +Bρ sin θ +C) [C1R1 +C2R2 +C3 (S1 − S2)] ρdρ,

(12)
where C1, C2, and C3 are the same functions of equation (12) Equation
(12) can be rewritten as:

F ∗ =
1

8π

{
(A cosθ + B sin θ)

∫ r
0
ρ2 [C1R1 + C2R2 + C3 (S1 − S2)] dρ+

C

∫ r
0
ρ [C1R1 + C2R2 + C3 (S1 − S2)] dρ

}
. (13)

Numerical results

Consider a square plate of side length a = 1 m and thickness h = 0.01 m.
The material is orthotropic and its material properties are: Ex = 2.068
1011 Pa, Ey = Ex/15, νx = 0.3, Gxy = 6.055 108 Pa. The square plate is
considered simply supported on its four edges under uniformly distributed
load q = 1 Pa applied along its domain (Figure 2). For this case the
results obtained by BEM will be compared with the solution obtained by
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Figure 2: Square plate with simply-supported edges under uniformly dis-
tributed load.

Timoshenko and Woinowski-Krieger [5] which solve this problem using a
series solution.

In order to assess convergency, the problem is solved using different
meshes and the results for deflexions at point A and at point B are com-
pared with series solutions using N = 19 and M = 19. This series solution
for point A is wse. = 8.1258 10−7 m and for point B is wse. = 4.5211 10−7

m. Table shows deflexions computed by the present BEM technique using
different meshes and their respective errors compared to Timoshenko and
Woinowski-Krieger [5] series solutions.

Table 1: Accuracy of deflexions obtained by BEM for different number of
elements (NE) of the orthotropic square plate with simply supported edges
under uniformly distributed loads.

NE Deflexions and errors
w at A [m] Er. at A [%] w at B [m] Er. at B [%]

8 9.22 10−7 13.45 5.40 10−7 19.38

16 8.04 10−7 1.03 4.58 10−7 1.35

24 8.04 10−7 1.01 4.46 10−7 1.25

32 8.06 10−7 0.77 4.47 10−7 1.09

40 8.08 10−7 0.59 4.52 10−7 0.88
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As it can be seen in Table , results are very poor when 8 elements (2
elements per side) are used. However, they converge fastly to the series
solutions if the number of the element is increased. When 40 boundary
elements are used, deflexions in both points present errors below 1 % if
compared with series solutions.

Conclusions

In this work, the use of radial transformation in boundary element formu-
lation for the analysis of anisotropic plate bending problems was presented.
Domain integrals which come from linearly and uniformly distributed loads
were transformed into boundary integrals by exact radial transformation.
A numerical example was shown for orthotropic materials. The numeri-
cal results obtained with the present BEM technique were compared with
results obtained analytically and show good agreement.
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Abstract. The BEM is developed for large deflection analysis of plates with 
arbitrary thickness variation law and shape. The problem is formulated in terms 
of the displacements. The solution is based on the AEM (Analog Equation 
Method), which converts the three coupled nonlinear differential equations to 
three uncoupled linear ones, two Poisson’s equations and a biharmonic equation 
under fictitious sources, which are solved using the BEM. The presented 
numerical results demonstrate the efficiency and accuracy method. 

Introduction 
Although there is an extensive literature on plates with constant thickness, a 
rather limited amount of technical literature is available on plates with non-
uniform thickness. The reason for this is that the governing differential equation 
has variable coefficients, and this fact increases the difficulty of the solution. 
The problem becomes more complicated when large deflections are considered, 
where the response of the plate is governed by three coupled nonlinear partial 
differential equations with variable coefficients and therefore the conventional 
direct BEM can not be applied. In this paper the BEM is developed for large 
deflection analysis of plates with arbitrary thickness variation law. The solution 
is based on the concept of the analog equation [1,2], according to which the 
three coupled nonlinear differential equations are replaced with three uncoupled 
linear ones, two linear membrane (Poisson’s) equations for the membrane dis-
placements and a plate (biharmonic) equation for the transverse displacement 
subjected to fictitious loads. The fictitious loads are approximated by radial 
basis functions series and are evaluated using a procedure based on the BEM. 
Subsequently, displacements and their derivatives, thus the stress resultants, are 
evaluated from their integral representations, which are used as mathematical 
formulae. The presented numerical results demonstrate the accuracy and the 
effectiveness of the AEM tool for the solution of difficult engineering problems. 
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Problem statement and governing equations 
Consider a thin elastic plate of variable thickness, ( , )h h x y= , occupying the 
two-dimensional domain Ω  with boundary 1

K
k k=Γ = Γ∪  (Fig. 1) and subjected 

to transverse load ( , )g x y . 
 

domain Ω

corner

corner 

corner k

1θ

ξ
n

r = ξ - x

0Γ

KΓ

y

x

2Γ

2θ

s 1Γ

τ
ν

xx

t

r = ξ - x

s

r = y - x

y
n

t

 
Figure 1: Plate geometry and notation. 

Assuming nonlinear kinematical relations (von-Kármán theory), that is 

 2 21 1, , , , , , , , , ,
2 2

x x x y y y xy y x x yu w v w u v w wε ε γ= + = + = + +  (1a,b,c) 

the equilibrium of a plate element yields the following differential equations  

{ } ( ){ }2 21 1 1( ) ( ) , ( ) , 0
2 2 2

x x y y x y x x y yC u w v w C u v w wνν  −+ + + + + + =   
 (2a) 

( ){ } { }2 21 1 1( ) , ( ) ( ) , 0
2 2 2

y x x y x y y x x yC u v w w C v w u wν ν−  + + + + + + =   
 (2b) 

( )

{
( ) }

2 2

2 2

2 2

(1 )( 2 )

1 1( ) ( )
2 2

1 11 ( ) ( ) ( )
2 2

xx yy xy xy yy xx

x x y y xx

y x x y xy y y x x yy

D w D w D w D w

C u w v w w

u v w w w v w u w w g

ν

ν

ν ν

∇ ∇ − − − +

 − + + +   
 + − + + + + + + =   

 (2c) 

subjected to the general boundary conditions 
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 1 2 3u Txγ γ γ+ = ,   1 2 3v Tyδ δ δ+ =  (3a,b) 

 *
1 2 3( )w V wα α α+ = ,   *

1 2 3( )nw M wβ β β+ =  (3c,d) 
 *

1 2 3 2( ) ,   0l l l l
l

c w c T w c c+ = ≠c fe h  (3e) 

where ( , )u x y , ( , )v x y  are the membrane displacements and ( , )w x y  the 
transverse one; 2/(1 )C Eh ν= − , 3 2/12(1 )D Eh ν= −  are the variable 
membrane and bending stiffness of the plate; Tx , Ty  the in-plane boundary 
tractions, , ,, , ,i i i iα β γ δ  functions specified onΓ  and *( )

l
T wc fe h  is the disconti-

nuity jump at l  corner and *( )M w , *( )V w , *( )T w  are the normal boundary 
bending moment. effective shear force and the twisting moment given as 

 
2

* 2
2

[ ( 1)( )]w wM D w
s n

∂ ∂ν κ
∂ ∂

= − ∇ + − +  (4a) 

 

2 2
* 2

2
2

2

[ ( 1) ( )] ( 1)( )

[ ( 1)( )]

w w D w wV D w
n s n s s s n s s

D w w w ww Tx Ty
n s n x y

∂ ∂ ∂ ∂ ∂ ∂ ∂ν κ ν κ
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ν κ
∂ ∂ ∂

=− ∇ − − − + − −

∂ ∂− ∇ + − + + +
∂ ∂

(4b) 

 
2

* (1 )( )w wT D v
s n s
∂ ∂κ
∂ ∂ ∂

= − −  (4c) 

with ( )sκ κ=  being the boundary curvature. 

The AEM as boundary-only method 
The boundary value problem described by eqs (2) and (3) is solved using the 
AEM. Assume that u , v  and w  is the sought solution. If the Laplacian opera-
tor is applied to u , v  and the biharmonic to w , we obtain 
 2

1( , )u b x y∇ = ,       2
2( , )v b x y∇ = ,       4

3( , )w b x y∇ =  (5a,b,c) 

Eqs (4) indicate that the solution of the original problem could obtained from 
the solution of these equation under the same boundary conditions, if ( , )ib x y , 
( 1,2, 3)i =  were first established. This is possible and is achieved as follows. 
We set 

 
1

M
i

i j j
j

b a f
=

=∑ ,       ( )j jf f r= ,  x - xj jr r≡ =x  (6) 

and we write the solution of eqs (5) in integral form. Thus, for points x  where 
the boundary is smooth, we obtain the integral equations [3] 
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 (1)

1
( ) ( ) ( )

M

n n jj
j

u u u u u ds a u f r dε ∗ ∗ ∗

Γ Ω=

 =− − + Ω  ∑∫ ∫x  (7a) 

 (2)

1
( ) ( ) ( )

M

n n jj
j

v u v u v ds a u f r dε ∗ ∗ ∗

Γ Ω=

 =− − + Ω  ∑∫ ∫x  (7b) 

 
( ) ( ) ( ) ( ){ }

a b

* * * * * *
1 2 3 4

* (3)

1 1

( ) ( ) ( ) ,

( 1) (ln ), , ( )

n

L M

s n j jjl
l j

w w V w w w w M w w w ds

w D w w a w f r d

ε

ν κ

Γ

∗

Ω= =

= Λ +Λ +Λ +Λ

  + − − + Ω    

∫

∑ ∑ ∫

x
 (7c) 

( ) ( ) ( ) ( ){ }

a b( ) ( )

* * * * * *
1 2 3 4

* (3) *

1 1

, ( ) , ( ) , , ( ) , ,

( 1) , (ln ), , , ( )

n

L M

s n j jjl
l j

w w V w w w w M w w w ds

w D w w a w f r d

ν ν ν ν ν

ν ν

ε

ν κ

Γ

Ω= =

= Κ +Κ +Κ +Κ

− − + Ω

∫

∑ ∑ ∫

x

( )* 1/2 lnu rπ= , ( )* 21/ 8 lnw r rπ=  are the fundamental solution of Lapla-
ce and biharmonic equation; ( )*

k wΛ ,   ( )*,k w νΚ , ( 1,2, 3, 4k = ) known 

kernels and 1,1/2, 0ε =  depending on whether point x  inside Ω , on Γ  or 
outside Ω . The domain integrals in eqs (7) are converted to boundary line 
integrals using the Green and Rayleigh-Green identities as described in [4,5]. 
The displacements derivatives inside Ω  result by direct differentiation of 
eqs (7a)-(7c) 

(Ω)

Γ

Boundary nodes
Total N

Interior nodes
Total M

 
Figure 2: Boundary discretization and domain nodal points 

Numerical implementation 
Using N  constant elements to approximate the line integrals and M  meshless 
domain collocation points (Fig. 2), eqs (3a-3d) and (7) yield 8N  equations with 

(7d) 
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8 3N M+  unknowns, namely 8N  boundary values , , ,nu u  , , ,nw w  ( )* ,M w  
( )*V w  and 3M  coefficients i

ja  1,2, 3 1,2, ,i j M= = … . The additional 3M  

equations are obtained by collocating eqs (2) at the M  interior nodal points and 
substituting the involved derivatives. Subsequent elimination of the boundary 
quantities yields the following system of 3M  non linear algebraic equations 

 ( ) ( ) ( )(1) (2) (3) (1) (2) (3) (1) (2) (2)
1 2 3, , 0, , , 0, , ,= = =F a a a F a a a F a a a g  (8) 

from which the coefficients (1) (2) (2), ,a a a  are established. Finally, the displace-
ments and their derivatives at any point are evaluated from the respective inte-
gral representations 

Numerical results 
On the basis of the solution procedure described in the previous sections a 
FORTRAN code has been written and numerical results have been obtained. 
The employed radial basis functions are multiquadrics, 2 2( )jf r r c= + . An 
optimum value of the shape parameter c  was estimated from the stationary 
value of the total potential ( )cΠ  of the plate [3]. 
Example. A circular plate of radius a  under uniform load g  and thickness 
variation law ( )20 exp /h h r aβ =   , r a≤  has been analyzed. The results for 
the deflection are presented in Table 1. The lower values for 0β =  are 
obtained from approximate formulae [7]. 

Table 1. Central deflection 0/w h  in a circular plate ( 0.3ν = ).  
Clamped immovable Simply supported movable 

4
0( / ) /g a h Eα =  

4
0( / ) /g a h Eα =  β  

1 3 5 5 7 10 
AEM 0.2847 0.6666 0.9027 2.107 2.450 2.845 -0.4 
Ref[6] 0.2711 0.6334 0.8596    
AEM 0.2209 0.5641 0.7973 1.951 2.284 2.668 -0.2 Ref[6] 0.2195 0.5564 0.7847    
AEM 0.1680 0.4588 0.6796 1.800 2.121 2.492 0 Ref[7] 0.1680 0.4588 0.6808 1.800 2.123 2.495 
AEM 0.1265 0.3608 0.5576 1.650 1.961 2.319 0.2 Ref[6] 0.1268 0.3634 0.5648    
AEM 0.0950 0.2777 0.4430 1.499 1.800 2.148 0.4 Ref[6] 0.0966 0.2838 0.4555     
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Conclusions 
The boundary element method has been developed for large deflection analysis 
of plates with variable thickness 
• The proposed method is based on the concept of the analog equation, which 

converts the three coupled nonlinear partial equations with variable 
coefficients to three uncoupled simple linear differential equations, namely 2 
membrane equations and 1 linear plate equation with constant thickness. 

• The method is boundary-only in the sense the discretization and integration 
is performed only on the boundary. With respect to domain nodal points the 
method is meshless. Therefore the method maintains all advantages of pure 
BEM 

• The deflections and the stress resultants are computed at any point using the 
respective integral representation as mathematical formulas. 

• Accurate numerical results for the displacements and the stress resultants are 
computed. 

• The concept of the analog equation in conjunction with radial basis functions 
approximation of the fictitious sources renders the BEM a versatile 
computational method for solving difficult nonlinear engineering problems 
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Shear Deformable Plate Buckling by the
Boundary Element Method

J. Purbolaksono and M. H. Aliabadi
Department of Engineering, Queen Mary, University of London,

Mile End Road, London E1 4NS

Abstract

In this paper the boundary element method formulation for buck-
ling analysis of Reissner plate is presented. Plate buckling equations
are written as a standard eigenvalue problem. Buckling coefficients
and buckling modes are obtained using this formulation. The bound-
ary is discretised into quadratic isoparametric element and the domain
is discretised using constant cells. Some examples are presented, and
the results show good agreements with analytical and finite element
results.

1. Introduction

Buckling analysis of compression panels has become particularly im-
portant in engineering structures. Buckling phenomenon of structure mem-
bers in compression has been investigated by researchers analytically, ex-
perimentally and numerically. Analytical solutions of plate buckling based
on the classical plate theory can be found in [1] [3]. Numerical method such
as the finite element method (FEM) has been used by many researchers to
investigate the problems. Experiment of works on buckling can be found
in a review of plate buckling research [2]. Solutions for typical loading of
buckling model as shown in Figure 1.1 can be found in many references.

More recently, the boundary element method (BEM) has provided
a powerful solution to the field of plate buckling. Syngellakis and Elzein
[4] , extended a boundary element solution of the plate buckling based
on Kirchhoff theory to accomodate any combination of loadings and sup-
port conditions. Nerantzaki and Katsidelakis [5], developed a BEM-based
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Figure 1.1: Typical buckling model

method for plate buckling analysis of plates with variable thickness. Elastic
buckling analysis of plates using boundary element can also be found in [6].

In this paper the derivation of boundary integral equations for the
buckling analysis of the Reissner shear deformable plate are developed.
Plate buckling equations are written as a standard eigenvalue problem. The
formulation is formed by coupling boundary element formulations of shear
deformable plate and two dimensional plane stress elasticity. The domain
integrals which appear in this formulation are discretised using constant
cells. The eigenvalue problem of plate buckling yields a critical load factor
and buckling modes.

2. Boundary Integral Equations

At present work, determination of in-plane stress resultants in the do-
main is the first step solution to the analysis of plate buckling. Next, the
plate buckling problem equations are derived from the plate bending equa-
tions. Critical load factors are introduced into the equations as multiplying
factors of body forces.

2.1. Boundary Integral Equation of In-plane Stress Resultants

The in-plane stress resultants at domain points X 0 are written as

N linear
αβ (X 0) =

Z
Γ
U∗∆αβ(X

0, x)t∆(x)dΓ(x)−
Z
Γ
T ∗∆αβ(X

0, x)u∆(x)dΓ(x)

(2.1)
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The fundamental solutions U∗∆αβ and T
∗
∆αβ can be found in [7].

2.2. Boundary Integral Formulation of Plate Buckling Problem

The plate bending equation is tranformed into the equivalent plate buckling
formulation by introducing critical load factor λ as follows:

Cij(x
0)wi(x0) +

Z
Γ
P ∗ij(x

0, x)wj(x)dΓ(x)

=
Z
Γ
W ∗
ij(x

0, x)plinearj (x)dΓ(x)

+λ
Z
Ω
W ∗
i3(x

0, X)[q + (N linear
αβ w3,β),α](X)dΩ(X) (2.2)

where the terms Cij(x0) are equal to 1
2δij when x

0 is located on a smooth
boundary.

The deflection equation w3 at the domain points X 0 is required as the
additional equation to arrange an eigenvalue equation, as follows:

w3(X
0) =

Z
Γ
W ∗
3j(X

0, x)plinearj (x)dΓ(x)−
Z
Γ
P ∗3j(X

0, x)wj(x)dΓ(x)

+λ
Z
Ω
W ∗
33(X

0,X)[q + (N linear
αβ w3,β),α](X)dΩ(X) (2.3)

To arrange an eigenvalue equation, the derivative quantities have to be
expressed in terms of w3(X) by making use of a radial basis function [8] .
The kernel solutions P ∗ij and W ∗

ij can also be found in [7].

3. Numerical Procedure

In this section, the numerical procedure of plate buckling analysis by a
boundary element method is presented. The first step is to solve boundary
integral of in-plane problem and calculate the stress resultants at the do-
main points. The second step is to solve boundary integral formulation of
buckling problem.

3.1. Determination of the in-plane stresses

As presented in [7], once the boundary integral equation of in-plane dis-
placement has been solved, the stresses N11, N12, and N22 at domain points

 Advances in  Boundary Element Techniques                                    361 

Eds R Gallego & M H Aliabadi  Copyrig ht 2003 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



(equation 2.1) can be calculated. The stresses are required to solve the plate
buckling problem.

3.2. Solving plate buckling problem

After applying boundary conditions into the equation (2.2), then it can
also be written as a system of algebraic equation in terms of known and
unknown quantities, gives:

[B]3N×3N {Y}3N = λ [K]3N×L {w3}L (3.1)

The q(X) quantities in the equations (2.2) and (2.3) are set to zero. N and
L are number of boundary elements and domain points, respectively.

The equation (2.3) also can be written in matrix form as follows:

[I] {w3}L = [BB]L×3N {Y}3N + λ [KK]L×L {w3}L (3.2)

where matrix [I] is an identity matrix. The matrices [B] and [BB] contain
coefficient matrices related to the fundamental solutions. The matrices
[K] and [KK] are obtained by multiplication of the fundamental solution,
in-plane stresses Nαβ at domain points and approximation function.

Substituting equation (3.1) into equation (3.2), the equation can be
written as a standard eigenvalue problem equation as follows:

([ψ]− 1
λ
[I]) {w3}L = 0 (3.3)

where [ψ] = [BB]L×3N [B]
−1
3N×3N [K]3N×L + [KK]L×L.

Buckling analysis of shear deformable plates has been presented as a
standard eigenvalue problem. Buckling modes correspond to the eigenvalue
problem can be obtained .

4. Numerical Examples

4.1. Simply supported rectangular plate under uni-axial load

This example presents the buckling cooeficients of the simply sup-
ported plate with different aspect ratio a/b ( length to width of plate).
The values for the buckling coefficients are compared with Timoshenko’s
solution [1]. The buckling modes are shown in Figure 4.2
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reference [1]

Figure 4.1: Buckling coefficients of simply supported rectangular plate

Figure 4.2: Buckling modes of simply supported rectangular plate
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4.2. Square plate with different boundary conditions subjected to
uni-axial loads

Buckling coefficients of square plate subjected uni-axial loads with dif-
ferent boundary conditions (see Figure 1.1 for the loading conditions). The
results are compared with the FEM results using I-DEAS software package
[9].

Tabel 4.1 Buckling coefficient of square plate subjected to uni-axial loads
Boundary condition K (BEM) K (FEM

A 10.387 10.392
B 7.757 7.796
C 6.972 7.014
D 1.724 1.739

A : sides and ends clamped
B : sides clamped, ends simply supported
C : ends clamped, sides simply supported
D : one side free, one side clamped, ends simply supported

5. Conclusion

In this paper buckling analysis of shear deformable plate by the boundary
element method was presented. Some numerical examples are presented
and shown to be good agreements with analytical and finite element results.
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